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Abstract

A sensitive investor seeks to diversify assets and optimal portfolio which provide
the maximum expected returns at a given level of risk. Optimal portfolio problems
of an investor with logarithmic utility have been studied. However, there is scarce
information on other utility functions, such as power utility function, which cap-
tures the concept of diversification of portfolios. This study was therefore designed
to consider the general expected utility of a sensitive investor in a financial market.

Two models were derived from the Ito’s integral with respect to power utility
function. The extension of the Itd’s integral by forward integral with its lofty
properties was used to diversify the investors portfolio. A filtration was built
and used as a set of information for the investor. A semimartingale was used to
enlarge the investors information. A probability function was defined to capture
the activity of an insider in the market and penalty function was established to
punish such an insider. A priority Mathematical software was used to compute the
investors varying rates of volatility.

The models derived were:

U (Sgi1490(T)) Spimiys (T)IM ()] = S5, 1o (T)IM (y)]

dU (z)
dx

and nd® = (1 — C1Cy)(pF + m), respectively, where U'(x) = is satisfied if

SUPye(—5.6) L E[So171v-+ye (1) M (y)[P] < oo} for some p > 1
0< E[U/ (55171+y¢>(T>> Sﬁl’vl+y¢>(T)] < 0

Sﬁl"fl-i-yfb(T) - S51’71+y¢ (T)Nﬁl’h (y)7

Ny (y) := s0 exp/o [1(s) = (s) — *(s)Ba(s)m(s)]ds +/0 a(s)dW(s)

for all 8171, ¢ € Ag such that Ag is the set of admissible portfolios with diversi-
fication and ¢ bounded, then there was existence of § > 0 and y € (—6,0), where
W (t) is the Brownian motion (representing the fluctuation of the risky asset), on
a filtered probability space (2, F,{F:}+ > 0, P) and the coefficients r(t), u(t), o(t)
are G = {G, }o<i<r adapted with G, D F; for all [0,7],7 > 0 a fixed final time.



The Ito’s integral is adapted to the filtration F = {G;}o<i<r. The forward in-
tegral showed that when an investor buys a stochastic amount « units of this
asset at some random time 7 and keeps all these units up to a random time
Ty 71 < Tp < T, and eventually sells them at a subsequent time, the profits re-
alised would be aW (ry) —aW (1) expressed as forward integration of the portfolio

o(t) = al(m, m)(t), t € [0,T] with respect to the Brownian motion W (t) i.e.

T1

| o wio = Jim STt x aW) = [ aw(o = aWin) —awin)

The filtration G = {G, }o<t<r outlined the information flow of the investor. The
semimartingale integral fOT o(t)dW (t) = fOT o(t)d~W (t) gives a decomposition
W (t) = W(t)+A(t), 0 <t <T,where [ o(t)dW(t) = [ ¢(t)dW (t)+ [, o(t)dA(t);
for G, = Fy VvaW(Ty); 0 <t < Tie G is the result created by F; and the fi-
nal value W (Ty), where W (t) is a G,-Brownian motion and A(t) is a continuous
G;-adapted finite variation process. The probability of detecting and punishing an
insider was A\; = 1 and )\, showed the penalty on an insider observation. The
varying rates of volatility o = 1,0.5, sg = 100, u = 1, revealed that the expected
return is more when volatility o = 1, thereby yielding optimal portfolio.

The optimal portfolio of a sensitive investor was established using power utility
function and showed higher investors return as the investor diversified his invest-
ment.

Keywords: Power utility function,Diversification, Ito-integral, Semimartingale.
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The following notations were used for this work.
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1, ¥ represents the drift term
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H,,[F] represents generalised expectation with respect to measure m
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H[F|F;] represents generalised conditional expectation
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Chapter 1
INTRODUCTION

1.1 Background

The present economic situation in Nigeria means that reliance on a single source
of income can no longer satisfy the needs of an average middle class family. Thus,
the need to explore multiple streams of income is on the front burner of many
Nigerian homes. Possible means of achieving multiple streams of income, but better
means is to invest in an asset and even better means is to invest in multiple assets.
In economics, we know that man’s needs are insatiable, thus man always seeks for
means to increase his expected financial returns.

A person who seeks to put finances into the acquisition of an asset in other
to get higher returns is called an investor. Generally, investors are classified into
three categories, namely: risk neutral, risk averse and risk seeking. Risk-averse is
someone who avoid taking risk thus so conservative, risk-taker on the contrary is
ready to take more risk hoping to gain more return and risk neutral also called
risk-indifferent who is neither risk-averse nor risk-taker. The investors attitude to
risk determines his investment preference, for example, a risk averse investor would
prefer to put his money into a bank account, invest in bonds or put his money
into a fixed deposit. Also, the expected returns of an investor is determined by his
attitude to risk. The expected returns of a risk seeking investor is always higher
than that of a risk averse investor. However, the risk averse investor has a chance
of getting his expected returns through diversification.

A sensitive investor is an investor who has the means and seeks to diversify
investment. He or she desires the most favorable portfolio which provides maximum
expected returns at a specified level of risk. A portfolio is a group of assets. Thus,
the investor considered in this study is one who wants to be engage in both small
and multiple investment. Many financial institutions such as banks, insurance,
commercial institutions, real estates and public sectors who opt for higher returns
at acceptable risk levels are in these category of investors and are referred to as

sensitive investors. This is because some banks are into hostel and residential



developing contracts with universities and big organisations to be managed before
handing over.

Risks occur as a result of data that are uncertain. Risk is also seen as the
likelihood of actual future returns varying from the expected returns. However,
from the context of security and investment analysis, risk is also the likelihood
that real cash flows will be different from the estimated cash flows Moyer et al.
(2006). Risk and expected returns are intrinsic part of investments and are treated
concurrently. A sensitive investor seeks and resorts to diversification so as to spread
investment and reduce risk. A diversified portfolio or group of assets has a smoother
risk behavior, that is, it is a much more robust investment option Derman (1994).

Diversification aims to reduce the unsystematic risk in an investment portfolio
which occur as a result of mismanagement, poor forecasting accuracy or wrongful
planning process and decision making. Diversification helps to reduce the volatility
of portfolio performance. This is because holding diverse assets implies that the
price of diverse assets does not change in the same direction, at the same time or
at the same rate. Thus, diversified portfolio is more robust with less variation in
expected return.

Good portfolio management entails active investment and paying close attention
to market trends against spontaneous shift in the economy and changes to the
political landscape as well as factors that may affect some organisations. This
enables monitoring transactions that could affect the price of assets in other to take
decisions that might boost higher returns and hedge against loss. For example, the
risk of exchange rate variance significantly affect the utilities and portfolio choices
of both domestic and foreign investors. As a result, the variance and correlations in
returns are unpredictable Mandelbrot (1963), therefore, there is the need to hedge
risk against any unforeseen circumstances.

In the business environment, good investment performance is primarily deter-
mined by the quality of the investment decisions, which are invariably made in an
environment of uncertainty concerning technology, market-places, competitors, le-
gal issues, and so on. Sub-optimal decisions can hamper a business, and sometimes
cause serious damage. In many cases, sub-optimal decisions are made because the

right information is not available or because there is not enough data. However, in



some cases the fault lies in the method used to arrive at the decision Manganelli et
al. (2014). Therefore, what determines an investors success are well-considered de-
cisions and good risk management as well as exhaustive research on every possible
scenario and options available for increasing investors profit.

Many studies have considered optimal portfolio with logarithmic utility. How-
ever, logarithmic utility which considers present investment opportunities does not
fully capture the concept of diversification, therefore, we can say it is short-sighted
or myopic. However, power utility considers future investment opportunities and

is thus a more robust option than logarithmic utility.
1.2 Motivation for the study

Generally, an investor desires maximum expected returns on his investment. Thus,
investors are always and will always be on the lookout for means that guarantee
greater return on investments while hedge against risks. Many studies have consid-
ered investors portfolio using logarithmic utility. However, logarithmic utility does
not keep an eye on future investment opportunities and is thus myopic. Thus, it
does not adequately take care of diversification of assets which is the crux of the
matter for a sensitive investor.

The sensitive investor makes use of the information he or she has to hedge
against future risks. This motivates us to look at a different utility which adequately

takes care of the concept of diversification of assets for the sensitive investor.
1.3 Statement of problem

The Optimal portfolio problems of a sensitive investor is the subject matter of this
research work. Optimal portfolio problems of an investor with logarithmic utility
have been studied. Logarithmic utility does not capture the concept of diversifica-
tion. Hence, it is referred to as myopic. However, there is scarce information on
other utility functions, such as power utility function, which captures the concept
of diversification of portfolios. This study was therefore designed to consider the

general expected power utility of a sensitive investor in a financial market.



1.4 Research aim and objectives

This research studied a sensitive investors portfolio which yields maximum ex-
pected returns by considering a general expected utility of a sensitive investor.

The objectives are:

1. To provide measures of reducing risk in investment via diversification and

specification of small scale investors

2. To provide multiple assets diversification with restrictions for investors on

the quantity of assets to be held due to transaction cost and risks.

3. To provide characteristics of optimal portfolio of a sensitive investor with

insurance cover

4. To provide effective risk management of portfolio investment through assets

diversification for large scale investors under insurance cover

5. To provide measures of curbing information asymmetry in the market.
1.5 Research methodology

A model was derived from the Ito’s integral with respect to power utility function.
The extension of the Ito’s integral by forward integral with its lofty properties was
used to diversify the investors portfolio. A filtration was built and used as a set of
information for the investor. A semimartingale was used to enlarge the investors
information. A probability function was defined to capture the activity of an insider
in the market and penalty function was established to punish such an insider. A
priority Mathematical software was used to compute the investors varying rates of
volatility. The filtration, N = {N; }o>r is slightly bigger than F = {F, }o<,<r of
D(7). A sensitive investors business logistics is @(x, w) = I{7, <z<r,} and considered
as a buy-and-hold strategy that is, we assume D(7) is the risky assets price at time
7, if an investor purchases the fluctuating amount a units of such asset at time
71 of unpredictable process and eventually decide to keep them to a certain time
T:171 < T < T, and sell them at a subsequent time, the profit realised would be
aD(r) —aD(n)
w(t) = al(n, (1), 7 €[0,T]

4



with respect to D(7)

/0 w(r)d” D(1) = aD(1) — aD(n),

where 71, 75 are bounded random times.
In as much as w(t) is forward integrable with respect to D(t), then fo (t)dD(t)

is a semimartingale integral and

/Ow(t)dD(t):/O =(t)d-D(), (1)

where w is adapted to N; D JF;, and such that D(t) is a semimartingale with

respect to N; filtration and with a decomposition
D(t) = D(t)+ A(t), 0<t<T, (1.2)

where D(t) is a N~ Brownian motion and A(t) is a continuous Aj-adapted finite

variation process. If A(¢) has the form

A(t) = /0 a(s)ds, (1.3)

then the process «f(.) is the information drift. In general, if a relation of the form

(1.2) holds, then we define

/0 =(1)dD(t) = /0 =(#)dD(t) + /0 =(1)dA(). (1.4)

Let T' < T}, and
Ni=FVwD(Ty); 0<t<T (1.5)

that is, NV; is the w-algebra produced by F; and the final value D(T}), where Ty is
the final time. Then

/D T DTo) = D)y g <p < (1.6)
is an N;- Brownian motion, as such (1.2) is established with
/ DT )ds; 0<t<T. (1.7)
TO —S
By (1.4), we get

/Tw(t)d[)(t)Jr/Tw(t)dA(t) = lim w(t;)AD(t;)

ATJ‘—)O N
J



_ / dD(s) = D(ry) — D(m)

T1

_ /0 " w(0)d- D)

and

/000 w(s)d” D(s) = lim h w(s)D(S +9) = D(s) ds

6—0 0 )

Given that w is cagldd and continuous on the left with right limits, then

/w )d"D(s) = Jim Zw s;) x AD(s;)

We have this as

then

/Ooo w(s)d-D(s) = lim [ w(s)2EED = D),

6—0 0 )

SJ+1 _
= Zw sj ) lim D(s +9) D(S)ds

6—0 )

Assuming optimal sensitive investors portfolio v*(t) exists, then v*(t) = By
equally exists implying that if the investor diversify his investment by leasing to
yield huge fund, where @w = w(t)r*(t). Our analysis have shown that the higher
the drift and volatility, the more the expected return which represents a positive
investment. It is also observed that the expected return on the utility function of
an investor investing o = 2p — 1 of his money when the probability of realising a

positive expected return is more than 0.5.
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1.6 Structure of the study

The structure of this thesis is highlighted as follows. In Chapter One, we present
the introduction. In Chapter Two, we present the literature review. Chapter Three
consists of relevant mathematical preliminaries for this study. The lofty properties
of forward integral, which is an anticipating integral couple with its techniques and
the implications of using this model were presented. In Chapter Four, the varia-
tional method of a sensitive investor’s optimal portfolio were presented. Finally, in

Chapter five, we present our conclusions and further research focus.



Chapter 2
REVIEW OF LITERATURE

The choice of portfolio is a classical issue in mathematical finance, where the
principal intention of any investor is to seek for the best quantity of money to
invest in the risky assets for a benefit. The establishment of optimal portfolio con-
stitute some difficulties for market partakers since they operate in an unpredictable
environment.

Harry Markowitz (1952), initiated the mean-variance (MV) model, developed
the choice of portfolio problem as an optimisation problem, that is made up of
minimising the variance (an investors risk measure) of the final value for a wished
amount of expected return. He considered highest expected return with a minimum
variance in return, which is not always the case.

Michaud (1989), observed that the mean-variance optimised portfolios are diffi-
cult to comprehend and made it difficult for investors to practice easily. However,
in the actual sense, the Markowitz formulation fail to consider the investors con-
sumption.

Another interesting area of study in the sense of portfolio optimisation is con-
cerned with the utility theory as well as expected utility maximisation, where the
likes, preferences and desires of investors are expressed by the utility function. In
this sense, investors goal is to maximise the expected value of the utility function..

The general continuous-time issue of optimal consumption and choice guideline
of portfolio was considered first by Merton (1971), and established the concept
for dynamic portfolio selection under unpredictable scenario. Mertons concept of
dynamic programming inspired a partial differential equations (PDE) of nonlinear
which is complex and a general issue considering the process controlling the volatil-
ity; this appearance makes it challenging to determine the best approach for the
portfolio and ideal consumption. However, Merton (1967) clearly proffer a PDE
based solution under a consistent risky asset volatility.

Up to date, researchers have developed and sustained huge interest on portfolio
optimisation problems with stochastic volatility. Fleming et al. (2003) resolved

the long standing issue of both the consumption and the choice of portfolio simul-



taneously, where the driven stochastic volatility is related to the diffusion process.
In contrast Goll and Kallsen (2003), obtained clear results for portfolios exhibiting
log-optimal in a complete market with semimartingale specification of the price
process.

Kramkov et al. (1999) considered arbitrage-free model where relevant results
for the problem of optimal investment was established. Chacko and Viceira (2005),
achieved more promising result for an incomplete market driven by the CIR model
(1985). Bae et al. (2015), established a time-varying volatility model of a stock
market through the process of regime switching method and a constant interaction
influence.

However, an issue synonymous with that of Merton was resolved by Brennan
(2000),(2001),(2002) and Wachter, (2003). Liu, (2007) introduced a clear solution
to the problem choice of portfolio dynamics, where the risky assets return are
controlled by a “quadratic process”, which takes the form of Markovian diffusion
process as well as a consistent relative risk aversion (CRRA) of investors utility
function. Coulon (2009), numerically solved the Merton model with a robust finite
difference method. He admitted that the condition of convergence were looked
upon, and the method proposed needed to be recast for the time-discretisation to
converge. The revisiting of the portfolio choice problem and optimal consumption
of an investor with access to a risk-free asset and with a consistent expected return
and stochastic volatility. His intention was double, first he determined a detailed
portfolio dynamics solution as well as the issue of selection, when the returns of
the risky assets is volatile and controlled by priority process of Ornstein-Uhlenbeck,
for an investor under (CRRA). Secondly, he computed several numerical test with
the aid of the obtained solution to be able to resolve the optimal amount that
is sensitive as well as the consumption and several variables in the model. The
risky asset expected return, investors risk-averse, the force of mean-reverting, the
long-term mean together with diffusion coefficient of the stochastic influence of
Brownian motion was also considered.

Russo et al. (1993),(1995),(2000) considered the forward backward stochastic
integral and introduced a larger class of gaussian finite variation process as well as

approximating the integrator. Kreps (1981) introduced the exclusion of arbitrage



behavior as a requisite and sufficient criterion for economic balance. Alexander et
al. (2004), (2006) considered the European pricing and hedging of options spread of
assets correlation as the return of each assets marginal distribution exhibit normal
distribution mixture. Becker (1980) established a constant variance elasticity as the
main behavior of stock price than lognormal model. Bingham (2004) considered the
risk-neutral model as the most efficient numiraire for pricing option. Brigo(2002),
(2003), (2004). considered the densities of log-normal allowing several means as
well as hyperbolic-sine type processes.

Elliot, (1991) introduced the incomplete market as a result of incomplete infor-
mation which generated unequal martingale measure, and thought of minimising
the martingale measure P to preserving the structure of the market. The use of
the non restrictiveness in making speculations over pu and o for price, and the
choice of ¢ and p be made strong to abate arbitrage, and introduced pu = % where
o = 1, which implies knowing the maximal stock price in advance was introduced
by Imkeller et al. (2001).

Two investors with logarithmic utility functions comprised of one who make
his portfolio decisions based on the available information while, the other possesses
additional information was considered by Amendinger et al. (2003). It was ob-
served that unequal information between investors in the market does not forster
unity and discourages both local and foreign investors as a result, Corcuera et al.
(2004), established equal information for every trader in the market due to defor-
mation of insiders knowledge. He obtained, a semimartingale decomposition of the
process and observed that the slow vanishing of the process confirms no arbitrage
and shows the finiteness of the insiders additional utility. Leon et al. (2003), estab-
lished a vital observation of an investor possessing extra information of the future
development of the market known as an insider of the market. Ackerman et al.
(2015), introduced insider trading laws and regulations of investors in the market.
Karatzas et al. (1996), established a penalty function f(z) == —C27,0 <y < 1
and C' > 0 where C'is relative to the crime, 7 , represents the law and enforcement
agencies.

Heston et al. (1993), studied a stochastic volatility with simulation showing

assets price relevance for explaining returns. Applebaum et al. (2009), introduced
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a purely discontinuous model process since the returns of assets are usually defined

as increments of [og stock prices, that is log it — log L; 1 where
Ly = Lo exp(Xy)

with X = (X});>0 as the corresponding return process. Kaur et al. (1994), estab-
lished the dominance of an investment that guaranteed a higher return with higher
risk over an investment with high utility rate and lower risk.

Anderson et al. (2013), obtained Optimal returns in real estate investment as
much effort of the brokers. The brokers through the media highlight those features
that satisfies the customers. Such as the architecture and high technological design,
urban planning, quality of the luxury. During marketing process however, strategies
that require long time payment with higher price than the normal market price
would be initiated. Amunuay et al. (2016), considered some parameter A in the
Black-Scholes equation which depends on the interest rate p and volatility o while
A changes as the value of p and o equally varies. Meilling Deng (2015), studied
sufficient conditions for stochastic permanence, extinction, global attractiveness
and stability in a stochastic competitive model with Markov switching.

Qiang Li (2015) considered a risk-averse firm which procures some kind of com-
modity from the spot market as a major input for production. Nualart et al. (2004)
introduced a restrictions on the integrands in Ito stochastic integral for the fact
that the measurability condition which prescribes that the integrand is independent
on the future increments of the integrator.

Ali et al. (2016) introduced the traditional portfolio selection problem geared
by establishing four constraints such as collinearity meant to decrease the portfolio
risk, active stock to regulate risk, as well as to increase the un-expected return
which is the course of inefficient market and finally to control the net risk of the
portfolio.

Cox-Ross et.al (1985), considered logarithmic utility, where the optimal size of
money on stock absolutely rely on the model parameter. The optimal portfolio
with logarithmic Utility disregards the differences between the present value and
influence of the future of an economy, as a result, it is myopic. Because,the size
of wealth owned in stock appears to be the same throughout the periods of time,

even at the random change of variables of the market. Furthermore, power utility
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functions would consider future investment opportunities. For example, if the cur-
rent interest rate of the risky assets is presumed higher than the future, a sensitive
investor might be receptive to the risky assets investment to take advantage of its
unpredictable drop in the future. In this respect, we look at the general expected
utility function which maximise a sensitive investors portfolio. Our model is built
from Biagini et al. (2008) and Nualart et al. (2003) whose aim was to take undue
advantage of the more acquired information to maximise the expected logarithmic
utility from the final amount, we are using forward integral which is an anticipating
integral to maximise the general expected utility from the final wealth of a sensitive

investor whose intention is to diversify investment with the information he or she

has.
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Chapter 3
METHODOLOGY

3.1 Introduction

Relevant mathematical tools used in this study were discussed in this chapter.
Firstly, we consider the background of stochastic calculus consisting of definitions
and some concepts of a financial market. Thereafter, we discuss utility functions
with emphasis on power utility functions. We conclude this chapter by discussing

the forward integral.
3.2 Some background of stochastic calculus

The procedures for valuation of derivatives is centered on a vital specification of
a stochastic process for the underlying assets. Stochastic calculus is essential in
the analysis of such processes. Here we discuss some important ideas on stochastic
analysis and market theory that show the modern approach to the mathematical
modelling and pricing of contingent claims. Wilmott (1998) and Tan (2006).
Definition 3.2.1 Measurable space (£, 3)

A pair (€, ) comprising a sample space 2 and a o-algebra of subsets of the sample
space (2, is called a measurable space and a member of 3 is a measurable set.
Definition 3.2.2 A measure p

Let a measurable space be (€2, 3). Then a map p : 8 — R% = [0,00) U {00} is

called a measure provided that
(i) p(¢) =0.
(ii) p( U A,) = Z 1(A,) for any pairwise disjoint sequence of members of f.
n=1 n=1

Definition 3.2.3 A measure space
Let (€2, 8) be a measurable space and p a measure on 3. Then the triplet (€2, 3, i)
is a measure space.

Remark 3.2.3.1
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1. A measure space (2,3, ) such that p(€2) < oo is finite and p is a finite

measure

2. We assume all measure spaces are finite.

Definition 3.2.4 A complete measure space

Given (€, 5, ) a probability space where nn € 8 and m € (3, u(r;z) =0and n € m,
that is, all subsets of a set when measured gives zero and are measurable, then p
is called complete and (2, 3, 1) is called a complete measure space.

Definition 3.2.5 Space of random variable

A random variable assigns to each elementary event w a real value (or vector of
values). In our context the random variables mostly stand for payments or values
of financial products depending on the state of the world.

A random variable X is a F-measurable function defined on a probability space

(Q, F,P) mapping its sample space 2 into the real line R:
X: Q=R
Since X is F-measurable we have
Xt F.

A random variable X is F-measurable if the value of X is completely determined
by the information in F. Formally speaking, a map X : {2 — R defined on a
probability space (2, F,P) is called F-measurable if

X'U)={weQ: X(w)eU}eF

for all open sets U € R. A probability space is a triplet (€2, 5, ) comprising of a
set (), a o-algebra (3 of subsets of 2 and a measure ;1 on the measurable space such
that u(Q2) = 1.

Remark 3.2.5.1

Let (92, 8, ;) be a probability space. Then 2 consists of the set of sure outcomes.
The members of 2 are called sample points or an elementary event, while a member
of 3 is the event. If A € 3, then u(A) means event A will occur.

Definition 3.2.6 Filtration

From our remark above (€, 5, 1) and F(8) = {8, : t € [0,00)} a collection of sub
o-algebra of [ satisfying:
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(i) By contains all the p-null members of £.
(i) B C B for t > 5> 0;

(iii) F(p) is right-continuous for ;. = f;, ¢t > 0 where

By = m Bs

s>t

then F(8) = {f: : t € [0,00)} is called a filtration of § and (2, 8, u, F(5)) is the
stochastic basis or a filtered probability space.

A filtration or information flow on a probability space (€2, F,P) is an increasing
family of o-algebras F; t € [0, 00) such that F; C F; if s < ¢. F; then is the current
knowledge or information at ¢, and does grow as time progresses. Suppose the set
of possible events is F, in that sense /; C F. We denote the filtration (‘Ft)te[o,oo)
by the symbol F.

A probability space which is equipped with a filtration F is called a filtered
probability space and denoted by (€, F,F,P). One can intuitively say that The
probability of the occurrence of a random event will changes as more information
is revealed with time.

Filtration explicitly explain the flow of information which explains those things
that are known based on the present information from those things regarded as
random at a specific time .

A rational investor would automatically ascertain if event A € F has occurred
or not based on the available information F;. Assuming the value of X is explic-
itly unveiled at time ¢ or X is totally known by the information F, then X is
F-measurable random variable.

Definition 3.2.7 Adapted process
A stochastic process (X;)ico,00) is said to be Fi-adapted with respect to the infor-

mation structure (F,) ) if for each ¢ € [0,00) , the value of X; is revealed at

te[0,00

time ¢, the random variable X; is F;-measurable. An adapted process is also called

a non-anticipated process.
3.2.1 Stochastic processes

A stochastic process is a set of random variables indexed by ¢. A family {X; :

t > 0} of R-valued random variables parameterised by time ¢ € [0, 00) stated on a
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probability space (£2, F,P) is a stochastic process Shreve (2004). However, ¢ can
either be discrete or continuous. In any occurrence of w € {2 randomness, there is
a trajectory part ¢ — X;(w) which assume function of time as well as the sample
path of the process. We assume this sample paths are right continuous. The index
t is the time, we consider the fact that events become less unpredictable as several
information on that events becomes available as time progresses Schwert (1989).
It becomes vital to describe how several information about the event is unveiled.
However, achieving this is by introducing the idea of a filtration in which other
important concept such as past information, predictability and adaptiveness of
the process Francesco et al. (2014) and Fouque et al. (2000). A filtration is the

information or knowledge of a stochastic process at a certain time.
3.2.2 Markov processes

A Markov process is a special type of stochastic process where only the present
value of a variable is necessary for predicting the future. The past history of
the variable and the way the present emerged from the past is irrelevant Howard
(1971), Kemeny (1974) and Schonbucher (1999). A Markov process is a stochastic
process for which the future does not rely on the past, but only the present. It
is the building block of many stochastic processes, such as some path-dependent
stochastic processes.

Definition 3.2.2.1

A stochastic process (X;)t > 0 defined on a probability space (€2, F,P) is called a
Markov process if:

P (X, < z|z,) =P (X; < 2]X;)

for 0 <u < s <t. A sequence with the Markov property is a Markov chain in the
sense of discrete-time. Diffusion is often used in finance.

A diffusion process is equally a Markov process whose paths are consistent with
time Dumas (1998). It generalises the Brownian motion, which accommodate wider
class of events to be studied. Another interesting example of a Markov process is
the Poisson process, in that predicting the future should not affect the price of
assets a week ago, neither a month ago or a year ago. The necessary information

needed is the price now. Because predictions are unpredictable it is best expressed
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in the form of probability distributions Cont (2004). The Markov property entails
that the probability distributions of the price at the future time does not dependent
on the specific path the price followed in the past.

3.2.3 Brownian motion

The Brownian motion is another example of stochastic process often used for mod-
elling of stock price fluctuations. The paths of a Brownian motion are continuous
but very erratic. There are some interesting properties of Brownian motion. A
Brownian motion is also a Markov process. This implies that the future value of
the probability distribution process depends solely on its present value and does
not dependent on the past values.

Therefore, only the present process values information is required in making
prediction about the future. Also, even though a Brownian motion is continuous, it
is no where differentiable. Furthermore, a Brownian motion does not have parts of
bounded variation, i.e. a Brownian motion can assume any real value irrespective
of how big or non-positive the values are. 1 = {¢» > 0} with its definition on

(Q, F,0) is Brownian satisfying the following:

(i) The trajectory of ¢ are #-a.s are incessant and unending.

(iii) 0 < s <t, ¥ — 1, has similar distribution with ;.
(iv) For 0 < s <t, ® — 1 does not dependent on {¢) < s}.

(v) For each £ > 0, 1) has equal distribution as normal random variable with

variance f.

3.2.4 Martingale

Martingales are necessary and useful in the stochastic process study. A stochastic
process in the theory of probability is a martingale if its sample path does not have
any trend. That is, a stochastic process whose future movements are uncertain.

It implies a fair game modelling, martingale strategy requires a gambler to

double his bet after losing. In line with this martingale strategy, a gambler can

17



regain his earlier losses as well as his initial amount of wealth couple with an initial
bet Musiela (2005). Therefore, the strategy of martingale implies that after several
gambling, gains or lose nothing and have a constant wealth on the average.
Furthermore, martingale is absolutely a random process such that, observing
the process history, the expected value of the process at a later time is its present
value. i.e. E(M;) = E(My) ¥t > 0 It is equally seen as a constant on average shown
from our third condition below: the easiest forecast of unknown future value M,
relying on the current time s information, Fj, is the value M, known at time s.
Therefore, the expected value of a martingale M at some time 7' (based on the

initial information at time 0) equals its initial value M
E[Mr|Fo] = My

Definition 3.2.4.1
A process (M), defined on a probability space (2, F,P) is a martingale with
respect to {F; }t > 0 filtration, such that F; C F satisfying the following conditions:

1. M, is adapted to {F;}i>o i.e. M, is F-measurable for all ¢
2. E[|M;|] < oo, for all t > 0.

3. E[M,|Fs] = M for all 0 < s <t P- a.s. replacing the equality by
<(respectively)>, then M,; becomes a supermartingale (respectively sub-

martingale).

i.e. sighting the future value based on the current information is not more than
the current value.

As the time goes, a submartingale gains or grows on the average. A super-
martingale is a stochastic process with the (downward) trend of negativity. A
supermartingale does not gain on average as time goes. A supermartingale and a
submartingale is also a martingale.

However, the random process that models the principle of randomness in the
real sense is a martingale. unarguably, a martingale means there should be no
future outcome prediction of events.

In this sense, assuming a stochastic process is a martingale, then its best future

values prediction is its present value. To ensuring the conditional expectation
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existence, the finite mean condition is necessary. Remembering the Markov process
definition earlier stated, whereby history is not necessary. An important example
of both a Markov process and a martingale is Brownian motion, which plays a key
role in stochastic calculus as well as in mathematical finance.

Definition 3.2.4.2

A portfolio consisting riskless and risky asset is a pair ¢ = (H?, H;) of stochastic
processes on a filtered probability space (Q,F,F; ter, P) where HY and H; are
respectively the sizes of risky and riskless asset in possession by an investor at time

t € [0,T]. The general worth of this portfolio at a specific time ¢t is
Vi(¢) = HYS) + H.S;

We express the essential nature of strategies in which the choice made on the
proportion of different parts of the portfolio does not change its worth, in other
words, alterations in the portfolio worth would only be the change on the asset
value no external withdrawals or additions to the portfolio are made.

Definition 3.2.4.3 A self-financing tamed strategy is a pair ¢ of adapted process

(HE)OStST and (Ht>0§t§T satisfying

T T
/ |Hf|dt+/ (Hy)*dt < oo
0 0

a.s.

¢ ¢
HYS) + H,S; = HYS) + HySp + / H%dS? + / H,dS,
0 0
a.s. V, t € [0,7]

Definition 3.2.4.4

A strategy ¢ = ((HY, H;))o<i<r is admissible assuming it is self-financing and sup-
posing the discounted wealth process Vi(¢) = HYS? + H,S; of the similar portfolio
is positive, for all ¢, and such that sup,c(y 7}y, 1S square integrable.

Proposition 3.2.4.1

Let ¢ = (¢)o<t<r = (H}, H;) be an adapted process with values in R?, satisfying

T T
/ |H£|dt+/ (Hy)*dt < oo
0 0
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a.s. Let Vi(¢) = HPS? + H;S; and V;(¢). Then ¢ defines a self-financing strategy
if and only if
t
V() = Va(o) + [ H.dS,
0

a.s. for all t € [0,T].

Remark 3.2.4.1

The subject we are dealing with implies that the total alterations in the portfolio
make up are done without cost. In pricing option, we require self-funding strategies
replicating the option. Firstly, we construct an equal probability measure under

which the discounted price of assets are martingale.
3.2.5 Some notions of financial market

Financial market is where diverse people and organisations transact financial secu-
rities, commodities, and different items of worth that are exchangeable at affordable
cost and price that agree with the principle of supply and demand.

Securities involves stock and Banks, while commodities equally involves metals
of higher worth and produce of agriculture.

Economically, a market denotes the group of willing and determined buyers
and sellers of items or services and the tradings between them Copland (1992). In
an economy however, a security market is used to generate money, transfer real
assets in financial assets, ascertain prices that stabilise demand and supply as well
as create an environment of investment, a conglomeration of short and long term
investments, Brigham and Houston (2007), Brigham and Ehrhardt (2008).
Consequently, financial market is a market that facilitates fund generation or assets
investment. It also entails handing of several risks. It can be divided into the

following subgroups:
1. Capital market
2. Money market
3. Insurance market
4. Foreign exchange market

5. Derivative market
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6. Commodity market

Assets are financial products that are traded in the market. While the economist
categorically carry out research for some companies having share price, the financial
mathematician study the share price and uses vital mathematical tools such as
stochastic calculus to achieve a fair value of derivatives on stock Carr et al. (2002)
and Cont 2001.

We further give vital notions of financial markets where assets are traded
on a continuous basis to a fixed time horizon T. A filtered probability space
(Q, F,{Fi}+ € T, P) that is complete is our market model. where Q is the set of
scenarios, the set of the parts of {2 is the set of events that may occur while P
measures their occurrence.

Financial products traded in the market is an asset. Some of the basic assets

or underlying assets traded in the market are:

1. A stock is the contract that permit its owner certain privileges of receiving
future dividends and final liquidation price, however, the amount of these

payments at execution time is unpredictable Fama (1965).

To acquire stock, means an investor automatically owns part of a company’s
assets and earnings French (1980). A shareholder purchase stock with the
motive of receiving a compensation in either dividends or capital gains form.
The stocks price is presumed to be log-normally distributed and thus can be

a minimum zero and a maximum of infinity.

2. Bond: Its a contract that pays its owner a known amount, known as the
face value at a known future date. A bond can as well periodically pay its
owner fixed cash dividends known as coupons or called a zero-coupon bond

otherwise.

3. Commodities: These are physical objects, typically natural resources or goods

such as:

1. soft commodities: cocoa,coffee and sugar

2. grains and oil-seeds: barley,corn,cotton,palm Oil etc.
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3. metals: copper, nickel,tin,etc.

4. precious metal: gold, platinum,silver, etc

5. livestock: cattle, etc.

6. Energy: crude Oil, fuel Oil,etc.

7. Index(e.g. S and P 500;FT-SEE 100) Simon (2001).

8. Interest rate (e.g. LIBOR).

Another important component of interest in the financial market are contingent
claims or derivatives since their evolution solely relies on the primary assets of the
market evolution Simon (2001).

Definition 3.2.6.1

A contingent claim with maturity 7" > 0 is an arbitrary J;-measurable random
variable X.

Remark 3.2.6.1

A financial contract whose value at expiration depends on the price(s) of assets

underlying is a contingent claim. Some examples of contingent claims are:

1. Forwards and Futures: This is an agreement binding two counterparts, in
which one agrees to buy an asset from the other at some specified time in the

future, referred to as the delivery date, for some specified price.

The terms of the market contract necessitate the need to purchase the asset
at the delivery date. The amount paid for the asset is referred to as the
delivery price and is set when the contract is entered into. The main difference
between forward and futures contracts is that futures are traded through an
exchange whereby the parties do not interact directly and counterpart risk,

the risk that either party will default, is assumed by the exchange.

Forwards are traded in what is referred to as the over-the-counter(OTC)market,
whereby counterparts interact directly with one another Stout (1999). OTC
market is non-regulated and contracts are non-standardized,there is always
the possibility of a credit-risk. The foreign exchange movements are effec-

tively hedge with forwards.
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2. Swaps: A swap is a contract binding two investors in agreement to make
exchange in the future for several financial assets(either cash-flows) at a
known date based on the agreed formula that rely on the underlying as-
sets value. For instance accuracy swaps(exchange currencies) and interest

rate swaps(exchange fixed for floating interest payments).

3. Options: These are particular derivatives, characterized by non-negative pay-
offs. That is, option provides its owners with the possibility of endless profit
at a limited loss risk Gerber (1994) and Co et al. (2000). At a fundamental
level option is partition into two types: such as call options and put options.

Options are the most common types of derivatives Britten et al. (2000).

However, options are of two types: standard options, also known as vanillas,
there are actively traded at the exchange; as well as exotic options, which are
meant to satisfy the needs of their writers clients. There do not have active
market, therefore their value is achieved by using a model to determine the

premium.

Definition 3.2.6.2
An option is a financial contract that grants its holder the right, without any
obligation to buy (or sell) a specific underlying asset on or before a given date
T > 0 in the future (expiry date) for an agreed price K > 0, called the exercise or
strike price. Accordingly, one distinguishes between a call option (the right to buy)
and a put option (the right to sell), and between an European option (exercise only
at time 7")and an American option(exercise at time ¢t € [0, 7).

The time-dependent stock price underlying the option is denoted by S = S(t) =
S for t > 0 and is assumed to yield dividend. Usually, underlying asset is not
transferable at the exercised of option, rather a cash flow of the money achieved.
The more flexible the option, the more expensive it will be. there are options not on
the underlying assets, but also on other derivatives. The range of possible options

is essentially unlimited.
3.2.6 Some examples of options

1. European Option: which may be exercised by its holder only at maturity

date T'.
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. American Option: which may be exercised by its holder any time up to
maturity date t < 7. An American derivative type is a contract whose
cash flows is usually influenced by the owner of the derivative. The owner

influences the flow of cash through the exercise strategy.

. Bermudan Option: which may be exercised at maturity or at specific dates
before maturity. Bermudan option is intermediate between a Furopean option

and an American option.

. Asian Option: The payments promised by this option depend on the aver-
age primitive asset price. They are useful tools for hedging those volatile
assets. Several averages are usually used in the Asian type of contracts e.g.

arithmetic, geometric, weighted-arithmetic, e.t.c.

. Israeli Option: An Israeli option is also a plain vanilla option which consists
some features that enable the seller of the option terminate the contract but

must pay the early exercise payoff and the penalty fee.

. Russian Option: This pays the owner of the option the maximum price gained
by the underlying asset over the life of the option, discounted at some rate

A > 0 Scheikman (2003). It is also called reduced regret

. Barrier Option: This is a path-dependent option where payoff rely on whether

the underlying asset price hits a specific value during the option’s lifetime.

h=(Xp - K)f

linf x,>B

. Basket Option: The payoff of the option depends on the values of more
than one risky underlying asset, which typically do not evolve independently.
The payoff function of the basket option on underlying assets S® is given
by h = (3 w;s® — K)+), where w; denotes weighted or share of the i'h

underlying asset in basket.

. Path-dependent Option: This is an option whose payoff do not only rely
on the stock price value at maturity but equally on the past history of the

underlying asset price.
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10.

11.

12.

13.

14.

15.

16.

17.

Lookback Option: These are path-dependent options whose payoff rely on
the max or min of the underlying asset price attained over a certain period of
time known as the lookback period. lookback option can be broadly classified

into: fixed strike and floating strike.

Perpetual option: A perpetual option is an American option with infinite time
horizon. For pricing perpetual options in B-S model, we only need to modify
the B-S model by removing the time-derivative term to obtain a steady-state

equation.

Passport option: It is call option on the trading account, that is, the owner

receives the positive part of the value of his trading account.

The Rainbow option: It involved several risky underlying. It is equally syn-
onymous to the basket option rather its underlying assets weight rely on their
performance. It pays a fixed amount or nothing at all, depending on the price

of the underlying assets at maturity. They have discontinuous payoffs.

Shout option: A shout option entitles the holder to alter certain features of
the contract during the life of the contract according to some pre-specified
conditions. the time of modification, known as the reset time, may be chosen
optimally by the holder or may be automatic upon fulfillment of some certain
preset requirements. In practice the terms which may be reset are the strike

and maturity of the option.

Tokyo option: This is also referred to as knockout barrier option consisting
region of caution. The option usually moves further from the safety position
into the caution status after the barrier first hit. But if the barrier hit while

still in the caution state, the option vanishes Fujita and Minura, (2002).

Spread option: The payoff of this option rely on the difference of two under-
lying assets. They are typically with multi-asset option and are widely used

in the commodity markets.

Quanto option: This option is a financial derivative comprised of underlying

assets in one currency and payoff in another one. Options are not only on
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18.

19.

20.

21.

22.

underlying assets, but also on other derivatives. Options are used for several
purposes. The two most important are: speculating and hedging. Partici-

pants in the option market are: hedgers, speculators and arbitrageurs.

Hedgers: Often the future fluctuations of underlying assets price is not known
in advance today. Therefore, traders are more careful to avoid future risk
occurrence. These traders are hedgers and this lofty strategy is known as

hedging.

Speculators: Since the intention of hedgers are to avoid risk, speculators
are traders in the financial market with the motive of making profit. If a

speculator is not sure of profit, he forfeit the option.

Arbitrageurs: The inefficiencies of financial market existence are unfortu-
nately taking undue advantage off by these set of traders to make riskless
profit through this opportunities. Depending on when options are exercised,
they are classified into three groups: European, Bermudan and American

options Glasserman,(2003).

Pricing: this explains option from the perspective of the owner; it based on
the problem of finding if it does exist, the fair price of a derivative at any
time ¢t < T. However, an important question is about the existence of a

deterministic function given the value of the derivative.

Hedging: This means the writer will minimise the risk related to the derivative
he wish to transact and seeks for a deterministic hedging strategy. To proffer
a reasonable solution to both problems, it is necessary to find a suitable
model for the market which suit the data of the underlying assets. Rebonato
(2004), Renault (1996) and Rubinstein (1994). The basic assumptions below

are necessary for modelling procedure:

. trading takes place continuously in time

. the riskless interest rate r is known and constant over time.

the assets are perfectly divisible i.e. part of the assets can be trade on

Riskless arbitrage opportunities are excluded
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5. the assets take the part of geometric Brownian motion(GBM) Trading in
financial market involves the use of a portfolio of assets to formulate a hedging

strategy

Definition 3.2.7.1

Let (€2, F,P) be a probability space. A probability measure @ on (€, F) is totally
continuous with respect to P if VA e F P(A) =0 — Q(A) =0. Delbaen (1995)
Theorem 3.2.7.1

() is absolutely continuous in relation with P supposing and assuming there exists
a positive random variable Z on (w,.A) such that VA € A, Q(A) = [, Z(w)dP(w).
Z is called density of ) Relative to P and represented as %

Definition 3.2.7.2

Let @ and P be two probability measures on (w,.4), while P and @ are equal
assuming each one of them is absolutely uniform with respect to the other. Fur-
thermore, a probability measure () is similar with a given probability measure P
as explained by the theorem below

Girsanov’s Theorem (1960)

Let (2, F,{F:}+ > 0,p) be a probability space with (F,),_, ., the natural filtration
of the standard Brownian motion (B;)o<i<7. Let (¢:)o<i<r be an adapted process
satisfying the equation below fOT ¢?ds < 400 a.s. in the sense that the equation
(L¢)o<i<r expressed as L; = exp(— fot ¢sdBg — %fg $2ds) is a martingale. Then,
with the probability P() and density Ly relative to P, the process (W;)o<i<r de-
fined by W, = B, + fot ¢sds is a Brownian motion. As a result, the stochastic
integral does not vary even with the change of measure of similar probability.
Proposition 3.2.7.1

If the hypothesis of our previous Theorem are meet, then set (H;)o<i<r to be an

adapted process such that fOT H2ds < oo P a.s. Let the processes

t t
X, = / H,dB, + / H,o.ds
0 0

under P and

t
}/t:/ Hdes
0

under P with W, = B,+ f(f bsds and PU) our earlier stated measure of probability

in the previous Theorem. Then X; = Y;. Our result on the representation of a
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Brownian martingale in terms of stochastic integral is next.

Theorem 3.2.7.2 Musiela (2004) and Girsanov (1960)

On the probability space (€2, F, P), set (By)o<t<7 to be a standard Brownian motion
and (‘Ft)ogth its natural filtration. Furthermore, Let (M;)o<;<r be a square-

integrable martingale, with respect to (F,) Then There exists a fitted process

0<t<T"

(Hy)o<t<7 in the sense that E(fOT H2ds) < +oo and

t
VtE [O,T] Mt:M0+/ Hsst
0

Definition 3.2.7.3
An option is replicable if there is an admissible strategy ¢ = ((HY, Hy))o<i<r in
such a way that at any time 7" its worth is equivalent to the option payoff V;(¢) = h.
Remark 3.2.7.1
For an option to be replicable, h ought to be square integrable with respect to
@. This necessary condition is fulfilled when h is represented as h = ¢(S7), with
g(x) = (x — K)*. Our next result states the option price.
Theorem 3.2.7.3 Lamberton et al. (1996)
In the Black-Scholes model, any option defined by a positive F;- measurable random
variable h, and square-integrable in respect of the probability measure (), can be
replicated and the worth at time t of any replicating portfolio is represented as
Vi = Eg(e " T~ h|F,. The expression Eg(e " T~t)h|F, defines the option value
at time t. If h is square integrable with respect to @), then there is an acceptable

strategy replicating the option.
3.2.7 The Black-Scholes model

The classical option pricing theory of Black-Scholes, (1973) is based on a continuous-
time model with one risky asset with price S; at time ¢ and a riskless asset with

price SY at time ¢ satisfying the ordinary differential equation (ODE)
dS? =rS2, t >0,

where r > 0 is the riskless interest rate. To model the stock price we fix a prob-

ability space (Q, F,P) with filtration (F,),., satisfying the usual conditions, that

t>0
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is, it is right continuous and complete. Let (B;);>¢ be a standard Brownian motion
on a probability space. With the drift p and the volatility ¢ the stock price is
determined by the following stochastic differential equation(SDE):

dSt = St(ﬂdt + UdBt), t 2 0

Applying Ito’s formula yield the explicit representation of the unique solution of

the SDE.

2
Sy = Spexp((p — %)t +0By),t >0

The classical option pricing theory is based on portfolio investment replication of
any option through the underlying stock and bond. In a complete market, there
exists a unique probability measure () equivalent to the measure P under which the
discounted stock price S; := exp(—rt)S; is a martingale Lamberton and Lapeyre,

(1996).
3.2.8 Methods of valuation of option

1. An European option stated by a positive JF;-measurable random variable
h(St), the payoff function can be replicated and the value at time ¢ in Lam-

berton and Lapeyre, (1996) is given by
V(St, t) _ EQ(G—T(T—t)h(ST)U:t)

where Eq represent the expectation under ), an equivalent martingale mea-
sure (EMM) to P that is, @ ~ P such that, the discounted process is a
(Q-martingale. our previous equation is called the right-neutral valuation

method of European options.

2. However, the Black-Scholes model is based on the assumption that the asset
pays no dividends. Then the price V = V (S, t) of an European option satisfies
the backward parabolic PDE.

v o PV ., OV

V(S,T) = h(S), (S,t)€ (0,00) x [0,T]

this equation is called the Black-Scholes equation for the valuation of deriva-

tive prices.
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3. Merton (1973) and (1976) extended the Black-Scholes equation to options on
dividend paying shares, given by:

v o L0V av

V(S,T) = h(S), (S,t)€ (0,00) x [0,T]

where S is the spot price of the underlying asset, T is the maturity date, r

is the risk-free interest rate and d is the dividend yields.
3.3 Utility function

Utility function is the measure of the well being of a consumer for all combinations
of goods consumed and their welfare as well as their preferences over some set of
goods and services.

The concept is important in financial mathematics, and the rational theory of
choice in economics and games theory, because it represents the satisfaction derived
by the consumer of a good. However, a good is something that satisfy human wants

Mark Schroder (1999). some examples of utility functions are:

1. Logarithmic utility function: n(x) = log(x)

2. Power utility function: n(z) =%, ¢ <1

3. exponential utility function: n(x) =1 — exp™®*

4. Quadratic utility function: n(z) = z — B2

p(1—c)
C

2(1—c)
C

The logarithmic utility is the limit of as ¢ tends to zero. The utility is

equivalent to the power utility, such that they generate similar preferences.
Logarithmic utility function is not in the family of utility functions with con-

sistent relative risk aversion.

p(l—c)
&

In power utility, the parameter c is the risk- aversion. for ¢ > 0 indicating
the investors risk tolerance. The logarithmic utility corresponds to a risk-neutral
investor. In this case, n” is zero.

Example 3.3.1

For instance we have 7(z) = In(z) the first derivative of that equation is 7/(z) = <

and the second derivative is 7"(z) = —2; < 0 for the interval 0 < 2 < co However,
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if n(z) = (Inx)? then i/ (z) = 2222 and n"(z) = w this function is not concave
on its whole domain. It is concave only for x such that Inx > 1,

Example 3.3.2

Let n(z) = 1 — exp~*® where b > 0, then 7/(z) = bexp™® and n"(z) = —b* exp~ .
Since b > 0 then —b* < 0 and thus ”(z) < 0 for all  Hence n(x) is concave.
The function n(z) is monotone increasing since 7'(xz) > 0 for all . Therefore if
0 < x; < g then n(x;) < n(xs).

A good investor is subject to rational decision making for instance, supposing an
investor is faced with the choice of two different investment products and assumed
further that the set of outcomes resulting from investing in either of the products
is {e;,e —2,---e,}.

We set the probability of the first product of investment outcome as P; for
{i = 1,2,--- ;n}. Supposing the outcome e; did not emerge from first product
investment, then P, = 0. In the same vain we represent the value of the second
products probability by g;.

The investor decides ranking the outcomes in order of desirability, with the most
desirable outcome as e, and the least as e,. For either of the possible outcomes, a
utility is assigned.

The utility function 7(e;) range is [0, 1]. That is, n(e,) = 1 as well as n(e,,) = 0.
The values of n(e;) for which i # «, p lies in the open interval (0,1). Assigned as
follows.

He might reason that between the choice of receiving the outcome e; with assur-
ance or be involved in a random experiment and receive the most desirable outcome
eq With the probability 7 and the least desirable outcome e, with 1 —7 probability.

Assuming n = 1, it means the investor will definitely undertake the random
experiment to receiving the certainty e,, which they consider more desirable in the
stead of e;. Supposing n = 0, this means that the investor will not participate since
its results gives the least desirable outcome. They would prefer the sure outcome
€;.

Furthermore, as 1 reduces from 1 to 0 there will be a value of 0 < 1 < 1 in which
he changes his mind from taking part in the random experiment to undertake the

outcome e; with assurance. In this case, 1 is n(e;). This probability is known as
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the utility of the outcome e;.

This particular point of probability in which the investors behaviour or the
mind of an investor changes is unique. Then a cognitive investor that initially
accepted the sure outcome e; can not at a lesser probability of receiving e, decide
to undertake in the random experiment.

Therefore, two outcomes of unequal desirability are compared with utility func-
tion. The outcome e; is synonymous to receiving e, with the 7n(e;) probability
or receiving e, with 1 — n(e;) probability. The decision between two different
investment, if the investment on the first product is similar to receiving e, with
probability " ;| P;n(e;) while the second investment is synonymous to receiving e,
with the probability > " | ¢in(e;). The investor chooses the first product whenever
he observed that

Z Pn(e;) > Z qin(es)

or chooses the second if otherwise.

So far, we have discuss the outcomes or consequences e; of choosing investment
decision. Consequently, these outcomes is seen as receiving different amount of
money for an investment of which most of them is non-positive.

Therefore, the utility function represented by 7n(x) is the investor’s utility of
receiving an amount z. Utility functions are like personality traits to each investor.

Next, we give some vital properties of utility function. One property of utility
function is that the amount of extra utility received by an investor when z increased
to x + Ax does not increase. that is, n(x + Ax) —n(x) is a non-increasing function
of z. It is also concave on an open interval (a,b) if for every z,y € (a,b) and for

every A € [0, 1], we have
h(Az + (1 — Ny > Ah(z) + (1 — N)hy)

An investor whose utility function is concave is said to be risk-averse, while an
investor with a linear utility function of the form n(x) = ax + b with a > 0 is
known as risk-neutral.

Definition 3.3.1

The value of a utility function is known as expected utility. In our earlier discussion

on choosing between two possible investment, an investor with the greater utility
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is preferable.
Z Pm(e;) > Z qin(e:)
i=1 i=1

The above equation highlighted that supposing the investment choice results in
outcomes {eq, ey, - - - €, } with respective probabilities P; for i = 1,2,--- ,n and the
second investment choice produces a similar outcomes with ¢; for i = 1,2,--- ., n

probabilities then a sensitive investor pick the first investment whenever

Z Pn(e;) > Z qin(es)

. Assuming X is the set of outcomes of a random variable with probabilities P; for
1=1,2,--- ,n, Y represents the outcomes with ¢; for i = 1,2,--- ,n, thus the first

investment is preferable whenever

En(X)] > E[nY]

3.4 Forward Integral

This section discusses the concept and application of forward integral equations to
the optimal portfolio problem of a sensitive investor. For instance, we assume risky
assets price at a specific time 7 is D(7) and also assume that an investor acquires
a stochastic amount « of valuables at unpredictable periods 7y, and hold it till a

random time 7 : 71 < 7 < &, and eventually puts it on sale. The profit obtained is
aD(1) — aD(1)

This expresses an exact scenario of the achieved result with a portfolio driven by
forward integration.

(1) = al(r, (1), 7 €10,¢],
in relation with the Brownian motion, i.e.,

3
/0 o(1)d"D(1) = aD(13) — aD(1).

Assuming in a financial market on [0,£] (7 > 0) between capital placement of two

opportunities:
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(1) An asset that is riskless per unit of price Lo(7) at 7 given by

dbo(T) = ALo(7)dT, 1o(0) =1,

(2) A risky asset with unit price L;(7) at time 7 given by
dLy(7) = Ly(7) [PdT + wdD(7)], Li(0) > 0.
A, ¥, and w > 0 are constant.Let

v(7) be a portfolio and fraction of money L(7) invested in the risky at 7, then the
evolution of the wealth process L,(7) = L(7), 7 > 0, of a self-funding portfolio v
1s
dL(1) = (1 — v(7))L(T)\dT
+v(t)L(7)[¥dT + wdD(T)] (3.1)
=L(7) [N+ (¥ = Nv(r)dr + v(T)wdD(T)],
L(0)=s5>0

v is the portfolio of all F-adapted set H, such that

3
/ VA (1)dr < 0o p.as.
0

Assuming v € H,, then the result L() = L{,,, 7 € [0,¢], of (3.1) leads us to the

above equation
T T 1
L(T) = sexp {/ wv(s)dD(T) + / A+ (0 + A)V(s)§w21/2(s)]ds} (3.2)
0 0
Then the portfolio v} that guarantees highest profit

Eflog L;(€)] (£ >0) (3.3)

over all v € Hy is given by

vi(s) = , s €[0,¢] (3.4)

then the value function is:

V®) = sup Ellog L(¢)]

— Ellog L, (€)] (3.5)

9 — \)?
( 2w2) >§,s>0

= logs + ()\—i—
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But, an investor could be receptive to possessing another information other than

F57? specifically, if G = {G,, s > 0} is one of such filtration in the sense that

Fe € G, s€[0,£] (£>0),

Gs = FsVa(B(&)) (& >¢) (3.6)

Which implies that the investor is aware of the value of B(&;) which is also similar
to knowing L;(&p)) in addition to the initial information F; at any time s € [0, &].
This is to aid a sensitive investor hedge against any risk by diversifying.
Definition 3.4.1

A measurable stochastic process w = w(s), s € [0,¢], is forward integrable in
relation with the Brownian motion assuming /(s), s € [0,£], exists in the sense

that

sup
s€[0,¢]

/tw(s)B(S+€Z_B<S)ds—](t)’—>0, £ 0 (3.7)

in probability. Then, for any s € [0, ],

I(s) = /0 "o (s)d- B(s)

is forward integrable of w relating to the Brownian motion B(s) on [0, £].
Lemma 3.4.1

Assuming w holds as stated in Definition (3.4.1) then

13
[ = Bs) = Jim > s, = 1B — B~ 1)

JIn
Jj=1

a likelihood intersection. Taking limit within the partitions of 0 = 77 < 74 <

coemy, =& of T€[0,&] with Ay :=max j=1,---,J,(1; —7j-1) = 0 as n — oo.
Proof
set w as
In
@(s) =Y (55— Dx(sj-1,sl(s), te€[0,¢],
j=1

a simple stochastic process, however, a Cdglad process w on s € [0,£] can equally

be estimated point-wise and consistently in B .
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then

In ;! B
= Zw( ;—1) lim (s +¢) <8)ds
= e—0t i1 IS

= 3ot i 2 [ o

Jn
= )1 ds dB(u
et -vtm 2 [" [

Remark 3.4.1

When w is F-adapted, Riemann sum are roughly [to integral of w with respect
to B. Consequently, a non-anticipating form of the forward integral is also an
extension of the Ito integral. However, effort has been made to extend this concept
to a sensitive investors settings. We presents this in lemma 3.4.2

Lemma 3.4.2

furthermore, supposing D(7) is N, -semimartingale and w(7) is N;-measurable on

7 € [0,¢]. Then
/w )dD( /w )~ D(r

Since D is a semimartingale with respect to N and w is N-predictable, by Ito

Proske, F. (2007) we have

¢ ¢ T — D(7
/Ow(T)d_D(T) = lim w(T)D< ) = D )dT

r=0" Jo p

51 T
= lim — w(7)d(T)dD(T
tim [*2 ] i

_ /ng(f)dp(f)

Proof




since

wp(T) = %/Tipw(T)dT, T € [0,¢],

approaching w in probability and consistently in 7.

OJ

3.4.1 Ito formula for forward Integral in One Dimensional Case

We now discuss Ito formula for forward integral. In this context, it is vital to
introduce a notation that is synonymous to the classical notation for Ito process.
Definition 3.4.2

Let D be a forward stochastic process and further expressed as

L(it)=1x +/ o(s)ds +/ v(s)d”D(s), T € [0,&] (3.8)
0 0
(x constant), where
3
/ p(r)]dr < o0, p — .5 (3.9)
0

and 0 is a forward stochastic process. the short form of (3.9) is

d"L(1) = o(7)dT +v(1)d” D(T) (3.10)

Theorem 3.4.1 Proske, F. (2007)

(The one-dimensional It6 formula for forward integrals). Now let
d”L(t) = ¢(t)dt + v(t)d” D(t)
be a forward process. We set ¢ € C12([0,£] x R) and define

() = p(t, L), tel0,¢].

Then <(t), t € 0,¢], is a forward process and

d=¢(t) = %f(t, L(t))dt + g—i(t, Lt))dL(t) +

Theorem 3.4.2 Proske, F. (2007)

1 9?p

5 @(t,L(t))UQ(t)dt

(The multidimensional It6 formula for forward integrals). Let

d™Li(t) = o(t)dt + zmj Vi(d"D;(t) (i=1,---,n)

j=1

be n forward processes driven by m independent Brownian motions.
D17 ) -Dn
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Let f € C*2(]0,€] x R") and define ¢(t) := f(t, L(t)), t€]0,¢&].
¢ is a forward process and

dc(t) = %(t,L(t))dH—Z;—ji(t, L(t))d™ Li(t)

* % Zl ; %@7 L(t))(vg)ik(t)dt.

As in the classical case, we can use [to formula for forward integrals to solve forward
stochastic differential equations. We show this by an example.
Example 3.4.1

Let ¥(7), and w(7), 7 € [0,£] be measurable process, then

(1) w is forward integrable.

(2) p-ae. /£(|19(7')| + w?(7))dT < 00
7€ 10,¢] C(T),Ois the unique solution of
d=s() = 9(r)s(r)dr
+w(7)s(T)d"D(7), 7 € [0,¢] (3.11)
¢(0)=F
where F'is a random variable of F,-measurable, then
o(r) = Fexp {/OT(ﬁ(s) SR+ /OTw(s)dD(s)} |
Applying Ito forward integrals concept for F'(x) = e*, = € R, then

dL(1) = (¥(7) — %w2(7))d7 + w(7)d” D(7) (3.12)

¢ is a unique solution, assume ¢ is another solution. Then Consider

v(s) = ¢ (s)s(s)s € [0, €] (3.13)
then by the two-dimensional It 6 formula for forward integral processes, we have

dv(s) = <(t)d ¢ (s)+ s Hs)d s(s) +d s (s)d¢(s)
= <1 (s)s(s) [(=(s) + w?(s))ds — w(s)d™D(s)

+ Y(s)ds +w(s)d” D(s) + (—w(s))w(s)ds] = 0.
Since ¢(0) = ¢(0) = F, it follows that v(s) = 1,s € [0,&], which proves uniqueness.
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Chapter 4
RESULTS AND DISCUSSION

4.1 Introduction

In this chapter, we discuss some important applications of forward integral and

its relation with a sensitive investor in a financial market.

4.2 Specification of optimal portfolio of small scale
investors

In this section, we discuss how a small scale investor such as a low or average
income earner can also maximise portfolio. Consider two securities in a financial

market:

1. A non-risky asset (e.g., a Bank account), where the price Lo(7), 7 € [0,&] per

unit at time (7) is given by the differential equation
dLQ(T) = )\Lo(T)dT, L()(O) =1
and

2. A risky assets (e.g., a stock), where the price Li(7), 7 € [0,£] per unit at

time 7 is given by the stochastic differential equation

dLi(1) = 9(7)L1(7)dT + w(T)L1(7)d” D(T) L1(0) > 0,

A(T),9(7) are constant coefficients and w(7), 7 € [0,£] are deterministic functions

on assumption that

13
E[{/O (M) + [9(7)] + (7))}t < 00, p— as.

where w(7) is caglad.
Let (vo(7),v1(7)), T € [0,€] denotes portfolios. Then, its value at time 7 is repre-

sented as

X (1) = vo(1)Lo(T) + v1(7) L1 (7).

39



However, it is self financing assuming
dX (1) = vo(T)dLo(T) + v1(7)d LA (T).
From
X (1) = vo(1)Lo(T) + v1(7) L1 (7).

we make vy(7) the subject

X(1) = wi(7)La(7)
L()(T)

v (T) =
and substituting in our self financing equation of

dX (1) = vo(7)dLo(T) + v1(7)d L1 (T)

and using
dLo(T) = ALo(7)dr, Lo =1
and
dLy(7) = O(7) Ly (7)d7 + w() Ly (7)dD(7), L;(0) > 0
then
dX(7) = (X(7) — ul(T)Ll(T))d[i)O(iT)) + 11 (7)dLy (7)

= MN7)X(7)dr + v1(7) L1 (7)(H(7) — XN(7))dT + w(7)dD(T)

since w(7) # 0 for a.a. written as

dX (1) = MN71)X(7)dr 4+ w(r)vi (1) L1 (7)(a(7)dT + dD(T))

(1) —A(7)

where a = ©) Set v1(1) = P11 the part payment or fraction of money

invested on stock. Then a sensitive investor have desirable return when he diversify
his investment on portfolio that is, where w(7) (81(7)71(7)) is cdglad, N, -adapted

and forward integrable stochastic process such that

¢
/0 {19(7)] = r(D)|Bu(7) 7 (7)] + (1) B5 ()71 (7) 7 < o0

a.s. holds, then the wealth
X(7) = Xpy(mmin

of a sensitive investor at 7 would satisfy
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d”X(7) = X(M)[{AM7) + ((7) = A7) Bi () (7) yer
+w(7) B (T)n(7)d” D(7)], Xo = 0.

(4.1)

By Ito formula, we have
’ L 2 2
X(7) = exp / A7) + (1) = () Bu(T)n(7) = Gw (1) Bi(T)ri(7)]dr
0 s (4.2)
+ [ wtnmrmind i)

considering ;77 € Ay in the sense that

sup  H[n(Xp, )1 0))] = HN(Xp, ) (0))]-

Biv1€AN

We defined the family of admissible portfolios as Ay and:
Definition 4.2.1

1. Bi71 € Ay is cagldd and N-adapted

2. for all f11 € An.
3
H] / 19(r) — M1 (P (1)] + () By (P (7)) < oo

3. fim1 € Ap, then (8171) w is forward integrable and cdglad with respect to the

Brownian motion D

4. for all f1y1 € Ay, we have 0 < H[1/ (X 3,4, (£)) X5, (§)] < 00. where n/(z) =

L(x).

5. for all 51y, w € Ay, there exists v > 0, with @ bounded , then §1v; + jw €

Ay for all j € (—v,v), the equation

nl(Xﬁerjw (6))X,31’Yl+jw (6) ‘N51’71+jw (5) ‘je(_v,v)

is uniformly integrable, where

Ny (7) 1= / "W(s) — Als) — w(s)Brm(s)lds + / w(s)dD(s), 7 € [0.¢]
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6. A buy-hold sell strategy w, that is
w(t) = al(r, 7+ f](t), t€]0,¢]

with 0 < 7 < 7+ f < £ and a N;-measurable, belonging to Ay. Then the

portfolio 517, € Ay is optimal if

Hn( X 1w (6)] = H[n(X, (€))]

for all w € Ay bounded and j € (—v,v) with v > 0 given in (5).

Definition 4.2.2
Assume w is a forward integrable stochastic process and N a random variable.

Then the product Nw is forward integrable stochastic process and

3 3
/ Ne(t)d-D(t) = N / =(t)d-D(t,) (4.3)

where w = X (¢)v(t)* such that v = 17;. Firstly, supposing 317 is optimal,

then for all w € Ay bounded implies

d

0= d—jH[n(Xﬁm + j@(§))]lj=0

3
= H1 (X3, ()X (€) [ ()0 = A(5) = 2(5) B ()]s
0 (4.4)
13
—i—/o w(s)w(s)d”D(s)]
Now fix 7, f : 0 < 7 < 74 f < £ and choose w(s) = ol (7, 7+ f](7), T € [0,&], where

« is an arbitrary bounded and N -measurable random variable. (4.4) becomes

T+f
0= H[f (Xp0, (€)X (€) / 19— A(s) — & (s)Bum (5)]ds
v (4.5)

T+f
+/ w(s)d”D(s)a]

since this holds for all a, we conclude that

H[Fpy5, (&) (N (T + f) = Npy (7)) | ] = 0

where

n/(X,BI'Yl (5))Xﬁw1 (5)
HW(X,Bm (é))Xﬁl'Yl (5)]

Fﬁl’h (5) =
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and
Npum (7) 1= exp / "9 — A(s) — R (s)Bim(s)]ds]
+/OT[w(s)d_Ds], T € [0,¢]
that is,
T+f T+f
H[Fsp,(€) / 9(s) — A(s) — w2()Bim (s)ds + / w($)dD(s)x] =0 (A7)

by the application of Bayes Theorem,

HQﬁl»yl [N/D’l’ﬂ (7— + f) - Nﬁl’h (T)|Nr]
0= H[F/BI’YI <€)|Nr]_H[F,@W1 (5)(N5171 (T + f) - Nﬁ171 (T))|NT]

since Ng,~, (1) is M -adapted, this gives

(4.8)

HQﬁml [Nﬂwl (T + f)|/\fr] - Nﬁl’h <T>

Hence N, (7) is an (N, Qg+, )-martingale.
Let the probability measure Qg,,, on N; be

dQ/BI'Yl = Fﬁl'h (f)dm

and set Hg, . (7) to

represent ()g,,, expectation, then

H[Fﬁﬂl (g)(NBWI (T + f) - Nﬁl% (7—))|NJ =0

written as
HQﬁml [Nﬁwl (T + f) - N,@W1<7—)|Nf] =0.

Therefore, what we have just proved is invariably stated as Ng,., (1), 7 € [0,¢],
is a (N, Qs+, -martingale, that is a martingale with respect to the filtration N
under the measure (3,,, Conversely, assuming Ng, ., is a

N, Q3,,,-martingale, then

HQBl’Yl [Nﬁl’h (T + f) - Nﬁrﬂ (T)N-r] =0

for all 7, f therefore 0 < 7 < 7+ f < &. Equivalently,

HQﬁﬂl [Nﬂl'yl (T + f) - Nﬁl% (T)Oé] = 0
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for all @ bounded N, -measurable. Thus,

T+f
0=HWM%M®M@M®/ (9 — A(s) — w?(s) B (s)]dt
- (4.9)

T+f
+/ w(s)d™D(s)a]

holds. Taking linear combination, it is valid for all step processes w € Ay of caglad.

Referencing assumption (1) and (5) of definition (4.2.1)

3
0 = H'(Xp,7 (6) Xg17 (§) / @(s) [0 — A(s) — w?(s)Bim(s)]ds
0 (4.10)

3
+ /0 w(s)w(s)d” D(s)]

holds with boundedness of all @ € Ay. Since

J = Hn(Xpi1j=(8))), J € (=v,v)

maximum is obtain at j = 0. Thus,

0= L (X001 (E)] 0

dj
Definition 4.2.3
If the stochastic process 1y € Ay is optimal for the problem
sup  H[n(Lg~, (§))] = Hn(Lg,, (£))]

Bim €Ay

then the stochastic process
Ng,oy (T) 1= exp/ [0 — A(s) — w?(s)B171(s)]ds
0

. (4.11)
—|—/O w(s)d™D(s)]

is an (N, @s,,, )-martingale . Conversely, if the function
9(j5) = Hn(Xgy+j=(&))],J € (—v,v), is concave for each w € A and Ng,, (1),
7€ [0,¢] is an (N, Qg,, )-martingale, then 3;7; € A is optimal for the problem

sup - H[n(Lg, (£))] = H[n(Lp,,, (€))]

Biv1€AN
U(r) : o1 = A(7) + (9(r, 1) — M) — %aﬂ(r)ﬂ
MT) + 0(7, )y — A7) — %J(T)VQ
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Hr,v) x 1+vx I (r,v) — A7) x 1+vx 0—%w2(7) X 2U 4+ 0 x v
I, v) x 1+ (r,v)r — \71) — (1)
upon differentiation, we have
V(r,v)+ 9" (r,v)v + 9 (1,v) X 1 —w(T)

V' (7, v)v + 20 (1,v) — (1) < 0.

we equally have the following result.

Theorem 4.2.1

1. Bi71 € Ay is optimal for the equation below

sup - H[n(Lg,, (£))] = H[n(Lp,,, (€))]

Bim €Ay

only if

*d|N, T
Nom () = Vo o) = [ SR222l0) e 0. g

is an (N, m)-martingale. In this regard

dm

<(s) = Hqy,,, {M
171

M]wM&m@wm%sema

with
(X () X (©)
Fon () = X () X i (€

and (4.6), (4.9),(4.10) respectively.

2. However, assuming an optimal portfolio 517, € A exists, then

Z(t) = /Tw(s)d_D(s)
0
is a semimartingale of (N, m)
3. Supposing an optimal 517, € A exists such that w # 0 for
a.a(s,w) € [0,£] x

then D(t) is an (N, m)-semimartingale
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Proof

1. If 5171 € Ay is optimal, then by Definition 4.2.3,

Ng,, is a (N, Qg,, )-martingale with

U/(Xﬁm (5))X/31'Yl (5)
HW(Xﬂm (6))X/81’Yl (5)]

and (4.6), (4.9),(4.10) respectively. Thus,

Fﬁl% (5) =

dm(w) = Nﬁl’yl(T)dQﬁl’Yl(w)
on N¢
N/BI’Yl (7—) = ﬁ_l}yl

And by Girsanov,we have that

Noio (1) 7= Ny (7) = /OT w

is an (N, m)-martingale with ¢(7) an (N, Qs,,, )-martingale stated as

B dm _ 1 F,31'Y1 (5)
C(T) = I‘[Qﬂ”1 [dQﬁl’h ] |Nr H[(Fﬂl’h (5)) H[FBI’Yl (§)|NT ‘Nf]

, 7 €10,

= (H[Fs,,, ()IN;]) ' € [0,¢]

conversely, if Ng, -, is an (N, Qg,, )-martingale,

then Ng,,, is an (N, mg, ,, )-martingale,thus £, is optimal by Definition 4.2.3
2. is derived from (1)

3. By (2) recall that
Z(t) = /0 w(s)d™D(s)

is a semimartingale of (N,m). Then assuming w # 0 for
a.a(t,w) € [0,&] x Q
holds, we obtain
/OT w(s)dZ(s) = /OT w(s)w(s)d”D(s) = D(s)

is a martingale of (N, m) also.
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Theorem 4.2.1 explicitly represents the connection between (5,7, optimal as well as
the decomposition of the semimartingale D with respect to N. We prove this in

the context of portfolio diversification.

Theorem 4.2.2

1. Given that (7, is optimal for
sup - H{[1(Xp,, (§))] = H[n(Xp,,, ()]
Bim EAN

Then D is a semimartingale with respect to N with a decomposition

[NBWN §] (T)
wrs(T)

0(r) = A7)

w(T)

dD(1) = dD(T) + [w(T) 17 (1) — ldr +

where D is a (N, m)-Brownian motion

2. In reverse, assume D is a semimartingale with respect to (N, m) with a de-
composition dD(7) = dD(t) + dA(r) and A is a N-adapted finite variation
process. Assuming «(7)dT = dA(7) = for some N-adapted process . That
is, dA(T) is absolutely continuous with respect dr, where Dis a (N, m)-
Brownian motion then the solution f;v; € Ay of

d [Nﬁl’Ylv §] (T)
dr

1
EERE

Then, (17, is optimal for

sup - H[n(Xs,4, (£))] = H[n(X5,,,(€))]

B1v1€AN

since the quadratic variation Npg,, is continuous absolutely.

N Nal7) = [ (5
from
NBWl(T) = Nﬁl‘ﬂ(T) _/0 W: T E [O,f]
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this implies d[Ng,~,,<](7) is continuous absolutely with respect to dr. Thus,

d[Npy,sl(m) 1 d[Ngyy,,s](7)dr
w(T)s(7) w(T)s(T) dr

Proof

Assuming (17; is optimal, by Theorem 4.2.2, the equation below

W 7) AN, (1) = AD(7) + w (D) [(O(7) = A7) — (1) iy (7)) dr
_ N3, (7) (4.12)
s(7)

T € [0,¢] is an N, m-martingale. Since the quadratic variation of the expression

below w™(7)dNg,~, (1) 7 € [0,&], is 7, T € [0,&], it follows that
dD(7) == w™ (1)dNg,, (1), T € [0,€]

is a N, m-Brownian motion and we have

0(r) = A7)
w(7)

1. Supposed the decomposition of D is N, m-semimartingale ,

Np1yis)(7)
wrs(T)

AD(7) = dD(7) + [w(r)Ba () () — Jr + |

A

dD(7) = dD(7) 4+ dA(T),

with reference to (2), we set v to be

Then,

W™ (7)dN31ny (1) = dD(7) + w ™ (1)[(9(r) = A7) = (1) By (1) (7)) dr

_ d[Nﬁl’Yl J C] (7—) ]
<(7)

(4.13)

7 € [0,¢]
dD(7) — dA(t) = dD(7)

therefore

dD(7) = w™(7)dNg,, (1), T € [0,€],

is an (N, m)-martingale. Thus, ;; is optimal.
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For example, Supposing

1. We define a* as

v U(s) = Als) | a*(s)
vi(s) w?(s) * w(s)
and set
D(S) o 19<Szu<_s>)‘(8)
Then,

is (N, m) Brownian motion

13
HE’N =logxg + H[/O {A(s) + %(D(s) + a*(s))*}ds]

2. Assuming D(s) is Ns-measurable £ > 0. Then,

/D s)ds] =0

3
H?’N = logzo + H[/ {A(s)
0

S + (' ()] yds]

and the similar value is

+

Proof

(4.14)

(4.15)

In as much as v* is admissible, therefore, an equivalent optimal value function

3
Hf’N = log xo + H[/ {A(s)
0

+5(B(s) +a*(5)))ds]

H { / £D<s)a*(s)ds] —0.

Suppose D(s) is N-adapted, then by A(t) := D(t) — D(t), we have

HV;D(S)Q*( } UD )(dD(s dD(s))]

is finite. We prove that

[ o] - [ o] -
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From

PN ‘ 1
HEY = log g + H] /0 {AGs) + 5 D(s)? + (a*(5)) ]} s].

Suppose
(a*(s)) = pim-
This equally means that our mode of investment can be diversified
1
2 (Biy1 + D()* = (Bima + D())(Bim + D(s))
Bt + BinD(s) + BimD(s) + D(s)*
1
5[5%7% +26mD(s) + D(s)?
1
SID(s)? + 5397 + Bin D(s)]
Hence, from
F.N ¢ 1 2 * 2
Hew = 10gfvo+H[/0 {A(s) + 5[D(s)" + (a”(s))] }ds]
we have,

§
HS’N = log Ty + H[/O {A(s) + %[(D(s)2 + (26877) + (2611 D(s))]} ds]

since v is admissible, then the corresponding optimal value function in (4.24) is

finite. Consequently, if D(s) is N;-measurable, 0 < s < . Then

3
H /0 B D(s)ds] = 0

~

By A(t) := D(t) — D(t) being an N;-Brownian motion, therefore,

H[/j D(s)Byyads] = H[/O5 D(s) (dD(s) ~ dD(s)))

13 13
_ H[/O D(s)dD(s)] — H[/O D(s)dD(s)] = 0

1. Given n(z) = tz", x>0, where h € (0,1), we have

1 (Xpih (§) X1y 0 ()| M (R)] = Xy (€)M (R)

and condition (4) in our earlier Definition is satisfied if

sup  H[(X5 ., 5 (E) M (R)])] < 00
he(—5,6)

20



for p > 1, then set
X5171+hw(§) = Xﬁrn (é)N(h>

From the Holders inequality,

HIX e OIM ()] < (H(Xy (€))7]) 55
(f{Kfv(h))Mﬁl@])Eﬁg([{K’A{(h)bﬁdﬂ)gé

where ap, as : 6_11 + é =1 and by, by : % + é = 1. Choosing
-2 2§
ag—z—aandalsobl—h—ﬁ, by =

2= for some p € (

S OGEM @i+ [ w i pe
satisfies
H[(N3,, (£))%] < 0.

Then, item (4) and item (5) of definition (4.2.1) is valid if

2hp
sup H|[(N(h - -| < 00
WS [(N( ))2_p_$p]
however,
2hp

sup H|(N(h - -
m%m)“ (»2—p—m7

holds if for example

] < o0

H exp{k /OS[|19(T) — AT+ [Bin(7)|dr}] <00 Yk >0

however,
H[(N/3w1 (O)Q] <0

is equally verify for k£ > 0
13
H expfk( / 19(r) = A(™)| + |Bun(n)ldr)}

13
—i—|/0 By (T)w(T)dD(7)| < 00

o1

2-p 12

(4.18)

(4.19)



Example 4.2.1

1
Ux) = Exc; z € [0, 00),

where ¢ € (—o0,1) — {0} is a constant. Assuming w # 0 for a.a (¢, w).

Let F; C G, be a filtration. Assume v* € A is an optimal portfolio for the problem

b6 = sup E[-(X(())"].

veA c
Then, there exists an G-adapted process a(s) such that D(t) := D(t) — A(t)
holds and hence, the optimal sensitive investor portfolio is.
Let the (modify) market price of risk, 6(t), by

01 - A1)

o) = =55

a(t).
Assume that
1 13
Blexp( / 62(#)dt)] < oo
0

and define

Hy(t) = exp(—/@(s)df)(s) - %/0 (62(s) 4+ 7(s))ds)

X*(t) = Hy () E[H{ (&))" E[HS 7 (€)/G1)

Let v (t) be the unique G;-adapted process such that

3
/ V2 (t)dt < oo
a.s. and
_c e £ ~
Eﬁf@ﬁ%%@awlw@w@.
Then,
V() = w (1) [ ;IZ’O% " X*(t)@(t)]

is the sensitive investors optimal portfolio and X*(t) = X ()

is the similar investors optimal value process. However, if the utility function is of

the form,
x7*
U(x) =
(z) >
where vx is 9 — X and 7y is 1 — ¢ then, the Optimal portfolio is
J—A
) = ———
V(1) (1 —c)w?
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0.09 — 0.04
(1—0.8) x (0.04)

at all times ¢ where ¢ < 1

0.09—-0.04 0.05

02x004 0008 O

i.e. 25% of his money is invested in S and 75% in the risk-free asset, we have that

when ¥ = 9, w = 20%, A\ = 4%c = 0.8,

4.3 Multiple assets diversification with restric-
tions for investors

The present day world have subjected both the low and high income earners to
multiple streams of investment for a better multiple streams of income in return.
As a result, a sensitive investor splits his investment network on different assets to

avoid less return as expected from assets. we defined

H:R"— (3,7),C R

where

<5:’AY> = <(5152) 7172 26271

where Z?:l v;B;7v; and v; is a confine placed before investors on the size of assets
to be held due to costs of transactions. v; = 1 if assets ¢ is chosen in the portfolio,
and 0 otherwise Mark Schroder, and Costis Skiadas, (1999).

Definition 4.3.1

Ay is admissible portfolios expressed as

Loall Y0 | By € Ay is cdglad and N-adapted i.e. N-measurable
2. Z?:l Bivi € Ax.

/ [9(7) = MO (Bi(P)u()+) O vBi(r)y:(r))?)dr < oo

i=1

3. Biyi € An,the product > 7" | (8;7;) w is forward integrable and cdglad

4. 370 Bivi € A, then 0 < H[n' Ly (8,7,(8)) Ly g,,(§)] < 0o where /(1) =
an(l).
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5. for all Y " | Bivi,w € Ay, there exist 6 > 0, with a bounded w, such that
Sor o Bivi+jw € Ay in all j € (—4,0) as such, the entire family
WL, s )L, ctsm IV, et O s

is consistently integrable, where
Nt an(m) = [ N0 = A7) =) Y fes(ldr + [ wlo)dD(r)
i=1

6. w portfolio permits buy and keep to a reasonable time of choice before re-

selling, of

w(s) = ad(r, 7+ fI(t), t€0,¢
with 0 < 7 < 7+ f < £ and aN.-measurable belonging to Ay. Then
Yoy Bivi € Ay is optimal if

Hn(Xsr, piviriw(§))] = H[n( L, (€))]

for a bounded w € Ay and j € (—0,d) with § > 0 given in item (5) of
definition (4.3.1).

Definition 4.3.2
Assuming w is a forward integrable stochastic process and N a random variable.

Then the product Nw is a stochastic process and forward integrable then

/NwdD N/wdD

where w = X (7)v(7)* in this sense, v = Y " f;y. Firstly, >0 B is
optimal. For a bounded @ € Ay we have

d
0=—H[n(Xsr ir+iw(&))]lj=o

dj
0=Hn'(X ()X, s (é)/0 @(7)[ = A(1) — w*(7) Z Birvi(T)]dr

+ [ =i pi)

fixing 7, f : 0 <7 <7+ f <& and choosing w(s) = al(1,7 + f](s), s € [0,£], for

(4.20)

any possible quantity of fluctuating a of A, bounded. (4.20) becomes

T+f
0= HI (X2, s (€) X5 () / 9~ A(s Zm

iy (4.21)
—i—/ w(s)d™D(s)a]
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it is valid for all «, then

H[FZ?:1 Bivi (6) (NZ?zl 5z‘“/z‘(7— + f) - NE?zl Bivi (7—))‘/\/}] =0

where
Fen (5) _ UI(XZ?:I Bivi <§>)XZ?:1 Bivi (5)
2oie Bivi H[TII(XZ?:I Bivi <§))XZ?:1 Bivi (f)]
and
Ny, pir(T) i= exp /O [0 = A(s Zﬁm
) (4.22)
d-D
¥ / w(s)d”D(s)]
that is,
s+f
0= H{Psp, n O 0(7) - 7Y Bt
’ (4.23)

s+f
+ / w(r)d" D))l

HQEH L Bivi [NZ?:l Bivi (T + f) - NZ?:1 Bivi (7-) |N-r]

0=H[Fsr g0 (O] HIFSr 67 (E) (N5 s (T + f) = Nson i (7)) 8]
(4.24)

since Ny g, (7) is Nr-adapted, this gives
HQZ" 1 Bi%4 [sz 1 Bivi (T + f)|N ] NZ?:l 51'%'(7_)'

Hence, Ny g.,(7) is an (N;, Qs | 3,4,)-martingale.
Let the probability measure Qs 5., on N be

dQx>r_ gy = Fon | g (§)dm

and HQZ" 5. (T) an expectation of Qs 4., So,
1 P74 i=

H[Fzznzl Bivi (T) (sznzl Bivi (7— + f) - NZ?:l Bivi (T)) |/\/T] =0

written as

HQZle Bivi [NZ?zl Bivi (T + f) - NE?:l Bivi (T) |/\/}] =0
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Nyn g,(7), 7 €[0,€], is a (N, Qsr_ ,,,)-martingale, that is, a martingale with
respect to the filtration N under the probability@s-» 4.,, it can equally be stated
as follows that suppose Ny 5., is a (N, @y g )-martingale. Then,

HQZ” 1[9171 [NZ?Zl Bi'Yi (7— + f) Z =1 51’7/1( )N-r] = O
for all 7, f and then 0 <7 < 7+ f < ¢&. similarly,

HQZ L B [szll BT+ f) = Ny, g (1)) =0

for all bounded N -measurable «, therefore

T+f
0= HIy (Xr, (€)X 2O |19 = A Zﬁm
" (4.25)
T+ f
+/ w(s)d”D(s)a]
holds, taking linear combination
0 = HI (Xpny(€)) Xy (€ / D) — A(s) — w? Zm

(4.26)

/ o D(s)]

remain valid for all cdgldd step processes w € Ay from assumption (1) and (5) of
definition (4.2.3) we have (4.26)
still holds for all bounded w € Ay. Provided the function

J = Hin( X5, gyits= ()], J € (=6,0)

maximum is achieve at j = 0. Thus,

d
0= 7 —H]|n (ngzlgmﬂw(f))ﬂjzo

Definition 4.3.3

A stochastic process > | 57 € Ay is optimal as far as the stochastic processs

NE?:l Bivi (7—) = eXp/O [19 )\ Z Bﬂ/z
(4.27)

—i—/OTw(s)d_D(s)], T € [0,¢]

is an N, Qyn g,,,-martingale. By the application of theorem of Girsanov, it is

equally stated as follows
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Theorem 4.3.1

1. The process Y ., By € Ay for

o P00 I 5O = HI(EEp 5oy ()]

is optimal if

Nsr | By U, Bm] (s)
U™ | Bivi (S)

T d[
Nyn 50, (T) = Nyn_ gy, (T) — /
0

for 7 € [0,¢] is a (N, m)-martingale in the sense that,

dm
sry B (T) Qs Bivi [dQZ?lﬁm|
= (H[Fyr, 5 (OIN-]) L7 € [0,¢]

2. However, If an optimal portfolio 1" | 8;7; € A exists, hence the process

()= [ ot D
is a (N, m)-semimartingale
3. supposed Y, By € A of optimal value exists and ¢ # 0 for
a.a(s,w) € [0,£] x Q2
then D(7) is an (N, m)-semimartingale

Proof

1. If Z?:l B{}/Z € AN
is optimal, by Definition 4.3.3, then Ny 5. is a (N, Qy» g, )-martingale

with
n,(XZ?:1 Bivi (5))XZ?:1 Bivi (5)
HW(XZ?:I Bivi <€)>XZ?:1 Bivi (f)]

and (4.22). By applying theorem of Girsanov,

Fsn 5 (6) =

\ i dI:NZn—l Bivis g](s)
Ny () = Ngwn_ g (7) — / i B
0 §<5)

o7



is a (N, m)-martingale

dm

() = Hog., [

i=1Pivi [

dQZ?:l Bivi

_ FZ’L Bivi (5)
= H F n A 1 =1
[( Zi:l 5171 (6)) H[sz‘:l /31’)/1 (£)|NT‘NT]

= (H[Fsr 5, (OWN:]) 7,7 €[0,¢]

]

conversely, if Ny 5. is a (N, Qg,,,)-martingale then Nyn 5.
is a (N, mg,,,)-martingale thus )"\, §;7; is optimal by Definition 4.3.3

2. is the direct value of (1)
3. By (2) its obvious that
2(s) = /0 w(r)dD(r)
is a (N, m)-semimartingale. supposing w # 0 for
a.a(t,w) € [0,£] x Q
its valid, then
[ e raz) = [ o mumape) - o
0 0
is (N, m)-semimartingale also.

Theorem 4.3.1 gives a clear connection between Y ", 5;y; optimal portfolio and
decomposition of semimartingale D with respect to N. we prove this in the context
of portfolio diversification.

Theorem 4.3.2

1. Given that > . | f#;7; is optimal, then the decomposition of semimartingale

D with respect to N is

[Ns=r, i SI(T)
wrs(T)

dD(r) = dD(r) + [w(r) 3 fi(r) - ﬁ(TL_

where D is Brownian motion of (N, m)-Brownian motion
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2. In reverse, assume the semimartingale D with respect to (N, m) decomposes
as dD(7) = dD(7)+dA(r), where D is (N, m) Brownian and N-adapted finite
variation process A. Assume dA(7) = a(7)d(7) for some N-adapted process
« that is, dA(t) is absolutely continuous with respect to d(t) then there is a
solution Y | ;v € Ay of the form

w(T - . 1 d[NZ?:ﬁiwg] (1)
o ) =)

in this sense Y ., 5;y; proves optimal for

Jsup HInXr, 50 (€)] = Hn(XSp 5, (€))

since quadratic variation of NZZ-;l 8 1s absolutely continuous that is,

[NZ?:1 Bivi» NZ?zl 51‘%](7) = / W2(S)d3
0

from

A Td[Nyr, 5y 1(s)
NE?:l Bivi (T) = NE?:1 Bivi (T) - /0 Z?(g; y T € [0’ 5]

then d[Ns»  3...,¢](7) is absolutely continuous with respect to dr.

d[NZ?zl Bivio sJ(7) 1 d[NZ?zl Bivio sJ(m)dr

w(T)s(T) —w(t)s(T) dr

Proof
Assuming > | 3;v; is optimal, by Theorem 4.3.1,

wH(7)dNs > 5,,(7) = dD(7)

Hw HD[O(7) = A7) — wi(7) Z Bivi(T))dr (4.28)

Vs 50,
s(7)

7 € [0,£] is an (N, m)-martingale and wil(T)dNZZn:lﬁm (1)

for 7 € 10,¢], is 7,7 € [0,£] a quadratic variation then

dD(T) = wil(T)d]\AfZ?zlgm (1), 7€]0,¢]

29



is an (N, m)-Brownian motion and

19<7_) — )\<T)]d7' +

[szlzl Bivi» C] (T)

AD(r) = dD(r) + ulr) 3 Ailrr) =
i=1
in effect
1. Assume D is a (N, m)-semimartingale with a decomposition

dD(7) = dD(7) + dA(7)

with referencing to (2). Set v

b= alr J(r) — A7)
—OT T
Then,
w(T)dNsn 5. (T) = dD(7)
+w (D) [(O(1) = A7) — W?(7) Z Bi(t)vi(T))dr
o d[NZ?zl Bivi» §] (T) ]
s(7)
T € [0,¢]
= dD(7) — dA(1) = dD(7)
consequently

dlj(T) = wil(T)dNZ?:l ﬁi’Yi(T)a T E [075]7

is a (N, m)-martingale then )" | 8;v; is optimal from Theorem 4.3.2

For example, Assuming
U(s) =log(z), >0

1. We define a* as

T R
and let
D(T) _ 19<7_2L)(_T))‘<7_)
Then,

is a (N, m)-Brownian motion and

3
HE’N = logxg + H[/O {A\(1) + %(D(T) +a*(7))?}dr]
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2. Assume that D(7) is F-measurable, £ > 0. Then,

/D T)dr] =0

and the similar value is

3
Hg’N =expxy+ H[/ {A(s)
0

) (4.31)
+5[D(s)° + (a"(5))"] }ds]
Proof
Since v* is admissible, the corresponding optimal value function
F,N ¢
H™ = log xp + H[/ {\(s)
. 0 (4.32)
+5(D(s) + ' (s))?}ds]
is finite. We prove
3
H {/ D(T)a*(T)dT] =0
by saying that if D(s) is F-adapted, then by D(t) := D(t) — A(t)
U D(s *ds] _u [/ D(s) (Dd(s) - dﬁ(s))}
(4.33)

[ o] - [ o] -

F,N ¢ 1 2 ()2
He™ = logxo + H[/O {\7) + §[D(7') + (a*(1))?] }dT]

From

Let .
= Z Bivi-
i=1

This equally means that our mode of investment can be diversified

n n

- Z B+ D(s)* = (Bim + D(5)) Y (B + D(s))

=1 =1

Y B+ BuD(s)+ ) BivD(s) + D(s).
=1 =1

=1

Hence, from
£
HE™ = Togaao + 1] | {A(s)+ 5[D(5)* + (0" (5) s
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we have

HM = log mo + H/ {A\(s) +Z (B292) + Z 26:v:D(s))] }ds]

is finite. As a result, D(s) is My-measurable, 0 < ¢ < ¢ . Therefore
HI[$ S, BryD(s)ds] = 0 By D(r) := D(r)

— A(7) being N;-Brownian motion,
we have

H[/Og D(s) i Biyids] = H[/O§ D(s) (4D(s) — dD(s) )]

/DdD /D =0

1. Given U(x) = %xy, x > 0 where y € (0,1) we have

1 (X, sty ()X, s (OIM ()] = X5 5 +y@(E)[M(y)

and condition (4) in our earlier Definition is satisfied if

s HIE e O] < o
for p > 1 set

Xy, pityw(§) = Xgr, .4, (6N ()
where

3 t
o, (Y) 7= exp /0 [9(7) — Zﬁm )]dr + /0 w)dD(7).

From the Holders inequality, we have

(X gy MW < (H](Xp, i ()27 25

(HL(N () %2)) 55 (H[(| M ()])7]) %

Wheredl,d2z%+. =1 and by, by : bi bizl. Then, we set
2

. —Z _ _p o
55002 = 5 and also b; = TR b

. 2-p A
i, = = 55,5 for some p € (1

, +1) Hence,

H((X$n g, +y@(OIM(y)])] <

<

(H[(Xs, g (@0))])

(H[(N(y))=r-7])) 2" (H[(| M (y)]*)])?
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lf Nzn 1 61'71' (6) ln
N(s) = zexp | A7)+ S B
0
. n . " (4.34)
~5H (O A + [ wlr) 3 A DG
i=1 =1
satisfies
H([(Nsn, 5,7,(€))%] < 00

Then the condition (4) and (5) of our earlier definitions holds if

sup HIN ()= < oo

ye—0,0 2—p—ap
however

2yp

sup H|(N — | <0

s H(V) =)
holds if for example

Hexp{k:/ (19(r) |+;Zm Jldr}] < 0o ¥ k> 0
however,
H[(NE?ZI Bivi (g))Q] <0
is equally verify for all £ > 0
Hosp{s( [ V() ~ Al + Zm )}
(4.35)

1] / Zm dD(r)] < oo

4.4 Characteristics of optimal portfolio of a sen-
sitive investor with insurance cover

Effective portfolio management entails effective investing, monitoring the market
trends against spontaneous shift in the economy and changes to the political sce-
nario as well as issues that may influence some organisations. The risk of exchange
rate variance significantly affect the utilities and portfolio choice of both domestic
and foreign investors Jorion (1995), Hull (1987). As a result, the variance and
correlations in returns are unpredictable. There is a need to hedge risk against

any unforeseen circumstances. In this model, ¢ represents any sudden shocks from
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the economy and political decision and policies, while I represents insurance cover

such as retirement savings, pensions, gratuities and large financial institutions that

could stand as a cover for investors in the market Johnson (1987). We defined the

family of admissible portfolios as Ay and:

Definition 4.4.1

—_

I — By € Ay is caglad and N-adapted
for all I — pfB;y; € An.

¢
H[/O [9(7) = M = @Bi(T)%(T)] +w* (1) = 9Bi(7)7:(7))*]dr < o0

I — pBivi € Ay,then (I — @f;v;)w is forward integrable and caglad with
respect to D

for all I —¢B;iv; € An, we have 0 < H[1/ (X _yp7 (§)) X1—ppi; (§)] < 00 where

n'(x) = gn(@).

for all I — pfB;v;, w € Ay, there exists v > 0, with @ bounded, then
I — By + jw € Ay for all j € (—v,v) the equation

1 (X1—ppii+iw (€)X 1-ppimitim (O N1-psitiw(E)]je o)
is uniformly integrable, where
Ni-aanr)i= [ 96 = M) =) = pu(s)ds + [ wleaD(e)
for 7 € [0,¢]
A buy-hold sell strategy w, that is,
w(t) =al(r, 7+ fl(t), t€]0,{

with 0 < 7 < 7+ f < £ and a NV;-measurable, belonging to Ay.

Then, the portfolio I — pf;7y; € Ay is optimal if

Hn( X1 ppiy45(8))] = Hn(Xo, (€))]
for all @w € Ay bounded and j € (—v,v) with v > 0 given in (5).
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Definition 4.4.2
Suppose w is a forward integrable stochastic process and N random variable. Then,

the product Nw is forward integrable stochastic process and

3 3
/ Nw(t)d-D(t) = N / w(t)dD~D(t) (4.36)

where w = X (t)v(t)* such that vj = I — ¢f;7;. Firstly, supposing
I — ©pB;y; is optimal. Then, for all w € Ay bounded implies

d

0= d—jH[U<XI—me + jw(&)]]=0

+ | w(s)w(s)d”D(s)]

Now fix 7, f : 0 < 7 < 7+ f < € and choose w(s) = al (7, 7+ f](7), T € [0,&], where

a is a bounded and arbitrary A -measurable random variable. (4.45) becomes

T+f
0= H[n'(X1-pp7 (&) X1—p.n, (5)/ [0 = A(s) = w?(s)] — pBivi(s)]ds

i f (4.38)
+/ w(s)d”D(s)a]
since it holds for all a,we conclude, that
H[FI*%&'%’ (5)(NI*<P5¢% (T + f) - Nfﬂpﬁm (T))|N‘r] =0
where
Py () = im0, () Xy (€
o H[n(X 1087, (6)) X187, ()]
and
Ni-pen(7) = exp [ 10 = \(5) = P (6)] = oBii()]ds]
0 ; (4.39)
—l—/ [w(s)d”Ds], 7 € 0,¢]
0
that is,
T+f
HFr- 30 [ 9(9) = A(5) = ()1 = oBin(s)ds
v (4.40)

T+f
—|—/ w(s)d"D(s)|n. =0
by application of Bayes Theorem,
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HQFWM [NI*‘P/Bi'Yi (t + f) - NI*%@%‘ (t)’M]

0= HI[Fr s (§)|n]  H[ 1057 (§) (N1—ppis (t + ) = Ni—ppi; (8)) | 3]

(4.41)

since Ny_yp,, (t) is Ni-adapted, this gives

HQI*Apﬁi'yi [NI—QD,Bi’Yi (t + f)l-/\/t] = Nf—ipﬁn'i <t>

Hence, Ni_p,+,(t) is an Ny, Qr—pp,-,-martingale.

Let the probability measure Q_,g,, on N; be

dQI—Sﬂﬁi’Yi = Fl—tﬂﬁz‘%(&)dm

and set Hg, , (1) to represent

Qr-yp, €xpectation then

H[F7 5,7 (§) (N1, (t + ) = N1—ppis (8))Iae] = 0

written as
HQI—wﬂmi [NI—%BW:' (t + f) - Nf—tﬂﬁi%' (t)|/\/t] =0

therefore, Nj_,4,,(t), t € [0,1], is an
(N, Q1—,p.,; )-martingale that is a martingale with respect to the filtration N un-
der the probability measure. Q;_.s,4, Conversely, assuming N;_,z,-, is an N, Q7 3,+,-

martingale, then

HQ, o INT—83: (8 + ) = Ni—gpni(s)a] = 0
for all 7, f therefore 0 < 7 < 7+ f < &. Equivalently,

Hszgm [N1—p:3: (T + [) = Nr—gpins(T)a] = 0

for all a bounded N;-measurable. Then,

T+f
0= Hn'(X1-pp,4,(8) X1-pp,7, (5)/ [0 — A(s) — w?(s)] — Biva(s)]dt
r (4.42)

T+f
+/ w?(s)d™D(s)a]
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holds. taking linear combination, it is valid for all step processes

w € Ay of cagldd. Referencing assumption (1) and (5)
3
0= H[n'(I = Xepir () X183, (5)/0 @(s)[0 = As) — w*(s)] — @Bivi(s)]ds

3
T / w(s)w(s)dD(s)]

(4.43)
holds with boundedness of all w € Ay. Since
J = Hn(X1-ppr45=(8)); J € (v, v)
maximum is obtain at j = 0. Thus,
d
0= d_jH[U(XI_‘P/Bi'Yi+jw(€))]|j:0
Definition 4.4.3
I — B;y; € Ay is optimal in relation with the equation
sup  H[n(X1-pp,(8))] = Hn(X7_5,,,(8)]
I—pBivi€EAN
if
Ni-pon()i= exp [ 10 Ms) = w(5)] = i) ds
0 (4.44)

+ /0 w(t)d-D(s)

is a (N, Qr_yp,; )-martingale. Conversely, it is also stated as follows

Theorem 4.4.1

1. I — By € Ay is optimal for the equation below

sup  H[n( X187, (6)] = HIN(X7_ 5., (£))]

I—pB;iv;€AN

only if

- S A[N1—p8ms s ST— i) (T
R (5) = N o)~ | Ni—gpon St (T) g ¢
0 glfsoﬁi%'(T)

is a (N, m)-martingale. In this regard,

dm

dQI—Sﬂﬁi%

§(8) = HQI*WEZW l Ns:| = <H[FI*<P51‘%<€>|A[S]>717 s € [Ové]
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2. However, Assuming an optimal portfolio I — ¢8;v; € A exists, then
Z(s) = /Sw(7>d_D(7')
0
is a semimartingale of (N, m)
3. Supposing an optimal I — ¢f;y; € A exists such that w # 0 for
a.a(s,w) € [0,£] x Q2
then, D(7) is an (N, m)-semimartingale

Proof

1. If I — ¢fB;v; € Ay is optimal, then by Definition 4.4.3, N;_ 3, is a
(N, Q-8+, )-martingale with

T]/(XI—SOBKW (5))X1—<P5171 (5)
H[n/ (XI*SDﬁi%‘ (5))X1*8051%‘ (5)]

and (4.47) and by Girsanov, we have

FI*@&‘%‘ (5) =

B ganl)i= Ne-ga(r) - [ S22 e o g

is a (N, m)-martingale with

o dm _ -1 FI_SOBi’Yi (f)
(1) == Hq, .., [—dQI_WmHNT H[(Fr-p54(8)) HI[Fr—pp ()|,

]

W]
= (H[F1—p5,(OIN]) s € [0,¢]

conversely, if Nj_gp.+, is a (N, Q1_,4,+, )-martingale
then Ni_s,, is a (N, my_,p,,, )-martingale and hence I —¢f3;; is optimal by
Definition 4.4.3

2. is derived from (1)

3. By (2) recall that
Z(t) = / w(s)d™D(s)
0
is a (N, m)-semimartingale. Then Assuming w # 0 for
a.a(s, D) € [0,€] x Q
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holds, we obtain that

/05 w(1)dZ(T) = /OS w™ (T)w(r)d”D(1) = D(1)
is a (N, m)-martingale also.

Theorem 4.4.1 indicate a clear connection between the optimal portfolio I — ¢/3;v;
and the decomposition of the semimartingale D with respect to N. we prove this

in the context of portfolio diversification.

Theorem 4.4.2

1. Given that I — ¢f;7; is optimal for
sup  H[n(Xi—pp,,(£))] = H[N(X7_5,,,(£))]-
I—¢Bivi€AN

Then, D is a semimartingale with respect to N with a decomposition

[NI—Wﬂi% ) §] (T)
wts(T)

AD(r) = dD(r) + w(r)] — pr(r) — 220

() ldT +

where D is a (N, m)-Brownian motion

2. inreverse, assume D is a semimartingale with respect to (N, m) with a decom-
position dD(7) = dD(7) + dA(7). And N-adapted finite variation process A
and « in N. Assuming a(7)dr = dA(7) = i.e. dA(T) is absolutely continuous

with respect to dr then the solution I — pf;y; € Ay for

o o 1 d [NI—SD/B'L'YH §] (T)
w(r)I =By + w(T)s(T) dr
L) )
e

Then, I — ¢fB;7; is optimal for

sup  Hn(X1—pp5,(6)] = HI(X7_pp,,,(€))]

I—pBivi€An

since the quadratic variation Nj_.g,4, is continuous absolutely.

(Nr—pm0s Ni—gind(7) = / WP(s)ds
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from

Bigan() = Ne-ga(r) - [ A2 e o g

this implies d[N;_,p,~;,<](7) is continuous absolutely with respect to dr. As such,

d[NI—SOBi%;’ §] (T) 1 d[NI—tpﬁi%'? §]7’d7’

w(T)s(7) — w(r)s(7) dr

Proof
Assuming I — ¢f;7; is optimal, by Theorem 4.4.2, the equation below

WM T)ANL i (T) = dD(7) + W (M)[(O(r) = M) = W*(T)] = pBiys(7))dr
_d[NI—SDIBi%? §] (T)]
<(7)

(4.45)

7 € [0, is a (N,m)-martingale. as much as the process of the quadratic

variation w™(7)dN; s, (T) T € [0,€], is 7, 7 € [0,£] it implies that

A

dD(T) = @_1(7‘)61N1_¢5i%(7‘), T E [075]

is a (N, m)-Brownian motion and

AD(r) = dD(r) + [w(r)] - pi(rhu(r) - DMy g Mool

wrs(7)

d
() ldT +
follows

1. Supposing the decomposition of D is a semimartingale of (N, m)

dD(7) = dD(7) 4+ dA(7)

with reference to (2). Set v to be

L D)= A6)
e T m
Then,
W (T)AN g, (T) = dD(7)
+w (M) [(I(7) = A7) = (1) — Bi(T)n(7))dr (4.46)
_ d[NIﬂPﬁﬂm g] <T>]
<(7)
7€ [0,¢]

dD(t) — dA(T) = dﬁ(T)
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therefore

w71<7-)dN1*<P5i%<T>7 TE [075]’

is a (N, m)-martingale in this manner, I — ¢3;;

is optimal via Theorem 4.4.2

For example, If

n(s) =log(z), >0

1. We define a* as

vi(s) = w?(s) o w(s)
and set
D(S) o 19<Szu<_s>)‘(8)
Then,

is (M, m) Brownian motion
F,N ¢ 1 * 2
He™ = logwg + HJ i {A(s) + §<D(S) + a*(s))*}ds] (4.47)
2. Assuming D(s) is Ns-measurable s > 0. Then,

3
H[/O D(s)a*(s)ds] = 0

and the corresponding value is

3
HS’N = exp o + H[/ {A(s)
0

1
2

(4.48)
[D(s)* + (a*(s))] }ds]

Proof

In as much as v* is admissible, then the corresponding optimal value function

€
H?’N = log zo + H[/ {A(s)
' 0 (4.49)
+5(D(s) +a’(s))"}ds]
is finite. It remains to prove

H [/OSD(s)a*(s)ds] 0
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If D(s) is N-adapted, then D(t) := D(t) — A(t)

H [/: D(s)a*ds] —H [/05 D(s) (aD(s) - dﬁ(s))}

_u U:D@)dp(s)] _H Ujp(s)df)(s)} 0. .

From

FN ¢ 1
H. =k%xo+fﬂA{A@)+§UX$2+0f®Dﬂh&

Let
(a*(s)) =1 — pBivi-

This equally means that our mode of investment can be diversified
1
5([ — @B+ D(s)?) = (I — pByi + D(s))(I — 0By + D(s))
I =By} + 1= oBivB(s) + I — pBi:D(s) + D(s)?

%U_wﬁﬁ+al—w@%D@%+D@ﬁ

1

§[D(8)2 + I — B7 + 21 — pBmD(s)).

Hence, from
3
H?N = logxg + H[/O {A\(s) + %[D(s)2 + (w*(s))?]}ds]

we have

13
HEY = log g + H| /O A(s) + %[(3(3)2 + (I = oB?) + (21 — 9B D(s))] hds]

since v is admissible, then the similar optimal value function in the previous equa-

tion is finite. Consequently if D(s) is N-adapted, 0 < ¢ < & . Then,
3
HU[ 1 BniD(s)ds] = 0
0
By D(t) := D(t) — A(t) being an N;-Brownian motion, therefore,

H[/Og D(s) — pBiyids] = H[/OE D(s) (dD(s) ~ dD(s)))

3 ¢ R
= H[/O D(s)dD(s)] — H[/O D(s)dD(s)] =0
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1. Given n(z) = 12", 2> 0 where h € (0,1) we have

1 (Xi—pimithes (6) X1+ ()M (R)| = X; g ne (E) M (R)
and condition (4) in our earlier Definition is satisfied if

sup H Xh o
he(—6,6) [( I—pBivi

+hw(€)|M(h)|)] < oo
for p > 1 then set
Xr—ppimithw(§) = X1—ppm (§)N(R).
From the Holders inequality,
HIXT 1 O] < (HI(X g0, (£))0]) 50

(H(N(h))"55sb]) 225 (H(| M ()])P72]) 7

where ap, as : (1—114—&i =1 and by, b : l;i—l— bi = 1 Choosing a; = %ﬁ,
1 2 -

[V

~ 2 _2-p 7 _  2—p ~ 2
az = % and also by = T by = - for some p € (1, ;37). Hence,

>

p

H[(X] g (EIM B < (H(X =5 (€))7

2hp 2—p—hp

(H[(N(h))%#hﬁbf(HmM(h)F)])g

supposing Ny_,g,+;(§) in

satisfies
HI(Ni—p5,(€))] < .

Then, (4) and (5) of our earlier definitions is valid if

- 2hp
sup H|(N(h))————| < o©
S [(N( ))2_p_xp]
however
- 2hp
sup H|(N(h))————| < o©
S [( ())2_p_xp]

holds if for example
Hexp(k / [[9(7) = A(F)| + | — pBn(r)|dr}] < 0¥ k > 0
0
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however,
H[(NI*WBi’Yi(f))2] < 00

is equally verify for k£ > 0

£
Hexp{k(/ [[9(7) = AN(7)| + [T — @Bivi(T)|d7])}
0 (4.52)

3
—H/O I — pByi(T)w(T)dD(T)] < 0

4.5 Assets diversification for large scale investors
under insurance cover

A sensitive investor spread his investment network on different assets to reduce risk

and more return on investment. we defined
H:R"— (8,7),CR

where

<5;“AY> = ((51&2% (7172)7 T > = ZI — Bivi

where Z?:l (I —v;8;7v;) and v; is a confine placed before investor’s on the size
of assets to be held due to costs of transactions. »; = 1 if assets ¢ is chosen
in the portfolio, and 0 otherwise. Large investor’s engage in effective portfolio
management, paying close attention to market trends against spontaneous shift in
the economy and changes to the political landscape as well as factors that may
affect some organisations . This is to enable efficient monitoring of transactions
of assets, the risk of exchange rate variance significantly affect the portfolio choice
of both domestic and foreign investors as stated by Jorion (1995)and Hull (1987).
As a result, the variance and correlations in returns are unpredictable. Therefore,
there is a need to hedge risk against any unforeseen circumstances. In this model, ¢
represents any sudden shocks from the economy and political decision and policies,
while I represents insurance cover such as retirement savings, pensions, gratuities
and large financial institutions for a backup Johnson (1987).

Definition 4.5.1

Ay is admissible portfolios expressed as
Loall 0, (I — pBiv)) € Ay is cdglad and N-adapted
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. Z?:l I — ¢pivi € Ax.

L 1) = XN = AU + 3 (1 = etroe) i < 0

. I — pBivi € Ay,the product (31, I — ¢fvi)w is forward integrable and

caglad

i L — B € A, then 0 < H[n'(Lyr | 1-gp,(€)) Lyn | 1-p5,4:(§)] < 00

where /(1) = Ln(1).

Cforall Y27 T — @By, w € Ay, there exist § > 0, with a bounded w, such

that >0 [ — @By + jw € Ay in all j € (—=4,9) as such, the entire family
n/(LZ?:1 I—pBivi+jw (5))1{:?:1 I—pBvi+jw (€) |NZ?:1 I—pBivi+jw (€) |je(—6,6)

is uniformly integrable, where
Ny, 1-0i(T) 12/ [A(T)=A ZI BT dT+/ w(s)dD(r),
0

. w portfolio permits buy-low and sell-high strategy, i.e.

w(s) = al(r,7 + fl(t), t€[0,¢]
with 0 < 7 < s+ f < € and @ N,-measurable belonging to Ay. Then,
Som I — @B € Ay is optimal if
Hin(Xsr, 1-epriti=(€))] = Hn(X,, (€))]

for a bounded @w € Ay and y € (—4,6) with § > 0 given in (5)of definition
(4.5.1).

Definition 4.5.2

Assuming w is a forward integrable stochastic process and N a random variable,

then the product Nw is a stochastic process and forward integrable thus,

/NwdD N/wdD

where w = X (7)v(7)* in this sense, vi = > " | I — ¢fBy;. Firstly, >°" I — @B

is optimal. For a bounded @ € Ay we have

d
0= de[ (Xzyzllf@ﬁmﬂw(g))]|j:0
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0= H[n’(X(S))XZ? 1= (€)

3
/Ow(T)w A ZI oBy(T (4.53)

/ @ (r)(r)d D(r)

fixing 7, f : 0 <7 <7+ 7 < ¢ and choosing w(s) = al (7,7 + f](s), t € [0,¢], for

any stochastic amount « of A, bounded. equation (4.53) becomes
0= H' (X5, 1-p80: ()X, 108 (6)
T+f
/ [0 — Als Zl PBivi(s (4.54)
7'+f
+/ w(s)d™D(s)a]

this holds in all «, then

H[Fsr 108 () (NS 108 (T + f) = Nyor 1084, (7)) ] = 0

where
Fen ; (g) — /<XZZ 11— ‘Pﬁz%(g))le 1 1= @61%(§)
ZE S H I (X, 1 (€)X, 19 (O]
and
NZ?:I I—pBiv; (T) = exp/ [19 /\ ZI @ﬁz’yz
0 ) (4.55)
d~D
" / w(s)d~D(s)]
that is,
s+f n
0= HIFgy, 1-pa(©) [ a(r) = A7) =) 32T = gBri(r)dr
° i=1 (4.56)
s+f
+ [ wma Dl
HQZ?:1 I— B [sz 1 1= SOBZ'Vz(T—i_f) Zn I- @ﬁﬁz( )|NT]
0= H[FZ?:l 1B ()N ]~ [FZ" I—pBivi (f)(NZ?zl 1B (T + f) (4.57)

_sznzl I—pBiv; (7_)) |Nr]
since Ny 1_o3,,,(7) is Nr-adapted, this gives

HQfozl I—0B;v4 [NZ?zl I—oBivi (T + f)le] = NZ?:I I—pBivi (T)
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Hence, NE?:1 I=pBinvi (1) is an (NT’ QZ?:l I—py)-artingale.
Let the probability measure Qs 1_,,, on N be

dQyy gy = Iy, 1-pp,4,(§)dm
and HQZ?:lfwﬁm (7) an expectation of Qs g, So,
HIFsr 105 (O (N1 12050 (T + ) = Nyor 1206, (T))In ] = 0
written as
HQZ”: I—0B;; (N5~ 1o (T + ) = Nyor 1o (T)|A,] = 0

Nyn 1oppiyi(7), 7 €10,8], is an (N, Qyn  _y3,+,)-martingale of the filtration
N under Qs 15,4, measure it can equally be stated as follows that suppose

Ny 1oy 18 a (N, Qsor 1 o5+, )-martingale, then
HQZ": I—¢Biv; [NE?:I I—pBii (T + f) - NZ?:1 I—pBii (T)N‘r] =0
for all 7, f and then 0 <7 < 74 f <. Similarly,
HQE’?: I—oBi; [NZ?zl I—pBivi (T + f) - NZ?:I I—pBivi (T)a] =0
for o N;-measurable. Therefore,
0= HW(XZ? 1 I—pBivi (g))XZZL 11—%05i7i(§)
T+f
/ [0 = Als Z I = oBimils (4.58)
7'+f
—I—/ w(s)d™D(s)a]
holds. taking linear combination
0= H[UI(XI—SD&’W (5))X1—805i%‘ (S)
§
JRECIENE Z 1= pBou(s))ds (4.50)
0

/ w(s)w(s)d (o)

remain valid for all cdglad step processes w € Ay from assumption (1)

and (5) we have (4.59) still holds for a bounded w € Ay. Provided the function

y = Hn(Xsr, 1-ppinis=(€)): 7 € (=0,0)
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maximum is attained at j = 0. Thus,

d
0= —H[UXxr | 1—-p8iy+jw(8))]]j=0

dj
Definition 4.5.3

A stochastic process Y . I —pB;iv; € Ay is optimal as far as the stochastic process

Ny 1 (7) = exp /Tw—xs)—w2<s>21—¢m<s>]d8 .
0 i=1 4.60

+/07w(s)d_D(s)], T € [0,¢]

is a (N, Qyr | 1-yp,4,)-martingale. By the application of
Girsanov’s theorem, it is equally stated as follows

Theorem 4.5.1

1. The process Y ., I — @By € Ay for

sup Hn(Xs > 1-pp: — Hin(Xen .
>ie1 I—pBivi€AN [77( iz ! WﬂV(g))] [U( il wﬂm<€>>]

is optimal if

\ Td[N o T—pBiviy UST L T—0B; ](S)
N n A7) = NZn (T _/ > i=1 ©Bivi > =1 0Bivs
E QP'BZ%( ) e ( ) 0 U I—9Bivi (3)

for 7 € [0,€] is a (N, m)-martingale. In that sense,

dm

I~
dQZZ’l:l I—pBivi

UZ:'I=1 Iikpﬁlvz (T) = HQZlel I—pB;7; |:

= (H[Fsr 1-0mm: (OINF]) 1

t €0,
2. However, if an optimal portfolio 1", I —¢f;y; € A exists, hence the process
¢(s) = /OTw(s)d_D(s)
is a (N, m)-semimartingale
3. supposed Y i, I — pBiv; € A of optimal value exists and w # 0 for
a.a(s,w) € [0,£] x Q
then D(7) is a (N, m)-semimartingale
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Proof

L IEY" I — @By € Ay is optimal, by Definition 4.5.3, then
Ny 1oy 18 a (N, Qsor 1 os,4,)-martingale with

Fyr €)= T o )X 100, (©)
S I—pBivi H[TZ,(XZ?:l T—Biri (f))XEZr_;l =B (5)]

and (4.55) respectively, By applying theorem of Girsanov,

N i d[NZn_lff Bi i’g](s>
Nsr 18 (T) = Nson 1o (T) — / T
0 §(3)

is a martingale with respect to (N, m)

dm
<(r) := Hog | I

G dQZI-;l IT—pBiryi

L Brr ps(©)
:H F n A 1 2171[ PBivi
(s e ) R O]

(4.61)

= (H[Fsr 1-op (M) 7 €[0,¢]

conversely, if Ny ;5. is a (N, Qr_yp,,,)-martingale, then
Ny 1 ppiqy i a (N, m7 g, )-martingale and hence

> I — @B is optimal by Definition 4.5.3
2. is derived from (1)
3. By (2) its obvious that

t
Wﬂ:AdeDm
is a (N, m)-semimartingale. supposing w # 0 for
a.a(s,w) € [0,£] x Q2
its valid, then
[ e @av) = [ o @uraper) = b
0 0

is an (,m)-semimartingale also.
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Theorem 4.5.1 furnishes a clear connection between Y " | I — pf;7; optimal
portfolio and decomposition of semimartingale D with respect to N. we prove this
in the context of portfolio diversification.

Theorem 4.5.2

1. Given that Y, I —@f;7; is optimal, then the decomposition of semimartin-
gale D with respect to N is

[NZ?:1 I—pBi7i» g] (T)
wTs(T)

) = A7)

w(7)

dD(7) = dD(7)+]w(7) Z T—By;(1)— d(r Jdr+

where D is a (N, m)-Brownian motion

2. in reverse, assume the semimartingale D with respect to (N, m) decomposes
as dD(1) = dD(r) + dA(t). where D is (N, m)-Brownian motion and N-
adapted A finite variation process. Assume dA(7) = «a(7)d(7) and for N-
adapted process a that is, dA(7) is absolutely continuous with respect to
d(7) then there is a solution > | I — pf;v; € Ay of the form

1 d [NZ?:1 I—pBivis g] (T)
7)s(7) dr

I — By
W(T); ©Biy +w(

in this sense Y . | I — ¢f;v; proves optimal for

sup  H[n(Ly | 1-084:(€))] = H(X50 10,4, (E))]
I—pB;iv;€AN

since quadratic variation of ]\72?:1 I—p8; 18 absolutely continuous that is,
T
\ \ 2
[NZLl I Ny, I-Bi) (T) = / w(s)ds
0

from

A i d[NZT-L_l I—pB; wg](s)
NZ?:l I*‘Pﬁi'Yi(T) = NZ:'L:1 I—pBivi (T) _/0 = §<:) Y » T € [Ové]

then d[Ns» 1_,p.4,,5](7) is absolutely continuous with respect to d.

d[NZ?:1 I—pBivi» §] (T) 1 d[NZZ'Lﬁ I—pBivi» §] (T)dT

WJ(7)s(T) —B(r)s(T) dr
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Proof
Assuming > " | I — ¢, is optimal, by Theorem 4.5.2,

oM T)dNs | gy (1) = dD(7)
T () = A7) = A1) 3T = pBi(r))dr (4.62)

_ d[NZ?:l I—pBivio g] <T> ]
<(7)

7 € [0,¢] is a (N, m)-martingale and w_l(T)dNZ?zllwﬂm (1) T €10,¢],

then
dD(T) = W_l(T)dNZ?zll—wﬁm (1), 7€]0,¢]

is a (N, m)-Brownian motion and

0(r) = A7)
w(7)

[NZ?:I I—pBivyi» §] (T)
wrs(T)

dD(r) = dD(7) +[w(7) > T —pBi(r)i(r) — Jdr +
i=1
holds
1. Assume D is a (N, m)-martingale with a decomposition

dD(r) = dD(7) 4+ dA(7)

with referencing to (2). Set v

Then,
W () AN 1 g (T) = dD(7) +w ™ (B)[(I(7) = A(7)
—w*(7) ZI — pBi(t)vi(T))dT (4.63)

NS i ] (T)]
S(7)

T €0,¢
= dD(7) — dA(7) = dD(7)

consequently
w71<7—>d]v2?:1 I—pBivi (T)> T E [07 6]7

is a (N, m)-martingale then Y " I — ¢f;v; is optimal from Theorem 4.9
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For example,

1. We define a* as

vi(s) = w?(s) N w(s)
and set
D(S) _ 19<Szu(_s))‘<8)
Then,

is a (N, m)-Brownian and
F,N ¢ 1 * 2
HE = togo + H[ [ N0+ 5(0n) +(@)P)ar] (461)
2. Assume that D(s) is Ny-measurable, £ > 0. Then

3
H[/O D(s)a* (s)ds] = 0

and the similar value is

3
H?’N = log xo + H[/ {A(s)
0

. (4.65)
+5[D(s)" + (a"(5))"]}ds]
Proof
Since v* is admissible, then the corresponding optimal value function
F,N :
H¢™ = log xp + H[/ {A(s)
| 0 (4.66)
+5(D(s) + a*(5)*}s)
is finite. We prove
3
H {/ D(T)a*(T)dT] =0
0
by saying that if D(s) is F-adapted, then by D(t) := D(t) — A(t)
£ .
H {/D(s)a*ds} =H [/ D(s)Dd(s) — dD(s))}
0 (4.67)

e U; D(s)dp@)] _H V; D(s)dﬁ(s)] 0.
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From

1

£
HE™ = Tog Xy + H[ | {A(r) + [D(7) + (@ (7))

Let .
= Z I — B
i=1

This equally means that our mode of investment can be diversified

ZI o8y + D(s Zf o8y + D(s ZI 0B + D(s))

Z I — B + Z I — oByiD(s) + Z] — @B7D(s) + D(s)*
i=1 i=1 i=1
Hence, from

1

€
HEY = og X+ 1L | (06 + 300 + (@ ()7}

we have

HEY 1ogwo+H/{A ZI o8}

{+ Z I —2(pBiviD(s))}ds]

i=1
is finite. As a result, D(s) is Ny-measurable, 0 <t < ¢ . Therefore, H'[foE Yo I—
©BiD(s)ds] = 0 By D(7) := D(7) — A(7) being N;-Brownian motion, we have

H[/OE D(s) i I — oBiyds] = H[/O5 D(s) (dD(s) ~ dD(s)))

¢ e
_ H[/O D(s)dD(s)] — H[/O D(s)dD(s)] = 0

1. Given n(z) = 2", >0
where h € (0,1) we have

N (X5, 1—epan () X, 1-opiritns (O IM (D) = Xson | 1 gpipine ()M (R)

and condition (4) in our earlier Definition is satisfied if

sup  H[(XSor | 1 ne ()M (B)])7] < 00
he(—6,5)
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for p > 1 set
Xy, 1epiith=(§) = Xy, 1084, (N (h)

where
3 ) n £
Ner ga) = e [ [0(0) = N(r) = () Y1 = pen(rldr + [ w)dD(r).
0 =1 0
From the Holders inequality, we have
H((X$n | 1 oprinmOIM (W] < (H[(Xsrn, 1-pp: () "P10]) 7200

(H[(N(h))"Peat=]ymrs (H[(| M ()] P*2])

where ay,a9: -+ L+ =1 and by, by : -+ + L =1, then we can choose a; = ==
) al a2 ) b1 bo )

2—p
ay = % and also b; = zh;ﬁﬁ, by = 272];?@ for some p € (1, h%l) Hence,
HI 1 e (O] < (HI(Xsr 1, (€))7
(H[(N(h))=5-m)) 5 (H[(|M(h)?)])?

if NE?:I I—pBivi (f) in

N(s) = zexp{ 8/\(7)+(79(T)—A(T))Zf—wﬂz(T)%(T)
. 0 ' . . (4.68)
_§W2(T)(Z[— 90@(7)%(7))2]6574'/0 W(T)Z[ — @Bi(T)vi(T)d”D(T)

satisfies
H[(Nyr_, 1pp:(€))?] < 0.

Then the condition (4) and (5) of our earlier definitions holds if

2hp
sup H[(N(h))———| < o©
S [( ())2_p_xp]
however
2hp
sup H|{(N(h))———| < o0
2 Mg

holds if for example
Hexplk [ [10(r) = 0|+ 1 = hnr)ldr)] < 0o k>0
0 i=1

however,
H[(Nsr | 1-p57(6))°] < 00
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is equally verify for all £ > 0

g n
H exp{k( / () = XD+ 301 = pi(r)ldr)}
. = (4.69)
4—|/O Zl — @By (T)w(T)dD(T)| < 00

The next section leads us to another interesting part of a sensitive investors optimal

portfolio who undergo budgetary constraints with consumption in mind.

4.6 Optimal portfolio of a sensitive investor with
budget constraint and consumption

We discuss optimal portfolio of a sensitive investor with consideration of investors
consumption and budget constraints. Since in the portfolio framework, the more
the consumption, the shorter the portfolio. Therefore, We denote ¢ as the con-
straint subject to investors budget and ¢ is the consumption of the investor, while
I represents some financial institutions aid where the investor can easily run for aid
Oksendal (2006), Mark Schroder (1999) and Samuelson (1969). Thus, we defined
Ap as the set of admissible portfolio for the investor and explicitly expressed in the
definition below:

Definition 4.6.1

1. I — (¢fivi —¢) € Ay is caglad and N-adapted
2. for all I — (o8B —¢) € Ax.

¢
H[/O [9(7) =MD = (0B:(7) =) (7)|+w* (1) (I = (2B:(T)%i(7))* —c)]dT < o0

3. I—(pBivi—c) € Ay,then (I — (¢f;iy; — ¢)) w is forward integrable and caglad

in respect of D

4. for all I—(pfBivi—c) € An, wehave 0 < H [0 (X1—(p87,—) (£)) X1—(0i7i—c) (§)] <

oo where 7/(z) = Ln(z).

— dz
5. for all I — (pBiy; — ¢),w € Ay, there exists v > 0, with w bounded , then
I — (pBivi —¢) + jw € Ay for all j € (—v,v) the equation
n/(XI*(Wﬁi%*C)+J'w(6))XI*(5052"Y¢*C)+J'W(€)‘fo(vﬁi’Yi*C)Jrjw(s)|j€(_U7U)
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is uniformly integrable, where

JW4WM%wﬂ;34%%@—M@—w%@Lw¢@%@rwmw+[fw@MD@>
for 7 € [0,¢]

6. A buy-hold sell strategy w, that is

w(t) = al(r, 7+ f](t), t€]0,¢]

with 0 < 7 < 7+ f < ¢ and a Ny-measurable, belonging to Ay. Then the

portfolio I — (¢B;y; — ¢) € Ay is optimal if

Hn(X1—(o8ini-e) 152 (€))] = H[n(X0, (€))]

for all @w € Ay bounded and j € (—v,v) with v > 0 given in (5).

Definition 4.6.2
Assume w is a forward integrable stochastic process and N a random variable,

then the product Nw is forward integrable stochastic process and implies

/Nw t)d~D(t N/ @(t)dD™D(t) (4.70)

where w = X (t)v(t)* such that v = I — (pf;iv; — ¢). Firstly, supposing [ —
(pBivi — ¢) is optimal. Then for all w € Ay bounded implies

d

0= de[ (XI—(cp,Bi’yi—c) +jw(§>>]|J:0

H[W (X7- (pBivi— d(f))XI (pBimi— 6)<5>

(/w )9 — A(s) — w?(s)] — (@Bii(s) — c)]ds (471)

3
+ [ w(s)w(s)d”D(s)]

0
Now we fix 7, f : 0 < 7 <7+ f <& and choose w(s) = ol (7,7 + f](7), T € [0,&],

where « is a bounded and arbitrary A;-measurable random variable. Our equation

(4.71) becomes
T+
0= H[n,<X[_(SOﬁi'Yi—C)<§))X[_(Wﬁi7i—c)(§)/ [ = A(s) — WQ(S)I — (pBivi(s) — ¢)lds

T+f
+/ w(s)d”D(s)a]
(4.72)
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because it holds for all «, we conclude, that

HIFr(o87—¢) () (N1 (o87i—0) (T + f) = Ni—(ppini—o)(T))In.] =0
where
W/(XI (0Bivi— C)( ) X1 —(Bivi— C)(é)
Fr_ (8¢ =
1=e80=9) = F X o) X0 (]
and

N (oo (7) 1= exp / 19— A(s) — ()] — (Bi(s) — ©)lds]

- (4.73)
—i—/ lw(s)d™Ds], T € [0,¢]
0
that is,
T+f
HIFr-an0(©) [ 9(5) = Al9) = (6)] = (9Bi(s) — clds
" T+f (474)
+ [ e Dl =0
by application of Bayes Theorem,
HQI—(WZ-»“—C) [NI—(GOﬁi%—C) (t + f) - NI—(%Bi%‘ (t) - C)‘Nt]
0= H[FI—(%@%‘—C) (§)|Nt]7H[FI_(‘PBi’Yi—C) <§> (NI—(GD&'%—C) (t + f)} (4.75)

_NI—(@Bi’)’i (t) - C)) |M

since Nj_(pp,,(t) — ¢) is Np-adapted, this gives

HQI—(¢ﬁi7i—c) [NI—(wﬁi%'—C) (t + f)lM] = NI—(QD&'%—C) (t)

Hence Ni_(pp,4,(t) — ¢) is an Ny, Q1 (4, —)-martingale.
Let the probability measure Q_(yp,7—c) on N; be

dQr—(pBvi—c) = FI-(ppimi—c)(§)dm

and set Hg, ., (t)

as Qr—(pBivi—c) €xpectation then

HIFr—(87-¢) () (N1—(p87—o)(t + ) = Nr—(gpi7i—e)(t))Ini] = 0

written as

HQI—(soﬁm—c) [NI—(sOBm (t +f) = I—(pBivi—c ( Nzl =0
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therefore, Ni_(,p7—¢)(t), t € [0,1], is a
(N, Qr—(8:7—c))-martingale of N under Q;_(s,y,—) Conversely, assuming

N, Qr—(p,~—c)-martingale of Nj_(,3,,,—¢) holds, then

HQI*(soBmfc) [NI*(%BWFC)(S +f) - NI*(%&’YFC)(S)NS] =0

in all 7, f therefore 0 < 7 < 7+ f <. Equivalently,

HQI*(wﬁﬂifc) [NI*W@%‘*C)(T + f) - NI*W/B«L%*C)(T)O[] = 0

for all a bounded N;-measurable. Then,

T+f
0= H[n/(XIf(wﬂmrrJ) (5))X1—wﬁm (5)/ [0 — A(s) — wz(s)] — (@Bivi — ¢)(s)]dt

i T+f
+/ w(s)d™D(s)a]
(4.76)

holds. taking linear combination, it is valid for all step processes w € Ay of caglad.

Referencing assumption (1) and (5)

@(s)[0 = Ms) —w(s)] = (pBiyi — c)(s)]ds (4.77)

+ i w(s)w(s)d”D(s)]

holds with boundedness of all @w € Ay. As far as the

j — H[U(XI—(<P51"Y¢—C)+J'W<§>>]v .7 S (_V7 V)

maximum is obtain at j = 0. Thus,

d

0= d—jH[U(XI—(soﬁm—cmw(5))] |j=0

Definition 4.6.3

I — 171 € Ay is optimal in relation with the equation

po S HI s €] = HIOG 5,0/
if
Ni-tpsenofs) = exp [ 19 = Als) = ()] = (o8 = e)(s)ds

) (4.78)
+/0 w(t)d” D(s)]
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is a (N, Qr—(pp,7,—c))-martingale. Conversely, it is also stated as follows

Theorem 4.6.1

1. I — (¢fivi — ¢) € Ay is optimal for the equation below
sup  H[n(X1-(opi7-0)(§))] = HIN(XT(pp,5,-0)(E))]
I—(pBivi—c)EAN
only if

A

’ d[NI_( Bivi—c)» ST—(0B; i—c)](T)
NI_(SD'BZ%_CKS) = NI_(%ﬂi%—c)(ag) —/ hidual LB
0 SI—(Bsvi—c) (7')

for s € [0,¢] is a (N, m)-martingale. In this regard,

dm

g(‘S) = HQI—(V’ﬁi%;—C) [ Ns:| = (H[FI—(W&%—C)(@V\/‘S])il

dQI—(SOﬁi%—C)
for s € ]0,¢]

2. However, Assuming an optimal portfolio I — (pf;v; — ¢) € A exists, then
Z(s) = / "w(r)d D(r)
0
is (N, m)-semimartingale
3. Supposing an optimal I — (pf;y; — ¢) € A exists such that w # 0 for
a.a(s,w) € [0,£] x Q
then D(7) is an (N, m)-semimartingale

Proof

1. If I — (pBivi — ¢) € Ay is optimal, then by Definition 4.6.3,

Ni—(ppivi—c) 15 & (N, Qr— (48,7 —c) )-martingale with

WI(XI—(@Bm—C) (f))XI—(@Bm—C) (&)
H[n(XI*GPﬂi’YrC) (5))XI*(<P5WFC) (6)]

and (4.73) respectively, and by Girsanov, we have

FI—(Wﬁi’Yi—C) (5) =

A

! d[NI— Bivi—c >§](5)
NI*(‘Pﬁi%’*C) (T) = NI*(SO/Bz"Yi*C) (7-) _ / (¢Bivi—c)
0 s(s)
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for 7 € ]0,£] is a (N, m)-martingale with
dm
(1) =Hg, (s _ol5~——IIN:
( ) Qr—(eBvi )[dQIf((,Dﬁi’Yi*C)“
_ F[_( /3~’y-—c)(£)
= H{(Fr—(op—o) ()" —
(@Bivi—e) HIFr(pp7—¢) (&) |-

= (H[Fi—(op—o ()N 15 € [0,¢]

No]

conversely, if Ni_(pp,4,—¢) 15 & (N, QI—(QOﬂi%'—C))_martingale7 then Ni—(p8,4,-c)
is a (N, m7_(p8,4—c))-martingale and hence I — (pB3;v; — ¢) is optimal by Def-
inition 4.6.3

2. is derived from (1)

3. By (2) recall that
Z(t) = /o w(s)d™D(s)

is a semimartingale of (A, m). Then Assuming w # 0 for
a.a(s, D) € [0,€] x Q
holds, we obtain

/05 w(1)dZ(T) = /OS w™(T)w(r)d~D(7) = D(7)
is a martingale of (N, m) also.

Theorem 4.6.1 indicate a clear connection between the optimal
I — (¢B;iy; — ¢) and the decomposition of the semimartingale D with respect to N.

We prove this in the context of portfolio diversification.

Theorem 4.6.2

1. Given that I — (¢f;y; — ¢) is optimal for
sup  H[n(X (57— (€)] = HIN(XT_(pp,5,)(€))]
I—(pBivi—c)EAN

Then D is a semimartingale with respect to N with a decomposition

ID(r) = aD(r)+ur) T~ (pBei—0) (1)~ LDy Pt sl

where D is a (N, m)-Brownian motion
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2. in reverse, assume D is a semimartingale with respect to the filtration and
probability measure (N, m) with a decomposition dD(7) = dD(7) + dA(t)
and N-adapted finite variation process A, for some N-adapted process a.
Assuming «o(7)dr = dA(r) = that is, dA(7) is absolutely continuous with

respect to dr then the solution I — (¢B;y; — ¢) € Ay for

1 d [NI*(%BWFC% g] (T)
w(r)I = (9B =€) + o(7)s(7) dr

Then, I — (¢B;y; — ¢) is optimal for

sup  H[(X1—(ppi-0)(§)] = HN(XT_ (p5,7-0) (€))]
I—(pBivi—c)€AN

since the variation of the quadratic N I—(pBivi—c) 18 absolutely continuous.

A

[N[—(Wﬁi%‘—c)’NI—(<P5W¢'—C)](T) :/ w2(3)d5
0

from

~

T d[NI— iYi—C 7§](S)
NI*(@/D’i%*C)(T) = NI*(W&‘%*C)(T) _/0 (wfé) ) y T E [0>€]

this implies d[N;_(48v—c),<](7) is absolutely continuous with respect to dr. As

such,
d[Ni—( _

w8 ) (T) 1 d[Nr—(piy—c),S)TAT
w(1)s(T) @(1)s(T) dr

Proof
Assuming I — (pf;v; — ¢) is optimal, by Theorem 4.6.2, the equation below

W (T)ANT - (oo (T) = dD(7)

+wH (T)[(I(7) = A7) = w ()] = (9B — ¢)(7))dr (4.79)
_ d[NI—(soﬁi%‘—C)7 ] (7—)]
<(7)

7 € [0,¢] is (N, m)-martingale. as much as the process of the quadratic variation

w_l(T)dN[_(¢5i7i_c)(T) T €1[0,¢],is 7, 7 € [0,£] it implies that
dD(r) = wil(T)dNI—(wﬁi%—c) (1), 7€10,¢
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is N, m-Brownian motion and

ID(r) = AD(r) + olr)] — (o8 (rr) — ) — L2 Frtatoonl(D)
follows
1. Supposing the decomposition of D is (N, m)-semimartingale
dD(7) = dD(7) + dA(T)
with reference to (2). Set v to be
P =)
AT
Then,
wil(T)dNI—(wﬁi%—C) (T) = dD(T)
+w T ()[(I(7) = M7) = w*(T)] = (@Bi(T)vi — ¢)(7))dr (4.80)
. d[NI*(iﬂﬂz‘%*C% §] (T)]
<(7)
T € [0,¢]
dD(7) — dA(r) = dD(r)
therefore

wil(T)dNI—(sﬂﬁiWi—C)(T)’ T E [075]7

is (N, m)-martingale in that manner, I — (©8;y; — ¢)

is optimal via Theorem 4.6.2

1. Given n(z) = 2", 2> 0 where h € (0,1) we have
1 (X1—(epiri—e)the () Xi-(psr—0r+hew (I M (h)] = X1 (pp,,—c)r+ne (€)M ()
and condition (4) in our earlier Definition is satisfied if

sup H[<X}Lf(<pﬁl'yzfc)+hw(£)|M(h>|)ﬁ] <0
he(—6,5)

for p > 1 then set

X1 (opri—c)hw(§) = Xi—(ppivi—e) (§) N (h).
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From the Holders inequality,
" P G
H(X7— (o8- ho (M R)V] < (H(X1—(pini—e) (€))7 ]) b1

(HL(N () P2sbe] ) 58 (17| M (1) )P2]) 7

where ay, as : i + 2 L =1 and 51,52 = —|— = =1 Choosing a; =

p

g = = and also b; = hp, by = Q_Qﬁ_hﬁ for some p € (1, h+1>' Hence
X hp

H[(X7— (pims—c) e M (M)P] < (H[(X1- (o8- (€))?]) 2

2hp

(H(N(h)=sm]) 5 (H[(|M(h)]?)]) %

SUpposing Ni—(ppq;—¢)(€) in
N(t) = zesp} / A+ (s(7) = AP ()
LR~ (@B~ () ar + / ") = (pBi(FI(7) — d-D(7)

satisfies
H[(NI—(wﬁm—c)(é)y] < 00

Then (4) and (5) of our earlier definitions is valid if

2hp
sup H[(N(h))————| < o©
he—%),d ( ())2—29—9319]

however

sup H|(N (1))~

he—6,5 2—p— JUP]

holds if for example

H expik / ) = A + 11 = (98 — )(P)ldr}] < 00 ¥ k > 0

however,
H[(NI—(QO@'%—C) (6))2] < 0

is equally verify for k£ > 0

£
Hexp{k(/ [9(r) = A7) + [T = (B — €)(7)]dr])}
(4.82)

1] / (0B — ¢)()eo(r)dD(r)| < oo
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4.7 Large scale investor with budget constraints
and consumption under insurance cover

In this section, we discuss the large scale investors with a similar budget constraints
such as allocation of funds and consumption under which some financial aids from
huge financial institutions are provided as insurance. The essence of this concept
is to encourage large investors such as property developers. As a result, a sensitive
investor splits his investment network on different assets to avoid less return as

expected from assets. we defined
H:R"—=(8,7),CR

where

<5;§> = ((6152)7 (7172% e > = Z I - (wb’m - C)

where Z?:l vl — (pPBivi — ¢) and v; is a confine placed before investors on the size
of assets to be held due to costs of transactions. v; = 1 if assets ¢ is chosen in
the portfolio, and 0 otherwise. We denote ¢ as the constraint subject to investors
budget and c is the consumption of the investor, while I represents insurance cover
(Oksendal (2006), Mark Schroder (1999) and Samuelson (1969). Thus, we defined
Ap as the set of admissible portfolio for the investor and explicitly expressed in the

definition below:

Definition 4.7.1

Ay is the set of admissible portfolios expressed as
Loall 0 I — (pBivi — ¢) € Ay is cdglad and N-adapted
2. Y I = (wBivi — ¢) € An.

13
H / 19(r) = AP (T — (9Bulr)u(r) — ) |+

Z I — (vpBi(T)vi(T) — 0)2 dr < 00

3. I —(¢Bivi—c) € Ay,the product Y | I — (¢f;v; — ¢) w is forward integrable
and cdglad
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4. 30 T — (@fivi — ¢) € Ay, then
0< H[n/(XZ?:lf—(%BWi—C) (g))XZle I—(pBivi—c) (f)] < 00

where /(1) = Ln(1).

5. for all > I — (pBiv; — ¢),w € Ay, there exist 6 > 0, with a bounded w,
such that Y0 | I — (pBivi —c)+jw € Ay in all j € (=4, ) as such, the entire
family

n,(XZ?:l I*(@Bﬁi*C)Jrjw(f))XZ?d I—(pBivi—c +Jw( >|NE (‘PBi'Yi*C)‘Fjw(f”je(_&(S)

is uniformly integrable, where

Nt raneo(r) = | N0 = A7) = () Y2 T = (B = )(rir

+ /O " w(s)dD(r),

6. w portfolio permits buy-hold sell strategy, of

w(s) =al(r, 7+ f](t), t€0,¢

with 0 < 7 < s+ f < ¢ and N, -measurable process a belonging to Ay.
Then Z?:l I — (pBiyi — ¢) € Ay is optimal if

Hn(Xsr, 1-(osimi-+i=(E))] = Hn(Lw, ()]
for a bounded w € Ay and y € (—0,d) with 6 > 0 given in (5).

Definition 4.7.2
Assuming w is a forward integrable stochastic process and N a random variable,

then the product Nw is forward integeable stochastic process. Thus,

/NwdD N/wdD

where w = X (7)v(7)* in this sense, vf = > | I —(pBiv; —c¢). Firstly, Y " | I —

(pBivi — ¢) is optimal. For a bounded w € Ay we have

d
0= Z &S, 1-epmi—erts=(€)]l=0
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0= H[ny' (X () Xy, 1—(esmi-o0(6)

n

3
AcﬂﬂW—Mﬂ—w%QEZ'—W@%—@(HW (4.83)

/ o D(r)

fixing 7, f : 0 <7 <7+ 7 < ¢ and choosing w(s) = al(7,7 + f](s), t € [0,¢], for

any stochastic amount « of N; bounded. Our equation (4.83) becomes
0= H[' (X5, 1) ()X, 1-(p8i7—0) (€)

T+f "
/ [0 = Ms) =w?(s) Y T = (pfys = o) (s)]ds (4.84)

+f
+/ w(s)d™D(s)a]

this holds in all «, then

H[FZ?:1 I—(pBivi—c) (&) (sznzl I—(pBivi—c (T +f)— I—(pBivi—c ( ))|Nr] =0

where

/<XE I—(pBivi—c) (g))XZ?zl I—(pBivi—c) (€>
77 (XZz 1I ( C)@Bsz(&))XZ;Lzl I—(Lpﬁmi—c)<§)]

FZ?:I I—(pBivi—c) (f) = H[

and
N oo i= exp [ 19 A(s (D21~ (@ = o)l
0 ) (4.85)
+/'w@MD@ﬂ
0
that is,

s+f
0= H[Fzy_lf(@ﬁmc)(f)(/ a(7) = A7) = @*(7) Y 1 = (@Biys — )(7)}dr

=1

s+f
n / w(r)d"D(r))x.]
(4.86)

Hasn | 1 top-o [N 1 (oBimi—o) (T + f)
—Nyw 18— (T) ]
0=H[Fsr 1 (opmi-o)OIN ] HIFS  1-(0pim—0) (O (N5, 1-(0pim—o) (T + f)
—Ny 1-(ppii—o (7)) In:]
(4.87)
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since Ny 1 (y8,7—c)(T) is Nr-adapted, this gives

HQE?:1 I—=(¢Biv;—c) [NZ?:1 I*(V’ﬁi%‘*c)(T + Pl = NE?:1 I—(pBivi—c) (7).

Hence, Ny 1—(p8,7—)(T) 18 an (N7, Qyr | 1 (pp,4,—c))-martingale.

Let the probability measure Qs 1 (48,7,—) O N; be
AQs, 1-(opivi—e) = FS1, 1-(p8ii-o) (E)dm
and HQZ?:ll—Wm—c) (7) an expectation of Qs 1 (p,4,—c) SO,
H[Fsy, 1-(o8-0) (O (NTr, 1-(08i-0) (T + ) = Ny, 1080 (T)) v, ] = 0
written as
Hosn 1m0 VNS, 1=(0Bii—0) (T + ) = Ny 1 (ppimi—o) (T)In:] = 0

Nyn 1 (opmi—o(T), 7 € [0,€], is a (N, Qs>r 1 (4p,4,—c))-martingale, that is, N-
filtration under the probability measure Qs 1 (,4,1,—¢) Measure it can equally be
stated as follows that suppose Ny» (4,4, —c) I8 @ (N, Qsn | 1 (,8,7,—c))-martingale.
Then,

HQZ?:l I—(¢Bivi—c) [NZ?:l I—(pBivi—c) (7 + f) - NZ?:l I—(pBivi—c) (T)Nr] =0
in all 7, f and then 0 <7 < 7+ f <¢. Similarly,
HQELN—wm—c) [NZ?:l 1=(epri—o) (T + f) = Ny 1—(pivi—o) (T)a] =0
for NV;-measurable process a. therefore
0= H[n'(Xsr, 1m0 (E)XTr, 1-(o8i7-0) (€)

T+f n
/ [0 — A(s) — w?(s) Z I — (pBvi — c)(s)]ds (4.88)

T+f
+/ w(s)d™ D(s)a]

holds. taking linear combination
0= H[n/<XI—(<P5Wi—C) (g))XI—(SDﬁi%‘—C) (f)
é n
/0 @ (s)[0 — A(s) — w?(s) Z I — (pBiyi — c)(s)]ds (4.89)
3
n /O = (s)w(s)d=D(s)
7
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remain valid for all caglad step processes w € Ay from assumption (1)

and (5) we have (4.89) still holds for a bounded w € Ay. Provided the function

Yy — H[U(Xzle I—(Wﬁi"/z‘—c)-"—jw(g))]? ] € (_57 5)

its maximum is attained at j = 0. Thus,

d
0= dj H[U(XZle If(cpﬁfyifc)Jrjw(g))] |j=0

Definition 4.7.3
A stochastic process > ., I — (@B — ¢) € Ay is optimal as far as the stochastic

process

n

Nzt tosacolr) = e |10 06) =) 31 = (9B~ o)l .
’ 4.90

+ / wls)d D(s)], 7€ [0,
0
is N, Qyn | 1 (o84 —c)-martingale. By the application of Girsanov’s theorem, it is

equally stated as follows

Theorem 4.7.1

1. The process Y ., I — (pBivi — ¢) € Ay for
sup Hln(Lsr, 1-(ppni—e) (€)= HI(Lsr | 1 (ppy,-e)(6))]
2?21 I—(pBivi—c)EAN Zl_ (e ) Zl:l[ (#hiri=c)

is optimal if

NZ?:l I—(pBivi—c )( T) = NEZ 1 T=(pBivi— )(7_)

T d[Ngr, 1 (eBi—e) VS, 1—(eBi—e)) (5) (4.91)
- , T €10,
0 UZ?:1 I‘(‘Pﬁi%—c) (8)

is a (N, m)-martingale. in this sense,
dm
Uiy I=(eBivi— )(T) = Hgy., ¢ |: |N’T
pPivi—c S I=(eBivi—c) dQZZ L I—=(pBivi—c) (492)

= (H[FZ?:I I—(eBivi—c) (£)|NT])71 te [07 g]

2. However, If an optimal portfolio > " | I — (pBiv; — ¢) € A exists, then the

process
g(s):/o w(s)d™D(s)

is a (N, m)-semimartingale
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3. supposed Y, I — (pBiv; — ¢) € A of optimal value exists and w # 0 for
a.a(s,w) € [0,€] x Q
then D(7) is an (N, m)-semimartingale

Proof

LIEY" I — (pBivi — ¢) € Ay is optimal, by Definition 4.7.3, then
NZ?:I I—(pBivyi—c) is a (N, QZ?:I 1,(¢5m,c))—martingale with

Fson 8 (5) = 77,<XZ?:1 I—(pBivi—c) (5))XZ?:1 I—(Bivi—c) (f)
iy I=(wpBivi—c) H[n’(XZ:lzl I—(—c)pBivi (f))XZ?Zl I—(pBiri—c) (é’)]

and (4.85). By applying theorem of Girsanov,

—(pBivi—c)» g] <S)

s(s)

- T d[Nzn_ I
Nsn 1-(Bimi—o)(T) 1= Ny 1-(ppim—o)(T) — /0 =

is (N, m)-martingale

dm

§(T) = HQZ?:1 I—(¢B;v;—c) [dQZn I—(oBivi— )”NT
i=1 iYi—¢

4.93
Esn 1 (oBim—o)(§) (4.93)

Fsn 1 (opimi—o) (&) v ]

= Hl(Fot, =o€

= (H[Fsr, 1-(ppri—o(©N]) T, 7 €[0,€]
conversely, if Nyr 7 (o5.4,-c) 18 @ (N, Q1 (g4, —c))-martingale, then
Ny 1 (o) 18 @ (N, m7_(4p,4,—c))-martingale and hence

Sov I — (pBivi — ¢) is optimal by Definition 4.7.3
2. is derived from (1)

3. By (2) it is clear that t
Y(t) = /o w(T)d”D(T)

is a (N, m)-semimartingale. supposing w # 0 for
a.a(s,w) € [0,£] x Q2
its valid, then
| ey = [ o nema b = pir)
is (N, m)-semimartingale also.

99



Theorem 4.7.1 furnishes a clear connection between » " | I —(¢f5;v; —¢) optimal
portfolio and decomposition of semimartingale D with respect to N. we prove this
in the context of portfolio diversification.

Theorem 4.7.2

1. Given that > I — (¢ — ¢) is optimal, then the decomposition of semi-

martingale D with respect to N is
dD(7) = dD(r) + [w(r) Y I = (pB — (1) = —=———
i=1

[NZ?:1 I—(pBivi—c)» g] (T>

+ w76 (T)

where D is a (N, m)-Brownian motion

2. in reverse, assume the semimartingale D with respect to (N, m) decomposes
as dD(1) = dD(r) 4+ dA(r), where D is (N,m) Brownian motion and N-
adapted process A of finite variation. Assume dA(7) = a(7)d(7) for some
N-adapted process « that is, dA(7) is absolutely continuous with respect to
d(7) then there is a solution ;" | I — (¢f;vi — ¢) € Ay of the form

1 d [NZ?:l I—(pBivi—c)» g‘} (T)
w(7)s(7) dr

w(T) ZI — (pBivi —c¢) +

in this sense Y ., I — (@B — ¢) proves optimal for

sup  H(Xsr 1-(psimi-o) ()] = HN(XSn | 1 (07— (§)]
I—(pBivi—c)EAN

since the quadratic variation of ]\72?:1 I—(pBivi—c) 18 absolutely continuous that is,

A

[NZ?zll(@ﬁmC)vNZ?zlf(so,BMC)](T):/O wz(s)ds

from

—(pBivi—c)» C] (S)

s(s)

R . T d[NZln:l I
Nyo 1-(ppini-o)(T) = Ngn 1 (-0 (T) — i
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for 7 € [0,¢] then d[Nsn 1 (o,~—c),](T) is absolutely continuous in

connection with dr.

d[NZ?:l I—(pBivi—c)s §] (7—) 1 d[NZ?ﬂ I—(pBivi—c)s g] (T)dT

&(7)s(T) -~ d(T)s(T) dr

Proof

Assuming >, I — (@B — ¢) is optimal, by Theorem 4.7.2

w (TN 1 (opii—o)(T) = dD(7)
+w () [(O(7) = A7) — w?(7) Z I — (B — c)(7))dr (4.94)
. d[NZ?:l I—(pBivi—c)> g] <T> ]
s(7)

7 € [0,¢] is (N, m)-martingale and w‘l(T)d]\A/Z?III,(Wm,C) (r) T €10,¢],

is 7, 7€ 0,£] a quadratic variation then

dD(1) := w_l(T)dNZ;;l1,(%32.%,0)(7'), T € [0,¢]

is (N, m)-Brownian motion and

AD(r) = dD(r) + [w(r) 31 = (pBi(rm(r) — ) - 20

i=1

() |dr

[NZ?:l I—(pBivi—c)» g] (T>
wrs(T)

holds
1. Assume D is an (N, m)-semimartingale with a decomposition
dD(7) = dD(r) + dA(7)

with referencing to (2). Set v

Then
W_l(t)dNZ?zl I—(@Bm—ﬂ)(T) = dD(7)
T (O[O() = A = (1) YT = (@Bi(r) = D)dT (4.95)

B d[NZ?:1 I—(pBivi—c)» §] (T) ]
<(7)
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€[0,¢]
dD(7) — dA(7) = dD(7)

consequently

71<T)dNZ?:1 I—(pBivi—c) (T)7 T E [07 f],
is a (N, m)-martingale then Y " | I — (pB;i7; — ¢) is optimal from Theorem
4.7.2

1. Given n(z) = +2", >0

>

where h € (0,1) we have

1 (Xsr 1 (pimi—o)+hw () X, 1 (ppimi—c)+he (§) | M (R))]

= XZ?:1 I—(Bivi—c)+hw (5)|M(h)

(4.96)

and condition (4) in our earlier Definition is satisfied if

sup H[(X2
s (X5

()M (n)])7] < o0

I—(pBivi—c)+hw

for p > 1. We set

XZ?=1 I*(@ﬁi’Yi*C)Jrhw(g) = XZ?:1 I—(pBivi—c) (é)N(h>

where

5 n
Nyo 1 (opii—e)(h) == exp /0 [W(1) = A1) — (1) Z I — (B — c)(7)]dr

+ /Ot w)dD(T).

From the Holders inequality, we have

HI(XE 1 ey E)IM D)) < (HI(X o 1) (€)) P20 ]) 087

(H[(N(h))"Peat=]ymrs (H[(| M ()] )P*2])

2

where a1, as : i + i =1 and by, b : i + i = 1. Then we can choose a; = 55

_ 2 2-p 2= 2
az = % and also by = R by = —2 " for some p € (1, h+1)' Hence,

wfg

H[(XS0 1 (pp—eyine (OIM(W))] < (H[(Xsor, 1-(p810-0(€))7])

2hp M

(H[(N(h))z=r=7])

(H[(IM(n)[*)*
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if NZ?:l I—(pBivi—c) (f) n

) = zexp{ [ A7)+ (07) = A7) 301 = (Bi(r)s = e)(r)}

——w Z I — (pBi(m)vi(T) — C))sz

+ [ ZI (oBi(r)u(r) — )d D()

(4.97)

satisfies
H[(Nsr, 1 (o) (€))7] < 00,

Then, the condition (4) and (5) of our earlier definitions holds if

2hp
sup H|{(N(h))———| < o0
Mg
however

sup H|(N(R)) =~

— <>
he—6,5 2—p— l'p]

holds if for example
Hexp{k/ [|9(T) — A)| + | ZI — (@Bivi —c)(7)|dT}] < ooV k>0
0 i=1

however,
H[(Nsr, 18- (&))°] < 00

is equally verify for all £ > 0

Hexp{k(/ 19(r) y+121 (9B — o)(7)|dr)}
(4.98)
H [ D T = (B — o)(T)w(T)dD(7)| < o0

Example 4.7.1

If the expected value of the investors utility is given as

( 1-¢

=0
1+« l—«

then

(1—a)=(1-1+a)
é—aézl—i-oz—é—ozé
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~

(—al+al=1+a—_
(+(—al+al=1+a
2l=1+a
a=(20-1)

when é’ = 0.5 a = 0. Thus, iff‘ > % the investor will distribute 100(25 —1)% of his
capital. if 0 < { < $,then E[U(X)] is the greatest value when a = 0, i.e. when no
investment is made by the investor. But, when é = 0.6 a = 0.2, similarly when

(=07 =04, when ( =0.8 a =0.6 when { =0.9 o = 0.8

4.8 Concept of equivalent martingale measure

In this section, equivalent market measure (EMM) and its relation to the non-
existence of arbitrage were established. It is shown that any EMM is equal to
the risk of market price and denotes the price of risk-neutral on the derivatives
Delbaen (2006). Regularities conditions which assures the reality of market price
were imposed on the drift parameter (u) volatility (o), and the interest (r)rate .
However, if the amount of securities have similar number of underlying stochastic
process that is, N = d < oo then it is a complete market and establish a unique
measure of martingale. (Monteiro et al. (2008)).

The underlying stochastic is Brownian. Considering a financial market with deter-
ministic non risky asset B; = €', r > 0, and d>1 following S} = Sgewti . The
non-risk account is used for reduction. The set of information is (F;); € [0,T]. Let
(Q, F,P) be the space of probability with filtration F := {F;} ¢ > 0 generated by
random variables Sy, for s <t for all p-zero.

Considering the risky assets price S; = Spe}V,t € [0,T] with

t 2 t
W = / (us—%)dw / S2o,dW, t € 0,7, (4.99)
0 0

where, dW; t € [0,T], is a Brownian motion. The average return rate u, and o,

are adapted and measurable obeying the integrability conditions

t t
/ | |dt < o0, / opdt < 0o
0 0
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a.s. By Ito, we have that S; satisfies:

dSt = ,LLtStdt + O'tStth t e [O,T], (4100)

The bond S;,t € [0, T] price, moves according to df; = rif,dt, [y = 1, where r; is

positive satisfying the integrability condition f; rydt < oo ,a.s that is,

t
By = exp/ rsds. (4.101)
0

An investor commence its business with x > 0 of the description above. Let a4
represents the size of riskless assets and [3; on stocks owned by the investor at t.
The couple ¢, = (o f;), t € [0,T] is called a portfolio or trading strategy, and

we assume that a; and (; are adapted and measurable then

t t t
/ | Bepu|dt < oo / B2SEoldt < oo / lay|ridt < oo a.s. (4.102)
0 0 0

Then z = oy + oSy the portfolio value) is

Vi(9) = aufi + BiS: (4.103)

The gain G(¢) the investor realises through the portfolio ¢ up to t is

Gi(o) = /0 a,dfs + /0 B4dS, (4.104)

Then the portfolio ¢ is self-funding when there is no fresh investment nor with-

drawal. Automatically the value equals initial investment in addition to the gain:

t t
VP =+ / a,dfs + / B.dS, (4.105)
0 0

We add some criteria on the portfolio to prevent arbitrage opportunities.

Definition 4.8.1 P and 7 are measures of two probability on (€2, F) Then:

i v and P are equivalent if v is completely continuous for P vice versa with P

and v i.e. v = P only if v is utterly continuous in honor of P and vice versa.

Remark 4.8.1: if 7 is entirely continuous with regards to P then by the Randon-
Nikodym theorem, there is a unique Z € L*(2, F, P) which is nonnegative almost
everywhere and

(A = /A Z(W)dp(W) Y A € F

105



Function Z is Randon-Nikodym derivative of 7 in relation with P and is often
denoted by j—g = Z(W). is a condition.

Definition 4.8.2

If v and p are equal then, v(A) = 0 whenever p(A) = 0 hence, there is a strict
positive function Z € L'(Q, F, g) such that

v(A) = /AZ(W)dQ(W) Ver

and

o(A) = /A %(W)vd(W) VAeF

v on (Q, F) takes equal measures of martingale if:
1. v is identical with o
2. The price reduction S(t) = e "'s(t) t € [0, T] is a v-martingale.

Is a condition.

Notation: Let all equal martingale measure set be f(P).

Definition 4.8.3 (Existence of EMM):

We prove that arbitrage opportunities are prevented in the market if there is an
identical measures of martingale v € f(P) # ¢,

for which the assets price S; is a martingale.

Theorem 4.8.1(change of measures)

A probability measure v is equal with P if asset price S¢€ 1%, exists for
dry
d—PV:tW = Z
and
dZt = —ZtStth t e [O,T]
where W¥ is defined as
dW;? = dW, — oSsdt

Is a (Q, F,7,F)") Brownian
Proof:
the existence of a d-dimensional process of the martingale representation theorem
Se 121, F)V such that
DR = 2
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and
dzy = —Z,S,dW,
= —Z,5,(AY)dw, (4.106)
= —Z,5,dW,

where

t 1 t
7, = exp (— / SsdWs — 3 / < %% > ds) (4.107)
0 0

where < S;, ALdW, >=< (ff‘l)*gtth >. and W, = AW, o= A*A th takes
the form th(gt) = dW, — S,dt, i € [0, 7).

Is Brownian S; = A*S,, upon A multiplication, we have dWp = Ade = dW; —
0S;dt is a ~y-Brownian motion

Remark 4.8.2

We define a d-dimensional Brownian motion W; ¢ € [0,7] on the probability

space (Q, F,P, F). Let S € 2. be a process of d-dimensional and an exponential

loc

martingale associated with the asset price S be define as

t 1 t
- (/ Sdes—§/ |SS\2ds)2 te 0,7 (4.108)
0 0

And note that (7.”) represents a product of scalar in R%. by the Ito formula we

have

dZ; = — 73S, dW, (4.109)
then Z° is martingale. Since Z° is positive.

E,[Z) < E[Z) =1 te[0,1].

And (Z7): € [0,T] is a strict martingale if E.[Z5] = 1.
which implies the price S(t) is martingale relative to « i.e. v € f(P). hence one of
the similar measure v € f(P) and a martingale exists, showing that the risky-assets

driven by Brownian motion is arbitrage-free.
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Lemma 4.8.1

Assume that Z7 in (4.108) is a p-martingale and v is a measure of probability by

j—z, = 7. Then the process (M;)r>o is a martingale of ~.
Proof

Since Z% is strictly positive and adapted, then M is adapted and so is M Z°. Since
7% isP-martingale, and M is integrable of v if M Z° is p-integrable:

EY[|My|] = EP[|M:| Z7] = EP[E”(| M Z7| ]
= EP[| M| E7[Z7 |
E7[|M;|Z?] Similarly for S < ¢ we have
EP[M,Z7| Fs) = E”[E?| My Z7| F]

EP[|M,Z?|F,) Then by

EP|X Z3|Fy
EVIX|F| = 2 ariit
= Bz
with X = M, we have
EP[M,Z3| F,
EV[Mt’]:s} — [P tSTl ]
EF[Z7|F
(4.110)
— EP[MtZiS“l-FS]
= —Z§
Remark 4.8.3
From the above Lemma, The process
t 1 t
(Z))™" = exp (/ SsdW + 5/ ISS|2ds) , te0,T] (4.111)
0 0

Is a y-martingale Z°(Z%)~! is obviously a P-martingale for all integrable random

variable X, we have

BPIX]) = BP[X(25) ' 2§) = B(X (25) ) (4.112)

And so % = (Z3)7! to be precise p, v possesses equal measures since their inverse
have strictly positive densities.

Example 4.8.1

If N = d < oo with constant coefficients. In this regard the market price is uniquely

determine by

i=1,---.d (4.113)



And we have S = £ by Theorem 4.6.1, the process
AW := dW, —dt, t € [0,T]

is Brownian with v measure as shown below

d . s2
d—; —F (exp —SWy — 7T) (4.114)

Since the exponential martingale has unitary mean, then the evolution of the risky

asset is

dSt = TStdt + O'Stths

furthermore the discounted price process Sy = ¢~ "S; is a y-martingale and
S, = e "BV S| FV]t € [0,T]

Example 4.8.2
If the weight of the risky assets S in the portfolio # that maximises H[n(X (7))] is

at time ¢ if p = 5%, ¥ = 8%, and o = 20%, then an investor should put

0.08 — 0.05

004 = 0.75 or75%

liquid cash on S and 25% riskless asset, at all times. If

n(z) =27

then,
R v —r
=)0

at all times t where v < 1 we have that when ¥ = 0.2, 0 = 0.3, p=0.05, v =0.7

we have
0.2 —0.05 0.15

= =091
0.3 x0.548 0.1644 09

which implies that 9% of his money is in S, while 91% on risk-free asset. When the
risk-aversion is between 2 to 7, the proportion held on contingent claim decreases
but, when the risk-aversion is between 0.2 to 1.6,the proportion held in the risky

assets increases. The quantity of owned stock reduces as the unwillingness to take
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risk increases. It make sense to leave a significant amount of money on the risky
assets.

It is obvious that the best of portfolios rely largely on the drift of the stock ¥
and the investors risk averse 7. that is, the bigger the value of y(reluctant in risk),
the smaller the Optimal investment on securities. However, if 9 = 80% = 0.8,r =
75% = 0.75,02 = 10% = 0.01 and v = 90% = 0.9 then

0.8 —0.75

01x00l 50%

Definition 4.8.4

A risky assets S, such that H;(,SQ) < oo is achievable under a tame,self-funding
that is tamed business deal ¢ in the sense that V¢(T) = S

THEOREM 4.8.2

If any risky assets S satisfies H (S ) < oo is attainable, then the associated market
model is complete. Let S be a risky assets such that H(S5%) < oo

Proof:

Let S be a risky asset such that H (S ) < oo We consider the martingale

f(r)=H,e"S/a, €0, (4.115)
By the martingale Representation Theorem,

f(r) =Hy(f(7) + /Oag(T)dWTT € [0,¢] (4.116)

Since f is y*-martingale, we have H..(f(7)) = f(0), the dynamics of the risky

assets, S is given by
ds(T) = rrspdr + 0.5.dW, T € [0, €] (4.117)

However,

dD(r) = r.D.dr, (4.118)
D) =1 '

then the strategy

— (f(T) _9(7) Q(T)D(T)) (4.119)



is the Tame self-financing strategy that replicates the contingent claim. To see

this, observe that the gain process of the strategy is.

v [ swasto) = [ (0~ 22 aie)

0

+ /0 "9OD(T) 4o = /0 " f()dD(r) — /0 "9 ipe) + /0 CIODE), g g

0757 T 0757
= ’ )dD(T) — ag(T)dD T " 9(r)D(7) ~S-dT ag(T)D(T)UTSTdWT
[ om0 [ ey [ 0200 5, 502

- [(swane) [ 8ane) + [*8ane) + [ gepimar,

o L . (4.120)
- | s+ [ a@pia,
Recall that
F(r) = HV*(f(T)—i—/O o(s)dVW, (4.121)

but H,- f(t) = f(0). Thus, substituting (4.116) and (4.117) into (4.119), we have
- [ (@+ [ stmai) apin) + [ strrpii,
= f(0) /Oa dD(1) + /Oag(7'>dWTdD(T) + /Oag(T)D(T)dWT, (4.122)

a a

~JOD@ -DO) + [ o) [ apai+ [ gn) B,

0 s 0
By Fubinis

a a

= f(0) (D(a) — D(0)) +/0 9(7) (D(a) = D(s)) dW- +/0 g(r)D(r)dW;

— £(0) (D(a) — D(0)) + D(a) / " g(r)div, — D(s) / "), + / " g(r)aiv,

— (0) (D(a) ~ D(O) + Dla) | g(r)ai¥,

= F(0)D(a) = FO)D(O) + D(a) [ g(r)diV,
(4.123)

clearly,¢ is a tame strategy moreover, the value of all the traded assets (or self-
financing strategies) (4.122)is determined uniquely by its initial value (4.123) below

and must have the same market price
Vo, = 1(0)D(0) = £(0)
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Let M, = D(a) foag(T)dWT H[M.] =0, as 7 — oo by convergence theorem Thus

M is a martingale i.e.

D@ [ g(r)il) = Dla) [ g(r)arViy = ODE =S5O (1120
0 0
Showing that ¢ is self-financing and replicates S. This shows that S is attainable.

4.9 Measures to curb any trace of information
asymmetry

This section proffers measures in curbing investors undue advantage of information
to have more gains than others in the market: An investor is defined as a dishonest
investor haven possessed more than necessary information than others for profit
making. We considered the optimal penalty for such investor and the effort of the
regulatory agencies to curbed any traces of such. We reveal that the activities of
a dishonest investor is curb Biagini et al. (2005). It is also observed that as time
progresses, the effectiveness of the government and market regulatory bodies as
well as onward review of law weight reduces insiders activities. However, a trace of
insider trading activity shows the weakness of the regulatory agencies at a = 1.9
before the decline at o = 5 due to reshuffling of the regulatory agencies staff in

avoiding corruption.
4.10 Insider free-market

A space of probability with a filtration F := {F;} such that ¢ is between interval
[0,7] and for T lies between the interval € (0,00). An investor with a limited

resource takes his decisions from the filtration
F = {.Ft C .F}

for {0 <t < T} resulting from the market, while a sensitive investors information

flow is

H, CF,0<t<T

and H; D F; A sensitive investors portfolio are stochastic processes adapted to
H. Where H; := F;, V oH, for t € [0,T,] an enlarged filtration of F' denoting a

sensitive investor information flow. An investor with limited resources relied on F,
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while, the sensitive investors information flow is H random variable representing
his financial strength, diversification, risk tolerance and future potential price of
asset denoted as 7 > T'. It implies the discounted stock process X = (Xi):c(0,7
value is continuous and (P, #H, )-semimartingale W with W, = 0 and a predictable
process 7 such that E[fOT m2dW;) < oo, then dS; = Sy (dW, + mdW,) ¥V t € [0,T]
and Sy > 0. By Itos formula, we have S, = Soefot(“_%)dwﬁwt a H-martingale
W, =W, — fg pHdW,, t € [0,T]. Then from sensitive investors context, the stock
price is

dS; = Sy[dW, + (p!' 4 m,)dW] (4.125)

By Itos ,
S, = Soefg(nﬁpf—%)dwyrm (4.126)

however, for ordinary investor, a bounded and F; -measurable random variable
which is duplicated is a complete market. Furthermore, it is the aggregate of a
stochastic integral and constant relative to S. Consequently, a measure Q¢ of
probability identical with P on (2, Fr) for S a (Q°¢, F)-martingale is an arbitrage
free market.

Definition 4.10.1

An utility function U : (0,00) — R satisfies:

1. continuous differentiability on (0, c0), strictly concave, and increasing

2. obeys Inadas law lim; |, £'(z) = oo and
lim ¢(z) = 0 (4.127)
J—00
Examples of these are: U(z) = 2°,0 < ¢ < 1 and

U(x) = log(x)

Definition 4.10.2

A penalty function f : (0,00) — R where f is convex Example is: f(x) = —ca?,
explain as penalty proportional to flaunting market laws where ¢ > 0,0 < o < 1
and (z) the utility. Thus let f(z) = ¢(x — G)* where (G,) is the maximum mean

gain while C' a penalty known as law weight. That is, if an abnormal gains is

noticed, he would pay a fine of C.
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Definition 4.10.3

set > 0 an initial wealth and H a general information,then:

1. An R-valued process m = (m)p is an H-portfolio if it is an H-adapted

predictable process and fOT w2dWy, pa.s.

2. H-portfolio 7, is self-financing if the discounted wealth process V' (z, 7) agrees
with the following equation
Vi(x,m) = = + fg msdss, ¥V t € [0,T], below Hy(m) = f(f msdss is the gain

process

3. an admissible H-portfolio m which is self-financing and
E[U(Vy(x, 7)) + (= f)(Hr(7))] < oo, where £ is the utility, and f a penalty
function. All the admissible set of portfolios are: Agx, 7). changing variable
n, = Wt% and the wealth
Vi(z,n). Then
Vi(z,n) = nVi(x,n)(dS:)/S:. By (4.125)

and Ito’s formula,

Vir(z,n) = relo mdWit [ ne(pff +m)dWi—3 [ nZdW (4.128)

An ordinary investors problem becomes

max E[U(Vr(xz,n))]

neAx(z,T)

while,a sensitive investors problem becomes

Jax, BUVi(e,n) = f (Hr(m))),

then {(x) = log(z) and f(z) = Cy(z),where Cy > 0 is set to be constant known as
the severity of the law or penalty and C; the probability to be caught and face a
punishment, this probability is irrespective of the volume traded. Thus a sensitive

investors problem becomes

max _ Ellog(Vy(xz,n)) — C1Cy(Hr(n))]

nE€Ay (IvT)

Where we define Hr(n) := Hr? the relative gain process.
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Theorem 4.10.1
For p' € (9, A,U). Then, n°%(t) = 7, is the favorable strategy for uninformed

investors and the largest utility is
1 T
E [log(VT(x, nord))] = IOgI + §E |:/ 7Tt2th:| . (4129)
0
while, the fair strategy for a sensitive investors is given by
n® = (1 —C1Co)(m + pif),t € [0, T]
The greatest expected utility is

E log(Vr(x,n®) — C1CyHy(n®))]

- - (4.130)
=logz + #E {/ (,ofgq2 + Wf)] dw,
0

« is the government regulatory efficiency. aC; = 1, represent the probability of
observing any abnormal trading but if the Law and enforcement agency is zero
a7 = 0, we have insider trading, this means the regulatory agency strength are
ineffective

Proof: from (4.128),
T T 1 /T
log(Vr(z,n)) =logx —i—/ " dW/ ne(pf! + m)dw; — 5/ nZdW,
0 0 0
and as Hr(n) = fOT nt(dTStt) With (4.125), we have
T T
HT(H) :/ Tltth +/ nt(pfl +7Tt>th
0 0
then
T
log((Vr)) — aC1CoHr(n) =logx + (1 — aC’ng)/ ne(p + m)dW,
0
If aC1C5 =0, then a sensitive investors highest expected utility is
T
log(Vy) = logz + / ny(py! + m)dw;
0

However, if aC7Cy = 1 then this means a sensitive investors information platform

changes to p C pK(represented as an undue access to information)Where
KIK)=K:i:t€[0,00)0<t<T
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where IC; C F and
Ki D He DF

Then we have

T
log(Vr(z,n)) — aCiCyHr(n) =logz + (1 — aC1Cy) / nydiy
0

T
+(1—0401O2)/ nt(Pf-i—Wt)th (4.131)
0

1 T
—§ /0 ntth

T
log(Vr(z,n)) — aCCoHr(n) =logx + (1 — aCng)/ nydW,
0

and

+/0T [((1 = aCiCo))(pf + 7Tt>]2th (4.132)

1

T
_5/ [(1 — aC’lcg)(pf{ + ) — nt]2th
0

If B[, n2dW;] < oo then [ n,dW; is a martingale with zero expectations,

E log(Vr(z,n)) — aC1CoHr(n)] =

log = + %E [/OT (1 — aCyCo) (pF + 7)) th} (4.133)

1

—5E [/OT (1 = aCiCo)(pf + ) — i) 2} aw,

In this sequel, we have best expected utility of a sensitive investor to be
n® = (1 —aCCy)(pl + ), Yt €[0,T]

thus n® € Ag
Remark 4.10.1
Case 1

probability to be caught is zero aC = 0, we will have insider transaction that is,

nf = (1—aCiCy)(pk + ) = pK + 7, — aC10ypK — aC1 0y, (4.134)

Substituting aC} = 0 into (4.131) we have n = pf + m;, V¢t € [0,T] that is, from
the maximal expected utility of a sensitive investors equation
E log(Vr(z,n®) — aCCoHr(n®))] = logx

I (1 — 040102)2

SR { /OT<<pf<>2 mz)] W, (4.135)
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expanding

1 (T e Ci1Co)? (T e
:§E/ pfdwt—%ﬁ;/ P aw,
R * . (4.136)
1 2 (&0102)2 2
+-FE | mdW,———F | mdW,
2 Jo 2 0
Setting Cy = 0 and pX = 0, and similarly from the first integral
of (4.132), We have on expansion
1 T
K
§E/ 7Tt(1 — Oéclcg)<pt + 7Tt)><
0
(1 — aCiCy)(pf + m)dW,
= m[(pE + 1 — a0 Copl — aCCymy) X
(4.137)

((pf( + T — 060102,05 — 04010277'15)) th
= Wt[pr + ptKﬂ't — aC’ngpf{Q — C(C'ngﬂ'tptK—i-
mpl + m2m — aCCympl

—()4010271'3 + ozC'ngﬁtpf( + 04010277'152]

Substituting Cy = 0 and gl =0, into (1.134), we have 15 [ 2dW) that is
1 T
E[log(V(z, m) — aC1CoKr(m))] = log v + S U W?] aw,
0

setting aC1Cy K7 (1) = 0 We will have our equation that is, = F fOT m2dW;
Case 2 If the probability to be caught is one that is, aC} = 1, and if there is a

(pF)

we have
(m+p%)

subsequent change in time for the punishment, precisely, Cy =

ns = nord

Example 4.8.1

From case 1 were a denotes the regulatory agency efficiency in curbing information
asymmetry. If aC} = 0, the probability of catching insider is zero in that case we
have insider trading as in case 1, but if «C; = 1 this means the regulatory agency

are effective Given n* = (1 — aC1Cs)(pf* + m;) on expansion we have
n® = pK + 1, — aC1CypX — a0, Cymy (4.138)
if aC} = 1 we substitute into (4.138) we have
n® = p +m, — Cop — Cym, (4.139)
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if Cy = (Tr(t’ﬁi,{) the penalty weight, we substitute into (4.139)and we have

s K () K ()
P T T ) P T ) T (4.140)
((m + pf) (o +m) — pi~ — mpff) '
n® =
(me + pf¥)
on expansion we have
o (mpl 7+ ol mpt = — mpld)
(7 + pf) (4.141)
s (mpf +7}) (me(pf + 1))
(e ) (" +m)

thus n® = m; But n°? = m; (honest investor) thus n* = n°"¢ You will agree with me
that our dishonest investors term (pX + 7;) has varnished living only honest terms
as m; and this shows that when a = 1, there is efficiency of the regulatory agency

in the market.

4.11 Simulations

W, is Brownian given by cW; and | = W(Tp),To > T', where ({W4}),5q, and the
drift p(t) then,

s _ pt) —r@) 1 W(Th) - W(T)
n; = (1 —aCCy) 20 +a(t) T, 1

we take

=Ty -t
= o

and Cy > 1 — (Ty — t)*, V t for Ty = T < 1, then a finite Utility is achieve For

Wy and T < Ty < 1, market coefficient u(t) = 0.00090 and o(t) = 0.0040 V ¢

Cl(t) ya>1

while r(S) = 0.1, and the varying-time probability of being punished after a catch
Ci(t) =1 — (Ty — t)* where « is the effectiveness of the law. A bigger o means a
more effective regulatory agency. while, C is penalty weight. We see several results
for honest and dishonest trader, when o = 1.9 and Cy € [4,5, 6] we observed that
the dishonest trader controls more of his transactions at a higher penalty as well
as strong strength of the enforcement agency, at C; € [0.3845,0.3885] considering
a more effective regulatory agency, for example:a = 5 with C; € [0.51,0.523],even
with fewer penalties the dishonest traders controls more of his/her trade as shown
below on the table: At the regularity condition of o = 0.9, n¢™ = 19.3125,T, =
0.3885,02 = 0.0016 t = 0.3845
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Ch,=02433,Cy, =4 || C;, =0.9732,C, =

O =10.1622,C,
ny = 58.4539,C, = 4 || nj, = 16.1798,C =0 C

5 : 6
5 n;, = 05164,C =06

Table 4.1: The low efficiency of market regulators

Similarly at regularity of Ty = 0.523,a = 5,n"% = 19.3125,02 = 0.0016,t =
0.51
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Cr=10.2499,C, =4 [ C; =0.1999,C5, =5
ni = 7.735 x 10 %, || ni = 9.66 x 10,

C; =0166,C, =6
n;, = 7.76 x 107",

Table 4.2: The table indicating the effectiveness of the market regulators
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Figure 4.1: The graph of an investor when volatility is 0.5 and drift is 1
Figure represents the low return rate of investor due to inability to take risk
capable of generating huge return. It is obvious this investor is at the loss end.
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Figure 4.2: The graph of an investor when volatility is 0.8 and drift is 1
Figure 4.2 shows the trend of an investor who’s risk appetite is low. On the
graph, The investor is not prone to risk, and the part where the investment

return outgrown the risk volatility is meager. Such investor goes to the market
with the motive of no huge return mentality.
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Figure 4.3: The graph of an investor when volatility is 1 and drift is 1
Figure 4.3 shows the result of a sensitive investor who resort to taking more risk
by diversifying with the huge rate of return. The trajectory of the return increases
significantly and out weight the risk a sensitive investor undergone.
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Figure 4.4: This graph indicates the varying rate of risk averse investor
Figure 4.4 indicates the varying rate of risk averse investors behaviour on the risky
assets, the proportion of investment on the risky assets at some period is on the
increase due to low cost of transaction and positive turn out, At some point in the
interval, he refrain from further investing due to high volatility of risky assets.
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Figure 4.5: This graph indicates huge investment on the risky assets, and lower

risk aversion ) . . .
It is observed that at a lower level of risk-aversion, the proportion held in stock

is relatively high to compensate for the decrease on the proportion held in the
bond. Similarly, it is equally observed that at a higher level of risk-aversion, the
proportion held in stock witnessed a drastic decrease due to higher payoff on the
bond
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Figure 4.6: This graph indicates the higher risk aversion due to high transaction
cost of the risky assets

Figure 4.6 shows the higher risk aversion due to high transaction cost of the risky
assets with gradual decrease on the risky assets investment. However, at a specific
time, the investment on the risky assets increases due to positive trend in its return.
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Figure 4.7: Indicating a neutral level of both the risky assets and risk averse
It is observed that at the middle of the risk-aversion, the proportion held on stock
and the risk-free assets(bond)are the same showing a risk-free market
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Figure 4.8: Indicates the return of the utility function of an investor distributing
100(2p — 1)% of his capital in an investment

Figure 4.8 shows the trend of investors possibility for investment, when é =05a=
0 Thus if ¢ > § the investor will distribute 100(2¢ — 1)% of his capital. that is,
when 0 < ¢ < 5.then E[U(X)] is the greatest value when a = 0, that is, when no
investment is made by the investor. But, when C = 0.6 a = 0.2, similarly when

C-O? a =04, WhenC—08 oz—06when<°—09 a = 0.8 the trajectory

of the graph increases showing the investors possibility of investing with a positive
return.

128



Chapter 5

SUMMARY AND
CONCLUSIONS

5.1 Introduction

Generally, maximising the general expected utility of a sensitive investor in a finan-
cial market was studied. A sensitive investor is one who has the financial means
and desires to diversify his assets, and seeks for an optimal portfolio which provides
the maximum expected returns at a given level of risk.

The present economic situation in Nigeria means that reliance on a single source
of income can no longer satisfy the needs of the average middle class family. Thus,
the need to explore multiple streams of income is on the front burner of many
Nigerian homes. A possible means of achieving multiple streams of income, but an
even better means is to invest in an asset and an even better means is to invest
in multiple assets. From economics we know that man’s needs are insatiable, thus
man always seeks for means to increase his expected financial returns.

A sensitive investor seeks and resorts to diversification so as to spread the risk
of loss. A diversified portfolio or group of assets has a smoother risk behavior, that
is, it is a much more robust investment option Derman (1994).

Diversification aims to reduce the unsystematic risk in portfolio which occur
by miss-management, poor forecasting accuracy or wrongful planning processes
and decision making. Diversification helps to reduce the volatility of portfolio
performance. This is because holding diverse assets implies that the price of diverse
assets does not change in the same direction, at the same time or at the same rate.
Thus, diversified portfolio is more robust with less variation in expected return.

The optimal portfolio with logarithmic utility fail to consider thorough assess-
ment of the present from the future values of economic influences, therefore, it
is short-sighted. However, power utility considers future investment opportunities.
For instance, if the dynamics of the current rate of interest of the risky assets would
be probably higher than the future, a sensitive investor may consider investing in
the risky assets, to its advantage of the potential increase in its price now as a

result of its speculated drop in the future. In this respect, we looked at the power

129



utility which maximises expected return of a sensitive investor.

We equally put into consideration of regular checkmating of our portfolio in
the sense that combining several business choices of expected zero return into in-
vestment with positive expected return is a good measure to achieving desirable
portfolio.

An indispensable concept of “buy-low” ;sell-high strategy was used in this study
for instance, if you owned above 40% of your money in the risky assets, you could
transfer some into riskless assets, and if you owned above 60% on the riskless assets,
you move some of the capital to risky assets. The significant of this, is to know the
best size of money held in the available assets at each trading period. Furthermore,
It sounds wise to shuffle your capital between the two assets no matter the size.
Our Empirical results show that when volatility c =1, t =1, Sy = 100, u = 1, the
expected return in investment is more than when o = 0.5. Moreover if » = 0.05,
and u = 0.08 o = 0.04 then an investor should consider putting 75% of its money

on the risky assets
5.2 Contribution to knowledge

The contribution to knowledge of this study are enumerated below:

1. The optimal portfolio of a sensitive investor was established using power
utility function and showed higher investors return as the investor diversify

his investment.

2. Two models were derived from the [to’s integral with respect to power utility

function.

3. The extension of the Ito’s integral by forward integral with its lofty properties

was used to diversify the investors portfolio.
4. A filtration was built and used as a set of information for the investor.
5. A semimartingale was used to enlarge the investors information.

6. A probability function was defined to capture the activity of an insider in the

market and penalty function was established to punish such an insider.
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7. A priority Mathematical software was used to compute the investors varying

rates of volatility.
5.3 Recommendations

Optimal portfolio of a sensitive investor in a financial market indicates some direc-
tions for further research. The Brownian motion was the driving force of the asset
price. Thus, an obvious extension is to consider the problem using Lévy process
which initiate the modeling of assets price with jumps. Another possible extension
is to consider the variance and correlation of returns on foreign exchange rate and

its effect on the utilities and portfolio choice of an investor.
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APPENDICES

Appendix (I) MATLAB code for

%BPATH1 Brownian path simulation

clf ()
randn(’state’,100) %set the state of randn
T=1; N=2500; dt = N; sigma = 0.5;
dW = zeros(1,N); hpreallocats arrays ...
W = zeros(1,N); % for efficiency
t = [0:0.002:1];
E = 100*exp(sigmaxt);
dW(1)= sqrt(dt)*randn; %first approximation outside the loop ...
W(l)= dw(1); %since W(0) = 0 is not allowed
for j = 2:N
dW(j)= sqrt(dt)*randn; % general increment

W(j)= abs(W(j-1) + dW(j));

end

plot([O t], [1,E],’b-?)

hold

plot(t [1 Wl, ’r--7) Jplot W against t
hold o

%Xlabel( t’, ’Fontsize’, 16)

hylabel (’ W(t)’,’Fontsize’,16,’Rotation’,O)
xlabel(’t’,’FontSize’,16)
ylabel’W(t)’,’FontSize’,16,’Rotation’,0, ’HorizontalAlignment’,\\
’right’

legend (’Expectation of S_t, @ Sigma = 0.5’,’Brownian path’,2)

Appendix (IT) MATLAB code for

%BPATH1 Brownian path simulation

clf ()
randn(’state’,100) %set the state of randn
T=1; N=2500; dt = N; sigma = 1;
dW = zeros(1,N); hpreallocats arrays ...
W = zeros(1,N); % for efficiency
t = [0:0.002:1];
E = 100*exp(sigma*t);
dW(1)= sqrt(dt)*randn; J%first approximation outside the loop ...
W(l)= dW(l) %hsince W(0) = 0 is not allowed
for j = 2:N
dW(j)= sqrt(dt)*randn; % general increment

W(j)= abs(W(j-1) + dwW(j));

end

plot([0,t], [1,E]l,’b-’)

hold on

plot(t, [1,W], ’r--’) hplot W against t

hold off

%xlabel(’t’, ’Fontsize’, 16)
hylabel(’W(t)’,’Fontsize’,16,’Rotation’,0)
xlabel(’t’,’FontSize’,16)
ylabel’W(t)’,’FontSize’,16,’Rotation’,0, ’HorizontalAlignment’,\\
’right’

legend (’Expectation of S_t, @ Sigma = 1’,’Brownian path’,2)
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