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Abstract

The dynamics of the stock market indices log-returns (A(InS;)) have been charac-
terised by non-normal features such as upward and downward jumps of different
measures, asymmetric and leptokurtic features. The Bi-Power Variation (BPV)
process has been used to develop jump-estimators to detect jumps in (A(lnS’t).
However, the existing jump-estimators are restricted to the BPV case of the Re-
alised Multi-Power Variation (RMPV) processes, and existing models do not accom-
modate these features. Therefore, this study was designed to construct unrestricted
Particular Higher-Order Cases (PHOC) jump-estimators, and build suitable mod-

els that can accommodate the jumps and non-normal features found in (A(inS;).

The limits in probability and distribution were used to derive the Jump Test Mod-
els (JTM) in the PHOC of the RMPV processes. The JTM were used to test
for jumps under the null hypothesis (Hp) of no jump in (A(InS;) at a 5% level
of significance in three stock markets, namely: Nigerian, UK, and Japan. These
were used to build the dynamics of (A(InS;). The convolution of densities and the
Lévy-Ito decomposition methods were used to derive the Probability Density Func-
tions (PDF) and the Lévy-Khintchine (LK) formulae of two novel skewed models.
The maximum likelihood estimation method was used to estimate the optimal val-
ues of the parameters in the models. The Kolmogorov-Smirnov, Anderson-Darling
statistics, and the basic moments were used to test the suitability of these models
to the empirical stock market data and compared with three existing models viz:

Black-Scholes (BS), normal and double-exponential jump-diffusion models.

The JTM derived for the PHOC of the RMPV processes were:

R —m ¢y [P1seees rm] ~ -1
T = A5 (—“Q/mix]’}@’f - 1) (gaRMPV,/max (1—)) ,for m = 2---10,
ALt

where, {X}[E’t’“"rm}, {X}[z]’t, wrmpv, pand q are the RMPV, realised variance, asymp-



totic variance, estimators of bi-power and quad-power variation, respectively. Jumps
in A(InS,) were observed and Hy was rejected. The dynamics of A(InS,) was de-
rived as: A(InS;) = (u—1o2)A+oAW, + J(QY)AN+J(QF) AN, where,pu, 0, W,
J(QY),J (Q;l), N and N¢ are respectively drift and volatility parameters, standard
Brownian motion, upward and downward jump measures with intensities A} and )\?,
respectively. The PDF of the Asymmetric-Laplace (AL) and the Modified Double-

Rayleigh (MDR) were models derived were: fu, 3, () = (10_,\\/%5)80 m_(’: ?/Z DA

At (pnagA“exp(M) exp( (az — <u — %O’Q) At) a1>

2a2,u]+a20 At)e$p( _ (w _ (M - 502) At) Oéz) Py ( — Hj))

+

D, (15) + qraaXiexp

and

famsye = (1 AAt ( _702) t) + ( pnexp (9 p)

(Qea:p( (115 — - )+9\/_<I> (hj)— MW%(M)) —ghexp (%—e) (gexp (_(uj_

O\ 7By (1) — Mj\/@cpb(—w)))m

where,
HpaAt)+p o 2At 202 At o 202Ata A MdAt)+H] 2At 2o At

0 = (o} +02At) P = (O’u+0'2At V= (O’u+0'2At 0 = (ad+02At) P = ( ;.ijJrU?At)’
5 20’2Atod . AU z—(p —702)A b z—(p—202?)

0 = iy 1 = e () d i = <§>¢(T)- The de-
rived LK formulae of the novel models were: o (u) = iup — 30°u? — % +
dor o . . d u

qu)e# + Xlay + Nfpp and (u) = dup— ot =+ S+ <m ac g Cat

.7 J

respectively. The optimal values of the parameters: (,ud, 0, 1, 02, Piy Gks AY /\j, 1)
and (pg, o, J}J,a?,p, qy, )\;l,uj) in the models were obtained. The AL and MDR
were models fit the empirical distributions better than the existing models, having

the BS model in the worst-case scenario.

The jump test models of the particular higher-order cases were found to be better
jump-estimators. The asymmetric-Laplace and modified double-Rayleigh jump-
diffusion models proved more suitable for capturing jumps and non-normal features

in the stock market indices log-returns.

Keywords: Stock indices, Jump-processes, Asymmetric-Laplace jump-diffusion ,

modified double-Rayleigh, Jump-estimators. Word count: 466
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CHAPTER ONE

INTRODUCTION

1.1 Background to the study

The suitability of a model, which represents the real pattern of its random
process, is its ability to capture almost all the features associated with the sys-
tem’s uncertainties. For example, a deterministic model may not fit into any such
chaotic real-life process since its predictions are with full assurance. A stochastic
model, therefore, may give a better representation of such processes with unforetold
uncertainties.

The stock price S; at time ¢, has been found to be one of the most unstable
variables (Fama, 1965, 1995) in a stock market; its instability results from sudden
changes that occur very frequently and randomly in the market, everyday. This
has been a major concern for most investors who would want to know their fate
when they invest in stocks. Over the years, researchers have looked into obtaining
models that could best describe stock price behaviour, in order to advise investors
and owners of corporations looking for convenient ways to raise money (Adeosun
et al., 2015) via stock investment.

The Scottish Botanist, Robert Brown (as stated in Bachelier, 1900) observed
the random collision of some tiny particles with the molecules of the liquids; he
introduced what is called the Brownian motion (BM). The mathematics of the
Brownian motion, which include the derivation of equations of the BM, existence
of the BM and the Weiner measure that gives the probability distribution of the
BM were given by Albert Einstein and Norbert Wiener, in Akyildirim and Soner
(2014). Financial modelling under the category of stochastic stock price models
began with Bachelier’s work as also recorded in Akyildirim and Soner (2014). The

Bachelier model assumes that the dynamics of a stock price process S, obeys the



Stochastic Differential Equation (SDE):
dS; = SiodW; (1.1)

where, ¢ is the volatility of the stock price and W; is a standard Brownian motion.
It was later observed by Osborne (1952), that Bachieler’s model gave rise
to negative stock price value almost surely, which contradicts the real life
experience in the market. An improvement of Bachieler’s model is Osborne’s model,
which was later modified by Samuelson (1965), who introduced the Geometric
Brownian Motion (GBM) model. The dynamics of the GBM model was
described by Samuelson as:

dS; = Sy (pdt + odW;) (1.2)
where, p is the drift (mean) parameter and o, S, and W, are as defined above.
A model, known as the Black-Scholes (B-S) model used for pricing Options
which depends on the assumptions of the GBM model was introduced by Black
and Scholes (1973a).

Despite the wide acceptance of the B-S model, it was later found not to be
consistent with observed market prices (Schoutens, 2003). This inconsistency re-
sults from its unrealistic assumptions that the log returns of observed stocks prices
are normally distributed (which they are not), rather, they are in most cases neg-
atively skewed and leptokurtic (see also Trautmann and Beinent (1994), and
Adeosun et al. (2016) all of which contradict the real-life observed price move-
ments. The asymmetric property (skewness) is always different from zero, in
most cases, it gives rise to megative values which imply longer tail to the left
than the right. The frequent and large movements in most stock price processes
result in excess kurtostis, and their paths exhibit jumps of different measures.
More so, the market crash that occurred in 1997 resulted in huge investment loss
as a result of sudden downward jumps in market price. As suggested by
Kou (2002), a suitable model should capture some important empirical
features that are found in the real-life financial data.

Attempts have been made by researchers to modify the B-S model in order
to capture the above-listed features, in the sense that new models are obtained by
the addition of a jump term to the GBM in equation (1.2) above. These are the
jump-diffusion models according to Merton (1976), Duffie et al.(2000), Hanson and
Westman (2002), Kou (2002), Synowiec (2008) and Lau et al.(2019); they have it



that the dynamics of the stock price process in its generalised form is assumed to

be:
S, = S, (pdt + odW, + J(Q;)dN,) (1.3)
where, J(Q);) is a random jump process, and NV, is a discontinuous one-dimensional

standard Poisson process with jump rate A, such that:

exp(AAL)(AAL)*
k!

The difference in the works of Merton (1976), Duffie et al.(2000), Hanson and

Westman (2002), Kou (2002), Synowiec (2008) and Lau et al. (2019); is found to

P(N, = k) =

(1.4)

be as a result of different assumed measures of J(Q;), which could be symmetric
or asymmetric in some cases. The Merton and Kou models for example, have
addressed the leptokurtic property of J(Q);). The first assumes a symmetric normal
distribution for J(Q);), and the second assumes asymmetric double exponential
distribution for J(@;). On the contrary, the distribution of the jumps that occur
in any price process may not only be symmetric according to Lau et al. (2019), it
could also be skewed in both the upward and downward jumps.

The economic activities in any nation’s stock market are of utmost concern
to marketers, investors, and the nation at large. In a stock market, the market
index is a true picture of the overall performance of the market, and
it is an estimator that reflects the daily general market value. The stock market
indices is a major indicator of the value of the market, since it is an instant
measure used to ascertain the direction of the market as well as giving a pic-
ture of the overall performance of the market. The All Share Index (ASI)
(for example) of the Nigeria Stock Market (NSM) is an example of a Market In-
dex. The availability of stock market index data varies from one market to the
other across the globe. High-frequency data are categorised into two types: the
inter-day daily data of high volume and the intra-day data: minutes and hourly
observations of high frequency (all of which are discrete observations). Processes
modelling financial data can be categorised into three, depending on the empiri-
cal findings from the real market situation over a period of time. These include
processes with continuous paths, discontinuous paths (jumps), and processes with
both continuous and discontinuous paths. Therefore, researchers must verify the
kind of stochastic process governing the underlying stock under study before mak-

ing assertions. To buttress the above-mentioned, Bandi and Ren¢ (2016) suggested



that since most financial data exhibit jumps in their price processes, the suit-
ability of a model is embedded in its ability to capture jumps in a price
process. To determine stock indices’ dynamics, there is a need to examine and
estimate some essential asymptotic features, the presence or absence of jumps in
available discretely-observed price data.

In view of the above, the stock market indices was considered as a discrete
observed process: X = {X;};>0 defined on any given interval [0, t] such that the
observations are made for all discrete time 0 = to,t;...t, = t, where the j™*
observed time is given as:

A=, j=120 (1.5)
where, n is the number of observations and A is the time interval between two
successive observations, within [0,¢], which are assumed to be of equal distance.
These observations are of utmost importance since they give the kind of stochastic
process governed by an underlying stock. The challenge of capturing jumps in
discretely-observed processes, in the face of available high-frequency data on the
Internet (especially when n is so large that A is vanishingly small) is on the increase.

Given a positive real constant r, the 7" - order realised power variation of

such a process is given as:

N
(Xp}0) = A > | Xja = Xoval’ (1.6)
j=1
where, X;a is the j observed log return price for j = 1,2,--- ,n and [f/a] is

the finite integer before n. The r** - order power variation process is given as the
probability limit of the r"-order realised power variation (RPV):
{X}7 =P — lim {Xs}"". (1.7)
An estimation of the Quadratic Variation (QV) defined by [X]; is obtained for
r = 2 of the realised variation in equation (1.7). In Barndorff-Nielsen and Shephard
(2003b), the Realised Variance (RV) was proven to be a consistent estimator (as
n — o0) of [X];, when X is assumed to belong to a class of continuous stochastic
volatility semimartingales (Svsm®).
Given that X; € Svsm® (Barndorff- Nielsen and Shephard, 2003b, He et al.,
2018) such that:

t t
X :/ asds+/ osdW, (1.8)
0 0



where, fot agsds = A; is an adapted, cadlag process with finite variation which
implies that the variation of each path t — A; is bounded over each finite interval
in [0,¢] and fot osdW, = M, is a local Martingale, which is continuous and an Ito
integral of the spot volatility process o; > 0 with respect to a standard Brownian
motion Wy; such that, the Integrated Volatility (IV) process is also assumed finite.
Then, the limit distribution of functions of equation (1.7) above, its convergence
in probability and the central limit theorem results were obtained in Barndorff-
Nielsen et al. (2006b). Based on the procedure given in Barndorff-Neilsen et al.
(2006b), a jump test method was achieved in Ast-Sahalia and Jacod (2009). The
main limitation of the results of the RPV, subject to an Svsm® process is that
when jumps are added to a class of models described in equation (1.8), the RV can
no longer estimate the IV, instead, it gives a result of the sum of the IV and the
QV of the jump component. Hence, the need for a robust process that cannot be
affected when jumps are incorporated into the process.

The realised multipower variation process defined on a one-dimensional semi-

martingale process in its generalised form is given as:
c(t,m,A)

D S ) 19
as defined in Barndorff-Nielsen et al. (2006b), Where O(r1, . srm) = 5> 0T,
c(t,m,A) = ['/a] = (m = 1) and f(z;,r:) = [I7%" el ™"
asymptotic properties of equation (1.9) above, were extensively given in Barndorft-

Neilsen et al. (2006b) and Kinnebrock and Podolskij (2008). Particular cases of

for n > m. The

equation (1.9) are the Bipower, Tripower and the Quadpower processes which can
be found in Barndorff-Nielsen and Shephard (2006) and Ysusi (2006).

The BNS method for jump test named after Barndorff-Nielsen and Shephard
was established in Barndorff-Nielsen and Shephard (2006) for X; € Svsm® subject
to the above stated assumptions for the processes o2, oy and W;. This method was
basically derived from the asymptotic distribution of the difference of the realised
bipower variation process: { X} At ) and the realised variance process [X] (AQ?t. That
is, form =2, and ry =r, =1 1in equatlon (1.9), then,

A—0.5( PR - X ]A)t) gN(o,gapr) (1.10)
fot otds

where, pppy is the asymptotic variance of the convergence in law (distribution)




result given in equation (1.10) above, such that:

V2

Oppv = py 4 2u? — 5~ 0.6091, y; = 7 (1.11)
One of the contributions in this thesis to the description in equations (1.10) and
(1.11), as well as the work given in Barndorff-Nielsen and Shephard (2006) entails
a derivation of the asymptotic theories for particular cases of the realised mul-
tipower variation (RM PV') process (the convergence in distribution (law)
of the difference of the realised variance RV and particular cases of
the RM PV process.). Hence, the asymptotic variances of the particular
cases that s, Yrpv, QrTV, PQPV, ©PPVs PHPVs PHpPVs POpvs PNPV aNd

pppy respectively for the realised Bipower, Tripower, Quadpower, Pent-

power, Hexpower, Heptpower, Octpower, Nonpower and Decpower vari
ation processes were obtained. Based on the results obtained, jump test models
from the asymptotic properties of the particular higher-order cases of the RM PV
process. These results are extensions of the results in the works of Barndorff-Nielsen
and Shephard (2006), Barndorff-Nielsen et al. (2006a) and Ysusi (2006). These are
the generalisation of the BNS jump test model for detecting jumps in discretely-
observed data, and then suitable jump-diffusion models for the stock indices
were suggested. Hence, a family of skewed jump-diffusion models with
non-zero location parameters and scale parameters for upward and down-
ward distributions of the random jump processes was considered. The novel models
are: the Asymmetric Laplace jump-diffusion (ALJD) model (whose jump process
obeys the Asymmetric Laplace (AL) distribution which is a skewed-family of the
Laplace distribution, proposed by Kozubowski and Podgorski (2000) and Kotz et al.
(2012) and the modified double Rayleigh jump-diffusion (M DR.JD) model

for the stock price indices.
1.2 Statement of the problem

Jumps are difficult to detect from discrete financial data (stock market indices
are available in the discrete form), but useful in asset pricing and risk management.
To suggest a suitable stochastic process that best describes stock indices data paths,
it is necessary to ascertain the presence or absence of jumps in the discrete data. In
this regard, many works have been done on jump test given discrete financial data,

especially concerning the realised quantities (realised power variation, realised



bipower variation). The realised bipower variation is a consistent estimator of
the integrated variance (Barndorff-Nielsen et al. (2006¢), Barndorff-Nielsen and
Shephard (2006), Barndorff-Nielsen and Shephard (2004) and Barndorff-Nielsen et
al., 2006b) when jumps are present. However, the existing jump-estimators are
restricted to the bipower case of the realised multi-power variation processes,
and owing to the increasingly volatile nature of the stock indices, more robust
and better jump test models are required to capture these volatile features in
the market. A generalisation of the BNS jump test method and the particular
cases of the higher order of the realised multipower variation for jump test have
not been applied to stock indices in literature to the best of our knowledge.

Jump-diffusion processes applied to model stock indices have been noted in
literature. Categorically, the symmetric jump-diffusion (Merton’s model) and the
asymmetric jump-diffusions Kou (2002), Synowiec (2008) have taken care of the
deficiencies in the Black-Scholes model. However, most of the existing models are
geared towards exact analytical solutions for option pricing and not towards com-
patibility and suitability with the market price process’s behaviour, non-normal
and empirical features, and properties of the distributions of the stock market
price process. More so, in the existing jump-diffusion processes as described in
equation (1.3), the randomness of the jump term: J(Q;)dN;, is basically deter-
mined by two random processes (which in the actual sense is a compound Poisson
process). The first is the random jump times: N; and the second is the random
measure J(Q;) of jump amplitudes (ie, a measure of the jump sizes). In the ex-
isting literature, the jump-intensity )\ is assumed the same for both the upward
and downward jump processes. This does not depict the reality of the arrival
times of these jumps in the stock price process. There is, therefore, a need for
more suitable measures that can accommodate the above-mentioned features in the
dynamics of stock market indices.

This research, therefore, sought to address these existing gaps by developing
suitable jump test models and jump-diffusion models subject to the condition that
the distributions of their random jump processes are asymmetric with non-zero
location parameters. These were achieved by the proposed jump test models via
the RMPYV processes, as well as the Asymmetric Laplace jump Diffusion, (ALJD)
and the Modified Double Rayleigh jump-diffusion (M DRJD) models.



1.3 Research aim and objectives

The aim of this research is to construct Particular Higher-Order Cases (PHOC)
jump-estimators, and build suitable models that can accommodate the jumps and
non-normal features found in the stock markets indices. The objectives of the work
are to:

(1) Obtain jump test models based on particular higher-order cases’ asymptotic
properties in the realised multipower variation process.

(2) Investigate the presence of jumps via the jump test models of the realised mul-
tipower variation process in the stock indices.

(3) Obtain suitable skewed jump-diffusion models with non-zero location parame-
ters for the stock indices.

(4) Derive the probability density functions and the Lévy-Khintchine formula of
the log returns for the skewed jump-diffusion models.

(5) Obtain the initial appraisals of the parameters in the model from the stock
market data.

(6) Estimate the optimal values of the parameters in the models.

(7) Carry out sensitivity analyses of the varied threshold of jumps on the parame-
ters in the models.

(8) Check for the suitability of the models with the stock market indices data.
1.4 Research methodology

The probability limits and limit in distribution methods were used to obtain
the Jump-Test Models (JTM) for the Particular Higher-Order Cases (PHOC) of the
RMPYV processes. The JTM were used to test for the presence of jumps under the
null hypothesis of no jump in the A(lngt) via the RCodes in three stock markets,
namely: Nigerian, UK, and Japan, comprising, 5334, 2076, and 2076 stock market
daily indices observations respectively. The dynamics of the log-returns of the stock

price was assumed to be:

O 1 u u
A(ln S) = (u — 502) At + o AW, + J(QY)AN + J(QF) AN
where, u, 0, Wy, J(QY), J (Q;l), N and N¢ are respectively drift and volatility pa-
rameters, standard Brownian motion at time t, upward and downward jump mea-

sures, and upward and downward finite jump activities, having jump intensities A}

and )\;-l, respectively. The method of convolution of densities and the Lévy-Ito de-
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composition method were used to derive the Probability Density Functions (PDF)
and the Lévy-Khintchine (LK) formula of two new skewed JD models: Asymmet-
ric Laplace JD (ALJD) and the Modified Double Rayleigh JD (MDRJD) models.
The maximum likelihood estimation method was used to estimate the parameters
in the models. A sensitivity analysis on the parameters to the varied threshold of
jumps was carried out. The Kolmogorov-Smirnov, Anderson-Darlng statistics and
the basic moments were used to investigate the suitability of these models to the
empirical stock market data, compared with three existing models viz: BS, normal

and Double-Exponential JD models.
1.5 Motivation for the study

Most financial data obtained from the market presents jumps in the asset price
process; hence, investigating the kind of stochastic process that best models the
stock price indices is very important. This will be useful for proper prediction,
risk hedging, and investment decision-making process.

Most of the existing jump-diffusion models are driven by the existence of
their exact analytical solutions, useful in Option Pricing. However, our motivation
here is based not only on exact solutions or closed-form solutions but also on the
consistency or compliance of models to the market price process.

The Lévy-jump diffusion models were considered more suitable for modelling
in the case of jumps than the existing diffusion models. This gives the motivation
for the study in the thesis. The work is also motivated by the jump test methods
in Barndorff-Nielsen et al. (2006c) and Ait-Sahalia (2002), as well as the jump-
diffusion models given in Merton (1976), Gugole (2016), Yusof and Jaffar(2017),
Kou (2002), Kou (2000) and Synowiec (2008).

1.6 Justification of the study

The realised bipower variation process in the BNS jump test method has been
proven to be a consistent estimator of the integrated variance. In this thesis, this
concept was generalised by considering more efficient and suitable estimators of
the integrated variance. These estimators are the particular higher-order cases of
the realised multipower variation process. They give better results when applied

to jump test in the stock indices of finite jumps.



Also, a generalisation of the existing jump-diffusion models is needed for

better representation of features found in the real market price process.
1.7 Significance of the study

The results of the analyses in this thesis will be of great benefits to market
participants, since the knowledge of the jump intensities obtained in the models,
will depict the measure of risk involved in the stock markets. It is also important to
note that investors are faced with higher risk in the markets when non compatible
models to empirical data obtained from the markets are used for future prediction
of price processes. Hence, the usefulness of the suitability analyses of the proposed
models in this thesis, with the empirical and distributional properties of the real
data from the stock market, will be useful for proper prediction. The occurrences
of jumps in the price process vary from market to market. Hence, the generalised
jump-test method provided in this work, is robust and will prove helpful to financial

analysts in jump-detection.
1.8 Scope of coverage

Stochastic models of stock price processes are grouped into diffusion, jump-
diffusion, and pure jump models. These can be further categorised into processes
with finite and infinite jump activities. This research focused on jump-diffusion
processes whose upward (N*) and downward (N¢) jump activities are Poisson pro-
cesses, assumed to be finite, with jump intensities given as A} and )\? respectively.
Specifically, the processes: J(Q%)dNy* and J (Q;l)dNtd are compound Poisson pro-
cesses, such that J(Q%) and J (Q?) are non-standard asymmetrically distributed
jump amplitude.

The aspect of jump test via the realised multipower variation process is re-
stricted to the condition that the sum of the powers of the variation is equal to two
(that is, (71, ..., 7m) = 2).

More so, the stock indices data set tested in this thesis were obtained from
three (3) stock markets, namely: the Nigerian All Share Index, UK Stock Market
Indices and Japan Stock Market Indices. The three stock markets were selected
based on the following reasons: The availability of the stock market price data and

the countries’ heterogeneous levels in terms of market pricing mechanism, available
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financial instruments, and sophistication of trading strategies used by agents in the

exchanges.
1.9 Organization of the thesis

This thesis is made up of six chapters, which were arranged sequentially from
the introduction of the research to the summary and conclusions.

Chapter one introduced the research topic and stated the aim and objectives
of the research. This chapter also contained the statement of the problem to be
solved. The motivation, justification, significance of the study and the scope of the
research, were presented in the chapter.

Chapter two gave a detailed review of the existing models for jump test in
discretely-observed price processes. A review of existing jump-diffusion models
that were used in literature was also given here. The chapter also highlighted the
gap in knowledge and the modifications that were made to the existing models.

Chapter three dealt with some basic definitions, concepts, and a clear descrip-
tion of the BNS jump test method and some existing jump-diffusion models that
were applied in this thesis.

In chapter four, the results based on the jump test via the RMPV models with
the stock indices data were obtained. The density functions of new jump-diffusion
models were derived. The chapter also contained the estimation of the optimal
values of the new models’ parameters. The suitability of these models was tested
with the empirical data sets obtained from the markets and detailed discussions on
the obtained results were given.

The discussions of results were presented in chapter five, and the summary,
conclusions, contributions to knowledge, and areas of further research were given

in chapter six.
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CHAPTER TWO

LITERATURE REVIEW

2.1 Preamble

This thesis considered stock indices processes’ dynamics when jumps are de-
tected in available data from the stock markets. This is very important since the to-
tal variability of a stock price process is not just determined by the diffusion process
described by the Black-Scholes model in Black and Scholes (1973b), which assumes
normal distribution for the stock price, it also depends on the jump components,
(Trautmann and Beinent, 1994). Jump test methods for financial data have been
widely studied in literature, these include both the parametric, (Tauchen and Zhou,
2011) and the non- parametric (Barndorff-Nielsen et al., 2006¢ and Ait-Sahalia and
Jacod, 2009) methods. These methods are restricted to the assumption that assets
return follow special cases of semimartingale processes. The above-mentioned helps
in financial modelling because they suggest the kind of stochastic models to be ap-
plied. Stochastic models with jumps have bridged the gap between the diffusion
models (e.g., B-S. models) and the pure jump models, e.g., the VG models, the
CGMY models, the NIG models, etc.

Given the above, this chapter reviewed some relevant literature on jump test
for stock market data and existing stochastic models when jumps are detected in

the stock market data.

2.2 Review of relevant literature

Here, some existing literature where proposed methods for detecting jumps in

the face of financial data and stochastic models with jumps were reviewed.
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2.2.1 Literature on jump test methods

Jumps are sudden discontinuities that occur spontaneously in the trajectories
of price processes as a result of large price movements. In literature, researchers
have adopted some methods built on large discrete observations of the price process
for each equidistant time interval in a fixed time-space [0,¢]. For such observations,
the asymptotic theories for the variability of the price process have been widely
studied.

A vivid observation of a price process X = {X;}:>¢ defined on a given interval
0, ¢], such that the observations are made for all discrete times 0 = ¢y, t1,...t, = t,

where, the j** observed time is given as:

jA:j% jn:£, j=12,-n, (2.1)
where, n is the number of observations, owing to the recent availability of large
financial data, n tends to be so large that A’s tend to diminish. This depicts a
typical real-life intra-day observations of stock prices or inter-day daily data of
high volume, which results in high frequency. A considerable number of studies
have adopted jump test methods in the discrete case when high-frequency data are
available.

Now, owing to the discrete observations described above, a plot of discrete
values can be joined together to obtain a full sample path of both the observed
values (which could be discrete) and the unobserved values, thereby giving rise
to some continuous sample paths. The points of discontinuities in an underlying
process could be due to varying discretely-observed values or some valid proofs of
the presence of jumps in the process. The question as to whether or not discrete
data were generated from a continuous process or possibly discontinuous process
was first answered by Ait-Sahalia (2002). The work of Ait-Sahalia (2002) was built
on the argument proposed by Karlin and McGregor (1959), where the concept of
determining the transition densities of the diffusion process, when it is a markov
process was employed. The effect of the diffusion criteria on option pricing models
was also the focus of the work of Ait-Sahalia (2002). However, it was later observed
that the method of Ait-Sahalia (2002) was restricted to the one factor markov
property. Therefore, the problem of employing the diffusion criteria when the

sample paths of such observations are not markovian in a continuous case was
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addressed by Carr and Wu (2003).

It is important to note that an underlying price process comprises continuous
components, purely discontinuous components, or both. According to Carr and Wu
(2003), the rate (speed) at which an underlying price process converges is mainly
determined by the two factors: continuous, purely discontinuous components, and
the moneyness factors. Their results proved that the convergence rates of out
of the money (OTM) Option price process were faster, (as the maturity time T
tends to zero) in the case of the continuous martingale process as compared to
an infinite jump variation process. As an extension of the work of Carr and Wu
(2003), a nonparametric approach via the transition density of a discretely sampled
jump-diffusion model was proposed by Ait-Sahalia et al. (2012).

To determine the dynamics of any process, there is the need to examine and
estimate some asymptotic features in discretely-observed price data. In this regard,
Andersen et al. (2004) and Huang and Tauchen (2005), among others, considered
some realised quantities (realised variation, quadratic variation, integrated vari-
ance/volatility, and realised power variation) in terms of the effects of jumps on
price variability of the process. Limit distribution, which includes the central limit
theorem for these quantities were obtained by Jacod (2008), and Barndorff-Nielsen
and Shephard (2003b). Lee and Mykland (2007), adopted a nonparametric ap-
proach to obtain jump arrival times and realised jump sizes in an underlying price
process, given multiple daily observations.

With regards to jump test by wavelet, Xue et al. (2014), applied the wavelet
methods designed by Wang (1995), Park and Kim (2004, 2006), Fan and Wang
(2007) to estimate jump arrival times, based on the asymptotic results of the
method. They empirically applied the jump test method by wavelet to the data of
the US equity markets. The application of Kernel estimators of continuous sample
paths by Wang and Yang (2009), Xia (1998) and Claeskens and Van Keilegom
(2004) as well as the Spline method by Koo (1997), was employed by Ma and Yang
(2011) in a jump test procedure.

A nonparametric jump test method based on the asymptotic distribution re-
sults of the realised power variation for a generalised power p and a Blumenthal-
Getoor Index was proposed for jump test by Ait-Sahalia and Jacod (2009) to detect
the presence of jumps in high-frequency discrete data. And further to the work of

14



Ait-Sahalia and Jacod (2009), for finite and infinite number of jumps, since such
data come with noise, Ait-Sahalia and Jacod (2011) and Ait-Sahalia (2012) have
proffered solutions to accommodate the effects of such a noisy high-frequency data
to the test method of Ait-Sahalia and Jacod (2009). Gioa and Vieu (2016) have
categorised methods of analysing high-frequency information, and for jump detec-
tion.

Pure jump models such as the VG model by Madan and Seneta (1990) and
Madan et al. (1998), the CGMY model named after Carr, Geman, Madan and
Yor (Carr et al., 2002), the generalised hyperbolic model of Eberlein and Keller
(1995) that has its specification in the Normal Inverse Gaussian (NIG) model, were
generously applied to model asset price returns. As a result of the above provision,
Jing et al. (2012) proposed a method that can be used to check if these available
pure jump models were viable enough to fit into real-life situations in the market
when data are available in high frequency.

By assuming that the log returns of an asset price process X; belongs to a class
of Brownian semimartingale (BSM ) process or Stochastic Volatility semimartingale
(Svsm) process as described by Jacod and Shiryaev (2003), then, the RPV of such
a process which, according to Barndorff-Nielsen and Shephard (2003a) is defined
as the estimated sums of the absolute power of increments form the basis of
the jump-tests that were proposed in Barndorff-Nielsen and Shephard (2003a). It
is well known in literature (see Barndorff-Nielsen and Shephard, 2003a) that the
realised power variation process is an estimator of the integrated variance, which, in
turn, plays a major role in finding the integrated volatility given an Svsm process
without jumps. The concept of the jumps with volatility is essential in financial
modelling as it dictates the risk measure involved in any given price process. Hence,
the works of Merton (1980) and Nelson (1992) have shown that volatility can be
obtained by some stipulated methods when the market data is available in a high
frequency. The smooth sample paths of the models proposed by the above-named
authors were countered by some practical empirical shreds of evidence from the
market.

The stock price dynamics studied is synonymous with evaluating and predict-
ing the process of a risky asset since the stock itself is a risky asset. Consequently,

the risk is caused by some sudden shocks, which are driven by some unpredictable
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process. The continuous stochastic models of stock indices are not exempted from
these features. In addition to the existing risks in the market, when jumps are
introduced into existing models, based on some empirical real-life evidence of these
sudden movements, then it results in higher risk in the market, which will later
lead to changes in the dynamics of the process.

The presence of jumps in any underlying price process calls for additional
parameters in the model; these parameters include risk parameters resulting from
jumps, the price intensity of the risk, etc. Bajgrowicz et al. (2015) and Calcagnile
et al. (2018) have proved that a new inflow of information causes jumps in the
market, and these inflows are very unpredictable in themselves. In addition to the
above authors’ work, Ait-Sahalia et al. (2015) showed that the presence of jumps
m a particular market can spread easily to the other markets across the globe.

Generally, the importance of the study of jumps in a price process can be
categorised into four groups. First, according to Bates (2008), Ait-Sahalia et al.
(2011) and Liu et al. (2018), it was shown that the study of the presence of
jumps in a price process could help investors in the market to allocate assets in the
right proportion, as well as to make decisions based on optimal portfolio selection
since large price movement may result in much market loss. Second, Duffie and
Pan (1997) have shown that the study of jumps is relevant to the aspect of risk
management. Third, some other studies (Duffie et al., 2000 and Eraker et al., 2003),
have it that the presence of jumps could cause market incompleteness. Fourth, the
study of jumps will aid in asset pricing when available options cannot be replicated,
since some jump risks cannot be erased from the market, according to Duffie and
Pan (1997).

Owing to the availability of high-frequency data from the market, there have
been some controversial issues (such as heavy noise as a result of high frequency) as
regards volatility modelling, as reported by Ait-Sahalia et al. (2005) and Andersen
et al. (2013). The applications of the concept of realised volatility have been treated
in the past two decades. Related works include those of Poterba and Summers
(1986), Hsieh (1991), Zhou (1996), Taylor and Xu (1997), Andersen et al. (2001a),
Andersen et al. (2001b) and Yaya et al. (2018).

In the quest for volatility estimation in the face of high-frequency data, the

realised variance converges in probability to the quadratic variation, in a class of
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continuous Svsm process. In view of this, Barndorff-Nielsen and Shephard (2002a)
and Barndorff-Nielsen and Shephard (2003b) obtained the central limit theorem for
a special class of stochastic volatility models under some weak conditions subject
to the price process. Similarly, estimators of the realised volatility which in turn
give estimates of the integrated volatility in the face of jumps were highlighted
as the bi-power variation, minimum realised variation, and medium realised vari-
ation, respectively, by Barndorff-Nielsen and Shephard (2002b), and Andersen et
al. (2012). And as such, a comparative analysis of the trio was given in Yaya et al.
(2018).

The reason for introducing the jump test method via the realised bi-power
variation (Barndorff-Nielsen et al., 2006a), is the limitation of the realised power
variation process when jumps are added to a continuous Svsm process. In other
words, when jumps are imputed into a class of continuous Svsm process, the re-
alised power variation process cannot estimate the integrated variance. Instead, it
results to the sum of integrated volatility and quadratic variation of the imputed
Jump process, thus showing that the realised power variation is not robust to give
an ezact estimate of the IV in the face of jumps. The BNS-jump test method
named after Barndorff-Nielsen and Shephard was therefore introduced for the
purpose of determining a tool for a process that proves more robust to jumps;
the realised bi-power variation process in Barndorff-Nielsen and Shephard (2001a,
2001b), Barndorff-Nielsen and Shephard (2004), Barndorff-Nielsen et al. (2006b)
and Barndorff-Nielsen and Shephard (2006) is therefore the first order particular
case of the realised multipower variation process. in literature, the BNS method
has been widely used to test for jumps given discretely-observed financial data of
high frequency. More so, Huang and Tauchen (2010) had applied the BNS jump
test method alongside Monte-Carlo’s analysis to high-frequency data. Their results
show that the behaviour of an underlying process changes at a slight touch of a
jump. A similar application of the method used in Huang and Tauchen (2010) can
also be found in Tauchen and Zhou (2011). More recent applications of the BNS
jump test can be found in the works of Xu et al. (2016), Gkillas et al. (2020a),
and Gkillas et al. (2020b).
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2.2.2 Literature on jump-diffusion models

Many works were carried out with regards to the studies on the existing jump-
diffusion models. The most celebrated option pricing model, the B-S model, is
found to be deficient in the empirical findings from most financial data. By com-
paring the features of the normal distribution of the Black-Scholes model to the
empirical distribution of log returns of the asset price, it has been observed that
the parameter that measures the asymmetric property (Skewness) in most finan-
cial price process gives values that are different from zero, whereas the skewness
is zero in the symmetric case of the B-S model. The skewness’s negative value
implies a longer tail to the left (the reverse of this implies positive skewness, which
shows a long tail to the right than to the left). The empirical skewness of returns
of stock indices has been proven to be negatively skewed (asymmetric). In addition
to the above, the large movements in the stock price process, which appears more
frequently than in the B-S’ type of model, results in a case of excess kurtosis or
fat tails and according to Schoutens (2003), this property is a pointer to the fact
that the stock indices price process needs to be represented via jump-diffusion or
jump models, as the case may be.

Attempts have been made by many authors to address the above-mentioned
lack of compatibility of the B-S model to the empirical distribution of the market
data’s real-life situation. Under this, Duffie et al. (2000) provided an analytical
solution in closed form (which is useful for option pricing), a platform to address
the leptokurtic features (excess kurtosis) found in empirical distribution. This is
very necessary since this feature subject to risk-neutral measure results in “volatility
smile” in option prices (see Synowiec, 2008). The proposed analytical platform gave
birth to an Affine jump-diffusion (AJD) model where the distribution of the jumps
is a Poisson process. When the distribution of the jump sizes in the AJD model
takes a normal path, then the AJD model becomes a normal jump-diffusion, as can
be found in the work of Hanson and Westman (2002). Their work showed that the
jumps in the model were able to track the S and P 500 stock index data in terms of
capturing large jumps, extreme outliers, the problem of negative skewness, and
leptokurtic features. A few authors have applied the work of Duffie et al. (2000)
to different fields. These include modelling and pricing electricity derivatives for

evaluating jump activities (Culot et al., 2006, Nomikos and Soldatos, 2008), as
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well as jump volatility in the commodity market (Da Fonseca and Ignatieva, 2019),
and stochastic volatility models of the AJD (Belaygorod and Zardetto, 2013). The
work of Glasserman and Kim (2009) extends the closed form of the AJD model to
a practicable technique. Broadie and Kaya (2006) introduced a method for finding
the exact simulation of the market price using the AJD model.

A simplified form of the normal jump-diffusion of Hanson and Westman (2002)
is the Merton model by Merton (1976) which was used in Gugole (2016) where,
it was proved to have performed better than the famous Black-Scholes model,
under a comparative analysis. The Merton jump-diffusion model is one of the
first improvements of the B- S model. It is a special kind of jump-diffusion that
has many similarities with the B-S model, except for the jump term, which is a
compound Poisson process comprising two random variables, namely: the jump
intensity (average number of jumps) which is a Poisson process, and the jump size
of the log-stock price which obeys normal distribution. Note that the jump intensity
and the log stock price’s jump size are assumed to be independent random variables
in the Merton model. Since Merton’s proposed work, there have been numerous
applications of the model to diverse fields in financial modelling. These include
the works of Black and Cox (1976), Geske (1977), Zhou (1997) and Zhou (2001),
which showed that the Merton model can be used to obtain the dynamics of a
firm’s value. The probability of companies’ and firms’ defaults has been used in
the Merton model by Yusof and Jaffar (2017) and Vestbekken and Engebretsen
(2016).

Apart from the Merton model, one of the extensions to the B-S model is the
Kou model in Kou (2000) and Kou (2002). This model, just like the Merton model,
addresses the leptokurtic features and the non-constant volatility of the returns of
stock prices. The measure of the jump size in the Merton model, which follows
a normal distribution, is replaced by a double exponential distribution to cater
for fat tails and high peaks found in empirical distributions. To accommodate
these empirical features, it was found in Kou (2002) that the double exponential
distribution possesses a high peak and heavy tail parameters. The work of Sezgin-
Alp (2016) proved that Kou’s model performs better than the B-S model in the
Turkish stock market, and the fuzzy version of Kou’s model was presented by Zhang

et al. (2012). A stochastic volatility model of interest rate was merged with Kou’s
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model to achieve an option pricing model in Chen et al. (2017). Applications of
the Kou model in literature include the pricing of a compound option. Real option
estimation via the double exponential jump-diffusion process has been reported by
Liu et al. (2018) and Hillman et al. (2018).

A replacement of the double exponential distribution in the Kou model is the
uniform distribution. The Uniform jump-diffusion (UJD) model was proposed by
Hanson et al. (2004b) because the normal jump-diffusion and double exponential
jump-diffusion models have just a small deviate from the diffusion models in the
sense of their distributional peak. The UJD model was used in place of the exist-
ing models to account for possible negative and positive jumps. Subsequently, a
stochastic volatility jump-diffusion by Yan and Hanson (2006) was introduced to
merge a particular stochastic volatility model with the UJD model. Owing to most
jump-diffusions’ intractable nature, Monte Carlo’s approach was adopted by Zhu
and Hanson (2005) as a tool for computing European option prices for a log uniform
jump-diffusion model. Ahlip and Prodan (2015) derived an analytical result for the
European call option following the format of the work of Zhu and Hanson (2005).
To obtain more suitable models that can fit the real market better than the B-S
models, so many works have been done in the sense of additional parameters to the
existing models. In line with the above-mentioned, the hyper-exponential jump-
diffusion model by Cai et al. (2009) and Crosby et al. (2010), the double Rayleigh
jump-diffusion model and the double normal jump-diffusion model by Synowiec
(2008) were added to the group of jump-diffusion models. The multiple parameter
models of the jump-diffusion process were proposed by Xu et al. (2016), namely:
the BS-SGT and the Kou-SGT models, which were obtained from the existing B-S

and the double exponential jump-diffusion models.
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CHAPTER THREE

MATERIALS AND METHODS

3.1 Preamble

In this chapter, some basic definitions, concepts and Mathematical descriptions
of some existing jump diffusion models to be applied in this thesis were presented.

Study one contains some basic definitions in Financial Mathematics, that
serves as the bedrock of stochastic calculus. The basic concepts of the Lévy
process and its properties, martingales and semimartingales, stochastic volatil-
ity semimartingales were given in study two. The realised power variation, the
realised variance, the realised multipower variation process as well as their asymp-
totic properties, which forms the basis for the jump-test method used in this thesis,
were contained in study three. In study four, a breakdown of some existing models
of the jump-diffusion process found in literature, stochastic formulas for solving
the dynamics of stochastic differential equation with and without jumps were pre-

sented.
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3.2 STUDY ONE

Introduction

In this study, some basic definitions in financial mathematics in relation to con-
cepts and models in stochastic calculus were presented. These form the bedrock for
the methods used in this thesis. These definitions, concepts and models were given
according to the following authors: Shreve (2004), Schoutens (2003), Kyprianou
(2006), Ugbebor (2009), Durrett (2019), Schoutens and Cariboni (2010), Ekha-
guere (2009) and Protter (2005).

3.2.1 Basic Definitions

Definition 3.1: A measurable space. (Ugbebor, 2009, Durrett, 2019)

Given a set (2, collection of subsets F, which forms a o-algebra, satisfying the fol-
lowing conditions:

1. Qe F

2. Fe F(= E°€F)

3. Let E;;i = 1,2,...,n be such that E € F and, |J_, E; € F. Then, the pair

(Q, F) is called a measurable space.

Definition 3.2: A set function (Ugbebor, 2009, Durrett, 2019)
A set function, V¥ is defined on a non-empty class C of sets in a space §2 by assigning

to each set F € C a single number, W(FE), (finite or infinite) known as the value of

Uat B

Remark 3.1 (Durrett, 2019)
Suppose Ey, By € C, such that: V(FE;) = +oo and V(FEy) = —o0

Then,

U(Q)=V(E)+Y(E) =+o0 (3.1)
and

U(Q) = V(Ey) + V(Ey) = —c0 (3.2)
From equations (3.1) and (3.2) above, the value of U(Q2) # U(Q) since V¥ is a

single-valued function, which is a contradiction.

22



Definition 3.3: A additive set function (Ugbebor, 2009, Durrett, 2019)
A set function is said to be additive if for all sets F;, F5 such that E; N Ey = ¢,
U(E, U Ey) = V(E)) 4+ V(Ey) and by finite additivity,

\I/(UE) =Y u(E) (3.3)
i=1 i=1
where, £, N E; = ¢ for all i # j
This is called the finite additivity property of a set function.

An additive set function ¥ is a set of function which has the additivity prop-
erty, and in addition, one of the values +o00, —oc is NOT allowed. To fix ideas,
U #£ —o0

1. If all the values of ¥ are finite, then W is said to be finite written as: |¥| < oo
2. If every set in the given class C at which ¥ is a countable unions of sets in C,

which W is finite, then W is said to be o-finite.

Definition 3.5: A content (Ugbebor, 2009, Durrett, 2019)

A positive set function which is finitely positive is called a content.

Definition 3.6: A measure and positive measure (Ugbebor, 2009, Durrett 2019)
Given a countable class of disjoint sets Ey, Ey, - - - B, if U < ngl En) = ij:l V(E,),
then V¥ is said to be a countably positive set function (o-positive set function). A
set function which is o-positive is called a measure. A positive measure is a set

function p which is defined on a o-algebra F given as:
p: F — [0, 00] (3.4)

with range in [0, o0] and is countably o— positive.

Definition 3.7: Continuity of a positive set function (Ugbebor, 2009)

A positive set function W is said to be

1. continuous from below if W(lim, ., F,) = lim,_,., V(E,) for every increasing
sequences {F,} : By C B, C B3 C -+ -

2. continuous from above if W(lim, . F,) = lim, . V(E,) for every decreasing

sequence {E,} : Fy D Ey D E3 D -+ and V(E,) < oo for some values of n = ng
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Remark 3.2: (Ugbebor, 2009)

The following remarks on the continuity of the positive set function are highlighted:
1. continuity at ¢ reduces to continuity from above.

2. continuity from above, the condition that ¥(E,,) < oo for some values of n = ng
is necessary.

3. A set function, ¥ is continuous, if it is continuous from above and continuous

from below.

Theorem 3.1: (Ugbebor, 2009)

Every o-additive set function is finitely positive.

Theorem 3.2: (Ugbebor, 2009)
Let W be finitely positive, finite and continuous at the empty set ¢, then ¥ is o-
additive.

Definition 3.8: A measure space (Ugbebor, 2009, Durrett, 2019)

Given a measure p, which is a positive set function defined on (€2, F) and given as:

p: F =R (3.5)
satisfying the following conditions:
L p(g) =0
2. whenever Iy, Fy, E5--- is a class of pairwise sets such that,

WU B = 3 p(E,) (3.6)

Then, the triple (2, F, i) is called a measure space.

Definition 3.9: Probability measure and probability space (Durrett, 2019)

A measure P such that P(£2) = 1 is called a probability measure. The triple
(Q, F,P) is called a probability space where (2 is a sample space, F is a o-algebra,
a subset of (2.

Definition 3.10: A Filtration (Ekhaguere, 2009)
A non-decreasing family F = {F;,0 < t < T} of sub o—algebra of F : F, C F; C
Fr C F for all 0 < s <t <T; where F; stands for information available at time

t then F = {F, : 0 <t < T} is called a filtration which represents information flow.
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Definition 3.11: A Filtered probability space (Ekhaguere, 2009)
Given a probability space (€2, F,P) and the filtration F = {F; : t € [0, 00)} satisfy-
ing the following conditions:

1. Fo contains all the P-null members of F, that is:
P(EF)=0 = EecF (3.7)
2. Fs C F; whenever 0 < s <t

3. F is right continuous in the sense that

Ft+:ﬂfs (38)

s>t

Then, F = {F; : t € [0,00)} is called a filtration of F and (2, F,P,F) is called a
Filtered probability space or a Stochastic basis.

Definition 3.12: A random variable (Ugbebor, 2009)
Given a sample space €2, a real-valued function defined on the sample space €2, such

that
X: Q=R (3.9)

is called a random variable, and X may be discrete or continuous.

Definition 3.13: Distribution function (Durrett, 2019)
The distribution function of a random variable X is given by F(z) = P(X < z),
where, dF(z) = f(x)dz and f(z) is the density function of X

Remark 3.3 (Ugbebor, 2009)
A random variable X : Q — R is said to be integrable if:

/Q)X(w)’dF(w):/R]x|f(x)dx<oo (3.10)

where, w € ()

Definition 3.14: Mathematical expectation/Variance of X. (Durrett, 2019)
Let X € LY(Q, F,P), then the mathematical expectation of X is defined as:

E(X) = / X (w)Pdw) = / X f(z)dx (3.11)
Q R
If X € L*(Q, F,P), then the Variance of X is defined as:
Var(X) = E(X —E(X))? (3.12)
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Definition 3.15: Conditional expectation (Durrett, 2019)
Let X be a random variable with E(]X|) < oo, then for X € L*(Q,F,P) and
F. a sub o-algebra of F, the random variable E(X|F,) is called the Conditional

expectation of X given F,

Remark 3.4: Properties of Conditional expectation (Durrett, 2019)
Let a, 6 € R, X,Y,S,,n = 1,2,---, be R-valued members of L'(Q, F,P): and
Fi1, Fa, F3 be sub g-algebra of F, then the following is true:
1. The conditional expectation is linear:
E((aX + B)|F) = aB(X|F) + BE(X|F)
almost surely.
2. The conditional expectation is positive preserving i.e, for a nonnegative random
variable X,

E(X|F) >0

3. E(1|F) =1, in general, E(c|F) = ¢, where ¢ is a constant.

(a) If X is F-measurable, then E(X|F) = X almost surely.

(b) If XY € LY(Q, F,P) and X is F-measurable, then
E(XY|F)=XE(Y|F)

4. Tower Property
If 7, C F3, then,

E(E(X|F)|F) = E(X|F)
Similarly,

E(E(X|F)|F2) = E(X|F)
almost surely.

5. If S € LY(Q, F,P) and S,, — S in L'(Q, F,P), then
E(S,|F) = E(S|F) e L'Q,F,P)

6. Jensen’s inequality

If f: R — R is convex and f(z) € L'(Q, F,P), then
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F(E(X|F)) < E(f(X)|F)
In particular, since x — |z|P, 1 < p < oo, x € R is convex, then,
HEX|A)p < 11X,
almost surely X € LP(Q, F,P)
7. The random variable X is independent of F iff for every measurable function
g:R—R

such that g(X) € L'(Q, F,F)
E(g(X)|F) = E(9(X))

Definition 3.16: Characteristic function and exponent (Schoutens, 2003)
Let X be a random variable whose distribution function is given as:
F(z) =P(X < z)
The Characteristic function ¢ x(u) of the random variable X is the Fourier-Stieltjes

transform of the distribution.

Thus, ¢¢(u) is defined as:
dz(u) = E(emp(iuX)) = / exp(iuX)dF (z) (3.13)

R
where, i is the imaginary number (i = —1).
The characteristic exponent sometimes called the cumulant characteristics func-

tion.

Y(u) = logk (exp(iuf()) = logo(u) (3.14)
=  ¢3(u) =exp <¢(u)>

Definition 3.17: Stochastic process (Schoutens, 2003, Ugbebor, 2009)
A Stochastic process, X = {X; : 0 < t < T} is a family of random variables
defined on the same probability space (€2, F,P) indexed by a set T C R such that:

X:T — R (3.15)

t— X(t)
i.e

X(t): Q—R?
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tw e X () (w) = X(tw)

Remark 3.5 (Schoutens, 2003)

The following are remarked on the stochastic process:

1. The process X;(w) is said to be measurable if for all w € Q, X (t,w): Q — R is
a measurable function.

2. The process X;(w) is adapted to the filtration F, or simply F-adapted, if X, is
F;-measurable (X; € F;), this implies that the value of X; is unknown at time t.
3. The process X¢(w) is F - predictable if X; € F;, = |J,_, F; which implies that
X, is Fi-measurable that is the value of X, is strictly known before time t.

4. The process X;(w) is Gaussian if for all t; < ty < --- < t; the k-dimensional
random variables are normally distributed.

5. The process X;(w) is a Markov process if for all t; <ty < -+ < 1y,
P<th <2y | Xiy e .g;h) _ P(th < $k|th_1> (3.16)

6. The process X;(w) is said to be integrable if:

/Q X, (w) | dP(w) = /R 2|P(x)dr < o (3.17)

Definition 3.18: A continuous stochastic process (Kyprianou, 2006)
A stochastic process X;(w) defined on the probability space (€2, F,P) is stochasti-
cally continuous or continuous in probability if for every ¢ > 0:
lim P(| X, (w) — Xi(w)] > €) =0 (3.18)
s—t
Definition 3.19: Independent increment of a stochastic process (Kyprianou, 2006)
The increments of a stochastic process X;(w) are called independent if increments
X, — Xy, and Xy, — X3, are independent random variables, whenever the two time

intervals t; <t <ty and t3 <t <ty do not overlap.

Definition 3.20: Stationary increments of a stochastic process (Kyprianou, 2006)
The increments of a stochastic process X;(w) are called stationary, if the probabil-
ity distribution of any increment X, — X, depends only on the length s — ¢ of the

time interval, i.e increments with equal intervals are identically distributed.

Definition 3.21: A cadlag process (Kyprianou, 2006)

A stochastic process X;(w) is called a cadlag process if it is right continuous with
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left limit. That is,

X(t) =lmX(s):  X(t,) = lim X(s) (3.19)
and s<t s>t
X(t) = X(t:)
for t € [0,

Definition 3.22: Jump process (Kyprianou, 2006)
The jump process AX;, of a stochastic process X; with right continuity and left
limits is given as:

AXy, =Xy, — Xi, (3.20)

where, t; is the jump time of the process for i =1,2,...,n

Definition 3.23: Jump size (Kyprianou, 2006)

The jump size of a stochastic process X; is given as:

AX = X(t) — X(t_), t >0 (3.21)

Definition 3.24: A martingale (Schoutens, 2003, Durrett, 2019)

A stochastic process, X = X, :0 <t <T is a Martingale defined on a filtered
probability space (Q, F,P,F), if the following conditions are satisfied

1. X is F-adapted.

2. E(|X¢|) < oo for all t > 0.

3. E(X¢|Fs) = X, almost surely for 0 <s <t

Remark 3.6 (Durrett, 2019)

In the above, the stochastic process X = {X; : t > 0} is a submartingale and
supermartingale if the third condition given above is respectively, E(X;|Fs) > X,
and E(X;|Fs) < X

Definition 3.25: Brownian motion (Kyprianou, 2006)
A stochastic process W = {W; : t > 0} defined on a probability space (2, F,P)
is called a Brownian motion, if, the probability that the process starts at zero is

one that is, P(W, = 0) = 1; it possesses stochastically independent increments
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such that W, — W is independent of W, — W, for 0 < v < u < s < t; the incre-
ment: W, — W is normally distributed with mean zero and variance (t — s) and

both W, —W; and W,_ have the same distribution such that E[W,—W,] = E[W;_,].

Definition 3.26: Geometric Brownian Motion (Kyprianou, 2006)
Let {W; : t > 0} be a Brownian motion, then a stochastic process {X; : ¢ > 0}
satisfying the Stochastic Differential Equation (SDE):

where, X;, =z, ft € R and 0 > 0 is called a Geometric Brownian Motion.
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3.3 STUDY TWO

Basic concepts of the Lévy-process and semimartingales

In this study, the basic concepts of the Lévy-process, its properties which in-
clude the Lévy-Khintchine formula and some very important results are discussed.
The concepts of semimartingales in its continuous form (Svsm¢) and discontinuous

form (Svsm?) are also highlighted.

3.3.1  Basic concepts of the Lévy process

The definition of the Lévy process, its properties, examples and some impor-

tant results of the Lévy process were given below.

Definition 3.27: A Lévy process

A stochastic process X = {X; : t > 0} defined on the probability space (2, F,P)
with Xy = 0 is called a Lévy process if it possesses: independent increments, Sta-
tionary increments, Stochastic Continuity and the C'adlag properties as defined

in definition (3.17) - (3.20) above.

3.3.1.1 Properties of a Lévy process

Here, some very important properties of the Lévy process, which include the
infinitely divisibility of a Lévy process, the Lévy-Khintchine formula and Lévy-Ito
decomposition are discussed. In the sequel, the definition of infinitely divisible dis-

tribution is given.

Definition 3.28: Infinitely divisible distribution (Sato, 1999)

Suppose ¢(u) is the characteristic function of a random variable X. If for every
positive integer n, ¢(u) is also the n® power of the characteristics function, then,
the distribution is infinitely divisible. That is, in terms of X, it means that one

could write for any n:
X=Y"+v,"+. . +y® (3.23)
where, Y;("),i =1,2,...,n are independent and identically distributed (i.i.d) ran-

dom variables all following a law with characteristics function (¢(z))x.
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Example 3.1
The normal distribution ()E' ~ N(p,0?)) is infinitely divisible. That is,

1 2 2

¢uﬁuu¢¥)::Q#W-é—%U">n (3.24)

= (nw)"

where, ¢, (u) is the characteristic function of ¥ ~ N(£, ), given that Yi("), i =

1,...,n are independent and identically distributed random variables and,
X=Y" 4. Y™ ~ N(u,0?) (3.25)

Remark 3.7 (Sato, 1999)

The next theorem gives a close relationship between the distribution of the Léuvy

process at time ¢ and the concept of infinitely divisible distribution as shown by

De Finetti (1992), (see Sato, 1999, for proof).

Theorem 3.3: Infinitely divisible distribution of a Lévy process. (Sato, 1999,
Schoutens, 2003)

Let X = {X;:¢ >0} be a Lévy process, then X has an infinitely divisible distri-
bution F' for every ¢t. Conversely, if F'is an infinitely divisible distribution, then

there exist a Lévy process X such that the distribution of X is given by F.

Theorem 3.4: Lévy-Khintchine formula for Lévy process. (Sato, 1999, Apple-
baum, 2009)
Suppose i € R, o > 0 and v(dx) is a measure concentrated on R\{0} such that,

/(1 A z)v(dz) < oo (3.26)

where, the Lévy triple <u,02, V(dﬂ:)) is defined for p € R. Then, there exist a
probability space (€2, F,P) on which a Lévy process is defined having a character-

istic exponent 1(u), where,

1 ,
Y(u) = ipu + 502u2 + / (1 —e™ — ium1{|$|<1}> v(dz) (3.27)
R
for ¢)(u) as given in definition (3.16) and 1y4<1} is an indicator function with:

/ (1A 2?)v(dr) < oo (3.28)
R\{0}

Equation (3.27) is called the Lévy-Khintchine formula which gives an expression

for the characteristics exponent 1 (u) of a Lévy process.
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Remark 3.8 (Sato, 1999)

From the above, Lévy process can be decomposed into three independent compo-
nents:

1. a deterministic drift with rate p.

2. a continuous path diffusion volatility o2

3. a jump process with Lévy measure v(dx)

Thus, the triple (u, o2, V(d:v)) is referred to as Lévy triple.

Theorem 3.5: Lévy-1to Decomposition. (Sato, 1999)

Given a Lévy-triple (u, o2, l/(d:L‘)) where p € R,0 > 0 and v(dz) is a measure sat-
isfying ({0}) = 0 and [,(1 A 2?)v(dx) < oo. Then, there exist a probability space
<Q, F, IP’) on which four independent Lévy process exist, XM X® X©) gnd X®
where XM is a constant drift, X® is a Brownian motion, X® is a Compound
Poisson process and X is a square integrable (pure jump) martingale with al-
most surely countable number of jumps of magnitude less than 1 on each finite
time interval. Taking X = XM 4+ X® + XG) 4+ X@ then, there exist a probability

space on which a Lévy process X = {X,,t > 0} with characteristics exponent.

o +/R ((eiwf 1 —iua:)l{|z|<1}>1/(dx) (3.29)

wou
2

Y(u) = ipu +
for all © € R is defined.

3.3.1.2 Examples of Lévy process

In this subsection, some examples of Lévy processes with regards to their density
functions were given.

Example 3.2 The Brownian Motion Process. (Applebaum, 2009, Schoutens and
Cariboni, 2010)

The Brownian motion process defined on a probability space (2, F,P) is a Lévy
process W = {W;,t > o} satisfying the following conditions:

1. Wy~ N(0,t) for each t > 0

2. W, = {W,,t > o} has independent increment

3. W, has continuous sample path

4. W = {Wy,t > o} has stationary increments
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It is important to note that the most applied process in financial modelling is
the Geometric Brownian Motion formed from the Brownian Motion (Schoutens
and Cariboni, 2010). The famous Black-Scholes model for stock price dynamics in
continuous time is obtained from this process:

Thus, a stochastic process S = {S;,t > 0} is a geometric Brownian Motion if it

satisfies the stochastic differential equation.
dS(t) = pS(t)dt + oS(t)dW (t), So >0 (3.30)
where, W = {W;,t > 0} is a standard Brownian motion, ;1 and o are respectively

the drift volatility parameters.

Example 3.3: The Poisson Process. (Applebaum, 2009)
The Poisson process N; of intensity A > 0 is a Lévy process which is defined on the
positive integers (N U{O}) given that each Ny ~ m(At) and it’s probability density
at the point N(¢) = n is equal to:

P(N(t) :n> - % n=0,12,... (3.31)
A Poisson process with intensity A > 0 satisfies the following conditions:
The paths of N, are P-almost surely right continuous, left limits.
P(Ny =0) = 1.
For 0 <s<t, N;— N,isequalin distribution to N; — s.
For 0 < s <t, N;— Nyisindependent of {N, :u < s}

SANEE R

For each t > 0, N, is equal in distribution to a poisson random variable with

parameter \.

3.3.2  Concepts of stochastic integrals and semimartingales

The concepts of stochastic integrals and semimartingales in this subsection,

were presented.

Definition 3.29: Finite Variation Process. (Jacod and Shiryaev, 2013)
A stochastic process defined as X = X; : 0 <t < T is said to be of finite variation

on R, if for each t € R, then there exist a finite constant k, such that:
n

S OIX = X < ky (3.32)

=1
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for all finite partition 0 =tg <t < --- <t, =t of [0,1].

Definition 3.30: Stopping Time. (Protter, 1992)
Given an adapted, C'adlag Stochastic process

X: Q=R (3.33)
and the filtration F;. Then the random variable
T(w) =inf{t > 0: Xy(w) € F;} (3.34)

is called a Stopping time.

Definition 3.31: Stopping time o—algebra (Protter, 2005)
Let 7(w) be a stopping time, the stopping time o—algebra F, is defined as:

{peF:pn{r<t}e F,Vt>0}

Definition 3.32: A Square Integrable Martingale Let X be a martingale as given
in Definition (3.24) in this thesis with X, = 0 and E(|X?|) < oo, for each ¢t > 0
then, X; is called a Square Integrable Martingale.

Definition 3.33: Uniformly Integrable Martingale. (Protter, 2005)
Let (X,)nea be a family of some random variables, it is said to be uniformly

integrable if:

n—00 n

lim <Sup / anyd]P> —0 (3.35)
| Xn|>N

Theorem 3.6 (pg. 9, Protter, 2005)
Given that X; is a right continuous martingale, then, {X;};>o is said to be uni-
formly integrable if and only if ¥ = limyc,, X; exist almost surely where E(]Y]) <

oo and {X;}i>0 is a Martingale.

Definition 3.34: Local martingales (Protter, 2005)

Let 1 < 7 < -+ be a sequence of increasing stopping times satisfying
lim 7,, = 400 almost surely
n—oo

and

Xy A Tplir,>0)
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(where t A 7, is min(t, 7,)) which is also a stopping time) is a uniform integrable
Martingale for all n. Then the adapted C'ddldg stochastic process { X, }>o is called

a local Martingale.

Definition 3.35: A simple predictable process (Lamberton and Lapeyre, 2011)

A process (P;):>o is called a simple predictable process if it can be expressed as:

P, = Polyoy(t) + > Pi 1(r, (1) (3.36)

i=1
where, 0 =7 < 7, < --- < 7,41 < 00 is a finite sequence of stopping times and
P, is F;,_ measurable and bounded <H € Fi,_, and E(|P)]) < oo) almost surely,

0<1<n

Remark 3.9 (Protter, 2005)
Note that in the above definition, 7, = 75 = 0 implies that there is no difference

between the stopping times 7y and 71. Equation (3.36) can also be expressed as:

5 Pl = 2100 - 1,00 (3.37)

Definition 3.36: Stochastic integral of a simple predictable process (Lamberton
and Lapeyre, 2011)
The stochastic integral of a simple predictable process { P, };>¢ is given as the con-

tinuous process I{ P, };>o defined for any 7 € (7%, 741

I (P), = /0 Pdw, (3.38)

Definition 3.37: A Total Semimartingale (Jacod and Shiryaev, 2013)
A process {X,} is called a Total Semimartingale if X is a C'ddldg, adapted and

I (X}) is continuous

Definition 3.38: A Classical Semimartingale (Jacod and Shiryaev, 2013)
A process {X,} is said to be a continuous semimartingale if it can be decomposed

into two adapted, C'ddlag process M; and A; where X, is given as:
Xt == Mt —l— At (339)
where A; is a locally finite variation process and M, is a local martingale with

A(0) = M(0) =0
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Definition 3.39: Stochastic volatility semimartingale (Jacod and Shiryaev, 2013)
Stochastic volatility semimartingale (Svsm) which is referred to as Brownian semi-
martingale by Barndorff-Nielsen and Shephard (2006) is a semimartingale X; which
can be decomposed into two adapted and C'ddldg processes: X; = M; + A; where,
M, is a continuous [to6 stochastic integral of spot volatility process, o; with respect
to the standard Brownian motion W;, that is: M; = f(f o,dW, Given that the spot
volatility process o; > 0 is with paths of finite variation, adapted, Cadldag and
bounded away from zero. Also, A; is continuous, and is the Riemann integral of «;
(drift process), where o is an adapted process with paths of finite variation, that
is, A; = fot asds. The above special kind of semimartingale is said to belong to a
class of continuous stochastic volatility semimartingale (denoted as Svsm¢ in this

thesis). Thus, if X; € Svsm®, then X; can be expressed as:

t t
X = Xo +/ ozsds+/ osdW (3.40)
0 0
where, oy and o; are respectively the drift and the volatility process and W, is

standard Brownian motion process.

Definition 3.40: Purely discontinuous semimartingale (He et al., 2018)
A purely discontinuous semimartingale process X; is a process whose quadratic
variation denoted by [X] are pure jump processes.

That is,
X] = 3 ax?

s<t

where, A X, is the size of jump of the process at time s.

Definition 3.41: Continuous stochastic volatility semimartingale with jumps (Svsm/)
Given that X, is the log return of the stock price with a continuous part Xy
and a part th, That is, X, = X + th, where, X7 € Svsm® expressed as:
X; = fot asds + fg o, dW, and X7 is the discontinuous (jump) part defined as:
th = Zﬁvz(f) (); where N(t) is a simple counting process which stands for the num-
ber of jumps at time ¢t and (); is a non- zero stochastic process. Then, X; is

said to belong to a class of stochastic volatility semimartingale with added jumps
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(X; € Svsm?). Thus,
N(t)

t t
X, =Xo+ / agds + / osdWs + Z Qj (3.41)
0 0 i=1

with the processes: oy, 0, Wy, Q; and N(t) as defined above.
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3.4 STUDY THREE

The realised power variation and the realised multipower variation process

In this study, basic concepts of the realised power variation, the quadratic
variance and the realised multipower variation process are discussed. More so,
the asymptotic properties of the difference of the quadratic variation, the realised

multipower variation and the realised variance were presented.
3.4.1 Realised power variation, quadratic variance and realised variance

Given a positive real constant (r > 0), the description in equation (1.6) on the
concepts of the rt'-realised power variation, realised variance, quadratic variation

and the multipower variation process is employed.

Definition 3.44: The r'"-order realised power variation (Barndorff-Nielsen and
Shephard, 2003b)
The r**-order RPV of the process X; is defined as:

(%]
(Xa}) = AU-D) Z G (3.42)

where, r is a positive real constant A0-32) g the normalization in power variation,

the increasing sequence of discrete times 0 =ty < ¢1 < --- < ¢, = ¢, [£] is an

integer — [%] = n for simplicity, and the log return of stock price at the j**-time
is given as:

’ L |:| th - th—l |:| XjA - X(J'—l)A | (343)

Definition 3.45: The r'"-Order Power Variation (Barndorff-Nielsen and Shephard,
2003b)
The r'"-order variation {X }S") is defined as: the probability limit as A — 0 (implies

n — o0) of the r"-order realised power variation process.

That is,
(X} =P - lim {X}{),
(3.44)
_ (1-
=P- ilgloA Z | X — X(-1a Al
where, 7, AU=2) |z;]", [£] and X; are as deﬁned above.
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Remark 3.10 (Barndorff-Nielsen and Shephard, 2003b)
In the sequel, the convergence results of the above defined process in a class of

continuous stochastic volatility semimartingales (Svsm®) was considered

Theorem 3.7 (Barndorff-Nielsen and Shephard, 2003b)
Let X; be the log returns of the stock price where X; € (Svsm€) as defined in
Definition 3.38. Let’s assume that the drift parameter oy is zero (ay = 0) and the

volatility o; is independent of the Brownian Motion W;. Then,

t
(XN =g [ o (3.45)
0

2ér<f+l)
where, p, = E(jv|") = %,r > 0,v ~ N(0,1), v; are independent and

identically distributed.

Definition 3.46: Quadratic Variation (Barndorff-Nielsen and Shephard, 2002a)
The Quadratic Variation (QV) process of the log returns X, of the stock price is
defined as:

[X]e =P — lim (Z (% - wa)

Jj=1

N (3.46)
—P_ T 12
=Pl ol
J:
where, z; = X;. — X, = X, — X(j_pa since t; = jAfor 0 =ty <t; < ... <
t, =t with max; (jA - (- 1)A> — 0 as n — oo.
Also, the realised QV process [X]a; is defined as:

(3.47)
Z(th - th71 )2

j=1

Definition 3.47: Realised Variance (RV) Process (Barndorff-Nielsen and Shephard,
2002a, Barndorff-Nielsen and Shephard, 2003b, Barndorff-Nielsen and Shephard,
2004). The realised variance (RV) process of the log returns X; of stock price (a
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semimartingale process) is defined as:

x
XIR, =>"a? (3.48)
Remark 3.11
The following theorem shows the relationship between the QV and RV processes.

Theorem 3.8 (Barndorff-Nielsen and Shephard, 2003a)
Let X; € Svsm® with its dynamics given as:

Xy =Xo+ /t osds + /t o, dW, (3.49)
where, A; = fot agds is the drift proocess (a ﬁl[iite variation process) and M; =
fot osdWy is the stochastic volatility process (a Cddldg adapted process). Then
the quadratic variation (QV) process of X; converges in probability to the realised

variance (RV) of X; which is an estimator of the integrated volatility process.

Hence,

[x) & [X]%), =

I Mw

2
25 / ouds (3.50)

Remark 3.12
The asymptotic property of the difference between the RV process and the QV

process is given in the next theorem without proof. See also, Barndorftf-Nielsen et

al. (2006¢) and Barndorff-Nielsen et al. (2006a).

Theorem 3.9 (Barndorff-Nielsen and Shephard, 2003b)
Let X; € Svsm*®, such that, X; = X, —i—fot ozsds—kfot o.dWy, given that the processes
ay, and oy satisfies the following weak conditions (Barndorff-Nielsen and Shephard,
2003b):
1. The volatility process o, is (pathwise) locally bounded away from 0 and satisfies
the property
[x]
lim <A% ; Wi —wp, ) =0 (3.51)

given that w? = fot o2ds for any &; = &;(A) and 6; = 6;(A) such that

0<&E<Hh<A<LEGE<HH<2A<...<E <0, <nA=t
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2. The drift(mean) process oy is continuous, satisfying:

et (fﬁ% A7 aga — %‘m|> <00 (3.52)
Then,
MQM@—MQ
Lv (3.53)

where V ~ N(0,¢rv), w = [, oids and pry = Var(Jv[?),v ~ N(0,1). Thus by

calculation @ry = 2

Theorem 3.10: QV of Svsm® plus jumps (Barndorff-Nielsen et al., 2006a)
Let X, € Svsm’ such that X, is given as:

t t N(t)
X, = X, +/ avgds +/ o dW, + > Q; (3.54)

0 0 i=1
where o is a finite variation process, C'adlag and adapted, o; is locally bounded
away from zero, C'ddldg and adapted, N, is a simple counting process for all ¢ and

Q; is a positive random variable.

Then,

t Ny
[X]y= [ olds+ ) Q3 (3.55)
e

Remark 3.13

The result given in theorem (3.10) indicates that when jumps are added to a class
of continuous stochastic volatility semimartingale process, the quadratic variation
gives the sum of the integrated volatility and the sum of the squares of the jumps

in the process.

3.4.2 Realised multipower variation process

In financial modelling, to determine the right dynamics for a process, a major
feature to consider in any stock process under observation is the “presence” or
“absence” of jumps in the process. In the previous subsection, it was observed that
there is a relationship between the RV and the QV processes in the class of Svsm®

process. The question as to what happens to this process when jumps are added
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to this class was considered in this subsection.

In view of the above, a more robust process- the Realised Multipower Vari-
ation (RMPV) and its asymptotic properties were presented in this subsection.
Considering the discrete observation described in subsection 3.4.1, the (MPV) pro-

cess and its realised version are defined below.

Definition 3.48: Realised multipower variation (RMPV) process
The realised multipower variation process defined on a one-dimensional semimartin-

gale process in its generalised form is given as:
c(t,m,A)

{3y = Al Z Flzj,m). (3.56)
as defined in Barndorff-Nielsen et al. (2006d),,
where 0(r1,...,7) = %ZZ’;I ri, c(t,m,A) = ['/a] — (m — 1) and f(z;,1;) =
T el

were extensively given in Barndorff-Nielsen et al. (2006b) and Kinnebrock and

"' for n > m. The asymptotic properties of equation (3.56) above,

Podolskij (2008). Also, the multipower variation of the process X; is defined as:
the probability limit (as A — 0 = n — o0) of the realised MPV process.

[r1,r2,...,7 T (T1,72,-sTm)
(e — B gim (X))
c(t;m,A) (3.57)
—_P_ T 1-6(r1,...,7m)
P ki%(A Z ij,rl>
with 6(r1,79,...,7m), n and m as defined above.
Remark 3.14

1. The first (1) order particular case of the above defined realised multipower
variation process is the Bipower variation (BVP) process defined for m = 2 as:

{X}[m,rz] Alfé(rl,rz) Z (’mj ’Tl ’$j—1 ’1“2) (358)

=2
with §(ry,72) = 3(r1 +72), n=[£] an intjeger and n > 2.

2. There are other particular cases of the multipower variation process that were
studied in literature: the tripower (TP) variation process, and the quadpower vari-
ation process (QPV) as can be found in Barndorff-Nielsen and Shephard (2006) and
Barndorff-Nielsen et al. (2006a). were shall extend in this thesis the existing re-

sults to particular cases of higher order: m = 5,6,7,8,9, 10 as Pentpower variation

(PPV), Hexpower variation (HPV), Heptpower variation (HV), Octpower variation
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(OPV), Nonpower variation (NPV), and Decpower variation (DPV) respectively in
the next chapter.

3. In the next theorem, the convergence result of a special case of the Bipower
variation (BPV) process, (that is, where r = r5 = 1), which proves robust to

jumps was presented. Given that:

P =P lim D a2 (3.59)
j=2

Theorem 3.11 (Barndorff-Nielsen and Shephard, 2006)
Let X, € Svsm’ such that X, is defined as:

t
X, = / avgds + / o, dW, +ZQ] (3.60)
0

j=1
That is, X; = X¢ + X7, where, X¢ = fo agds + [, o4dW; is the continuous part of

X, and, X/ = Z;V:tl @; is the jump part of X;. Then the (1, 1)-Bipower variation
process is:

0 = i [ o (3.1
where iy = E(|v]) = 22(7) %%, where, v ~ ]\})(0, 1).

Remark 3.15
If X, € Svsm/, then the QV of the process X, is the sum of the integrated volatility
f(f osds and the sum of the squares of the jumps in X; as shown in theorem (3.7).

In summary,

t Ny
[X]t:/o Ust-i‘ZQ?
j=1

and

t
_ 1,1
;mm%>=/%@
0

By subtracting the above two expressions, giveS'
(XTe — 1y Q{X}tl Y= Z QQ (3.62)

Thus, equation (3.62) forms the basis for the BNS jump test method proposed by
Barndorff-Nielsen and Shephard (2006). Details of this method will be discussed

in the next section of this chapter.
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3.4.3  Asymptotic properties of the realised multipower variation process

Having defined the realised multipower variation process in definition (3.48),
the asymptotic properties of the process were presented here. These comprise
the convergence in probability result of the multipower variation process as can
be found in Barndorff-Nielsen and Shephard (2006) and Barndorff-Nielsen et al.
(2006¢), as well as the convergence in law (distribution) result of the difference of
the realised variance and the realised multipower variation process in the class of
Svsm as can be found in Barndorff-Nielsen and Shephard (2006) and Ysusi (2010).

These theories form the basis for the jump test analysis in the next chapter.
3.4.4 Convergence in probability of the realised multipower variation process

In subsection 3.4.1, the realised r** order variation process {X }X)t was shown
to converge in probability to the integrated volatility process. Here, the same re-
sult is given for a generalised multipower variation case via same method used in

subsection 3.4.1.

Theorem 3.12 (Barndorff-Nielsen et al., 2006a, Ysusi, 2006)
Let the process X; belong to a class of continuous stochastic volatility semimartin-
gale (Svsm®) processes, such that Xr is defined on (2, F, P, F) and can be expressed

as:

t t
Xy =Xo+ / asds + / osdWi (3.63)
0 0

where, W, is a Brownian motion process, «; is a locally bounded and predictable
drift process and oy is an adapted, C'adlag volatility process. Then, for oy = 0, the

multipower variation process:

t
rierm] B T1yeee,
(X} ]—>IU’7“1""7,MT¢/ 0y [20017m)) g
0

where,

20(r1, ... rm) = i, e, = E(V]"), v~ N(0,1)
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Proof:
Given that X; € Svsm¢ defined on (Q, F,P,F), W, is a Brownian motion process,
ay is a locally bounded and predictable drift process and o; is an adapted, C'adlag

volatility process. Therefore, for, a; = 0, then:
{Xt={M} (3.64)

Thus, the expression in equation (3.63) based on the Markov inequality condition,

goes to zero as n — 0o (A — 0). That is, the expectation of

t
(MY = (s i) / AR (3.65)
0

goes to zero. Given a simple volatility process o; defined by

k
o = Uile, (3.66)
j=1

where, 0 =1ty <t; <ty <... <t =1and ¢; is F;,_ ,-measurable and bounded.

Then, the stochastic integral of o, is given as:

(o)) = M, = Z (W, — Wi, ) (3.67)

Considering the sub intervals (¢, t1], (t1,t2], .. ., (tg, tx—1] of [0, ], the realised mul-
tipower variation process for { M}, in each of the subintervals is constructed below.
Hence, from the above, the realised multipower variation process { M }Zf;'l"’rm], for

the interval (0, ;] is defined as:

(2] /m-1
T1ssTm —0(7r1,ees”m ri+1
(MY ALS(rern) ( Wy (Wi, — W, ) ) (3.68)
j=m 1=0
where, n' = [%], 0/ >m/ and §(rq,...,7),) = %Z:il T;

Then, the expectation of the above is obtained as:
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[%] i ri+1
Alfé(rl ..... i) < ]E< H ‘wl (Wtj 1 Wtj i— 1) | )
j=m’ =0

since |y (W, — Wy, |)7+ for i =0,...,m — 1 are independent increments and
J— j—i—1 ’ )

Ti+1 )

identically distributed standard Brownian motion, then,

m'—1 m/—1
E( H ‘¢1(Wtj—1 - Wtj_i_l) ri+1) - E( H }V v lj1—tj—i1
=0

=0

where, v(-) ~ N(0,1). Thus,

(2]

({M}[E;l’r ) AL Z ( H |77Z) |Tz+1E< H ‘ m Tigl ))
j=m’
[%] m'—1
-t e [T =)
j=m i=0

Tit1 )

But, t;_1 — t;—;-1 = A which is positive and deterministic for j = 1,...,k and
i=0,...,m—1 (since the subintervals are of equal distance).
Then,
[%} m—1
T1yees Tm —5(T1 4 Tm 20(71 ...y Tm 1y Tm Ty
(M) = ATAT0 ) [ e Adtaer) TT ()
j=m/ 1=0
t
m—1
1T (e 3 e (3.560)
=0 j=m'
m-1 3]
6(r1yees, Tm
= Hor; 1/}% N )A
i=0 j=m'

where, ., = Elv

" and (3.3.28) gives the expectation of the process { M }(A”t’l""r ™)
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for the subinterval (0, ].

Hence, for the subinterval (¢, ts],

m (3]

E({M}X}t;’rm)) _ H,un Z d]fﬁ(h ..... Tm)A (370)
i=1  j=m

To obtain the realised multi power variation for the interval [0,¢], the sum of the

above for all k£ subintervals is taken. Thus,

E({MYRy ) = [ e D o)A (3.71)

m k
. (r1yeemm)\ _ 1s 20(r1,...s"m)
By (O §™) = iy [T S 6200
o . =1 (3.72)
:H/JJTZ/ 0_?6(7"1 ..... rm)ds
=1 0
This implies that:
m ¢
: (r15emm) . 20(7r1 .y Tm) _
lim <E({M}M )) Hu /0 22 ds = 0 (3.73)

which also implies that the limit of the absolute value of the expression in equation

(3.73) is also zero. This implies limit in probability. Therefore,

t (3.74)
=y s b, / o200 ds
0
Under the condition that ay = 0, Then,
gy = {ayge) (3.75)
Hence, from equations (3.74) and (3.75),
m t
{X}gm ,,,,, Tm) _ Hﬂn/ 0_36(1"1 ..... rm)ds (376)
i=1 0
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where, (71, ..., 7m) = 5 >, i pr, = E(|v]) and v ~ N(0, 1)

3.4.4.1 Asymptotic theory for the difference between the RMPV and the RV
process

The linear jump test of the BNS method for detecting jumps in a high frequency
financial data in Barndorff-Nielsen and Shephard (2006) is basically derived from
the asymptotic distribution of a difference between the RV process and a particular
case of the RMPV processes, specifically for m = 2 and for ry = ry, = 1.

The generalised case of the above description was considered here. Hence,
the need to study the asymptotic behaviour of the difference of the RV process
and the RMPV processes with an intention of investigating the robustness of such
processes.

In the next theorem, the asymptotic property of the difference between the
RV process and the RMPV processes is stated; making reference to the working
paper of Ysusi (2006), the work of Barndorff-Nielsen and Shephard (2006) and
Barndorff-Nielsen et al. (2006a).

Theorem 3.13 (Barndorff-Nielsen et al. (2006¢), Barndorff-Nielsen and Shephard
(2002a) and Barndorff-Nielsen et al., 2006a)

Let X; € Svsm®, then as A — 0, and A, =0

1 —m T1yeesTm 2 L
——7——Qu{xﬁ¢ *—MMQ—+MQWMW (3.77)
VA fo otds \ ™

where, ¢ypy) is the asymptotic variance of the multipower variation process

given as: agpy (m v5) = Var(y[2) +327w2, — 3" mCou (2 TI il ). iz =

2, 2mI(mtd) m 2 m—1 m 2 m 2
E(lv|m) = Tz and wy, = Var<H¢:1 |Vi|m)+2 Zj:l Cov| TLZ [valm, TTiZ (vl
Remark 3.16
The asymptotic property of the difference between the RMPV and the RV pro-

cesses will form the basis for the jump test of stock indices data in the next chapter

of this thesis.
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3.5 STUDY FOUR
Basic Methods

In this study, the BNS jump test for stock indices data set, as well as some
stochastic methods for determining the solutions of the dynamics of a Lévy-jump
diffusion models that were used in literature, were reviewed. The above-mentioned

formed the methodology of this work.
3.5.1 The BNS jump test method in stock data

The BNS method for jump test was proposed by Barndorff-Nielsen and Shep-
hard (2006) for X; € Svsm® based on the assumption that the volatility process
o? is pathwise bounded away from zero and independent of the Brownian process
Wr. This method was basically derived from the asymptotic distribution of the
difference between a particular realised bipower variation process: {X }(Alt1 ) and the

(2)

realised variance process [X]A’-

That is, for m = 2, and vy = r9 = 1 then,

-1 _ 1,1 2
A% (N12{X}(A,t) - [X](A,)t> I

X N(o, @pr> (3.78)
\/fot otds
h _ -4 - _ V2
where, pppy = py "~ + 214 5~ 0.6091, yu; = NG

The BNS jump-test is classified into the feasible linear jump test, the ratio-jump
test and the adjusted ratio test. The linear test is based on the result given in

equation (3.78), while the ratio test is obtained by dividing the numerator and the

denominator of equation (3.78) by [X ]g)t to obtain an infeasible ratio test given as:

o 2o
AT (LD g
231 [X}Aﬂg

fgt oid

(Jy otds)?

R N(o, <poV) (3.79)

In a real life high frequency financial data, the quantity fot olds is inestimable and
as such, an estimator for fot olds is needed to obtain a feasible test. Thus by

replacing the quantity fot olds by the realised quadpower variation p;*{X }[Al’;’l’l]
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and fg o2ds is replaced by ul_2{X}(Al’t1). Since,
(%]

t
86 LR < PN PPN [P PN R e / o2ds (3.80)
j=4
and
4] ,
P

(08 =S lasllesa] i [ ot (381)

j=4 0

Then, the feasible linear jump test, ratio test and adjusted ratio test were given

respectively as:

o AT (u%{X}S’P - [X](z?t) 4 (0.0mm0) o)

(ul{X}“l /IX ]f?t -1)

L 4 N(o, prv> (3.83)
J ol ()
AT (xR, - 1) b v(0ome) G5

7maX t7\/{X}[1111 {X}(11)>

where, pppy = py* +2p7% — 5~ 0.6091, 4 = 2

The hypotheses for the test are:
Hy: X, € Svsm® (3.85)
H,: X, € Svsm/ (3.86)

3.5.2  Stochastic formula for solving the dynamics of jump-diffusion models

Here, stochastic formula for solving the dynamics of diffusion and were pro-
cesses, respectively, the Ito's formula for diffusion Process and jump-diffusion pro-
cess were stated. These were given according to: Bichteler and Klaus (2002), Cont
and Tankov (2004) and Oskendal and Sulem (2005); the [t¢’s formulae for diffusion

and jump diffusion processes were stated without proof.
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Theorem 3.14: [t¢'s formula for diffusion process (Bichteler and Klaus, 2002)
Let the SDE of the process {X;}+>0 be given as:

dXt = Oé(t, (J.J)Xtdt + O'(t, W)Xtth (387)

for, t > 0, with initial value Xy = 0 where «a(t,w) and o(t,w) are two predictable
stochastic processes.

Consider a function f : [0,00) x R — R, which is differentiable with respect to ¢
and twice continuously differentiable with respect to x which implies the functions
f(t),0f(z) and 9*f(x) exist and are continuous. Then, the stochastic differential
of the process: Y (t) = f(t, X (t)) is given as:

4y (t) == df (t, X,) = (% +a(t7w)Xtaf(;,xXt)
1 0 f(t, Xy) Of (t, X,)
+ 50'2@, W)XET> dt + U(t, w)XtTtha t>0

Theorem 3.15: Ito’s formula for Lévy- jump processes (Cont and Tankov, 2004)

Let X; be a Lévy process with jumps given in its stochastic integral form:

Xt:XO+/0ta(s,w)ds+/0ta(s,w)dW8+/Ot/Rz/(s,w)N(ds,d:v) (3.88)

where,

~ N(ds,dz) —v(dz)ds if |Z| <R
N(ds,dz) =< _ (3.89)
N(ds,dz) it |Z]| >R

for R € [0,00), where N(ds,dz) — v(dz)ds is the compensated Poisson random
measure of X; and W; is an independent Brownian motion.

Given the SDE of X; as:
dX; = a(t,w) Xdt + o(t,w) X dW; + / Q(t, z,w)N(dt,dz) (3.90)
R

Let the function Y; = f(t, X;) be differentiable with respect to ¢ and twice contin-
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uously differentiable with respect to z, that is (f € C?*(R?)).
Then,

dY (1) = df (t, X,) = (% + a(t,w)%
1 B2 f(t, X,) Of(t, Xy)
+ 502(t, W)w) dt +o(t, W)Tth

+ (f(t, Xom + AXy) — (£, X2))dN;, ¢ >0
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3.6 STUDY FIVE
Basic Models: Stock price models

In this study, two categories of stock price models (dynamics of stock price) as
well as their respective probability density functions were discussed. The first was
in the category of the diffusion models-the Geometric Brownian Motion (GBM)
model as in Black and Scholes (1973a); and the second category was the jump-
diffusion models of different forms depending on the distributions of their jump
amplitude which can be found in Hanson and Westman (2002), Duffie et al. (2000)
and Kou (2002).

3.6.1 Geometric Brownian motion model

Let (©, F,P) be a probability space as given in definition (3.9) and F = {F; :
€ [0,00)} a filtration satisfying the conditions in definition (3.10). Let S; be the

price of stock at time ¢, which evolves according to the SDE:

The above dynamics is termed as the GBM model for the stock price S, at time
t; where Sy > 0, p is the drift coefficient also known as as the expected rate of
return of S and ¢ is the diffusion coefficient (volatility), W; is a standard Brownian
motion with respect to F . The solution of the dynamics given in (3.91) via the
Ito’s formula in Theorem 3.14 can be obtained. Equation (3.91) can be expressed

as:

d
DSt _ b 1 oaw, (3.92)
t
— d(InS) = pdt + odW; (3.93)
Let u(t, S;) = In S then, Gu—0, %% =1 and gs% =

Thus, by the It6’s formula (Theorem 3.14),

u(t, Sft) _ u(to,Sto) / (gt + ggs _f2 aS2>dt —l—/ f—th (394)
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~ 2
S, = Soea:p((u — %)t + OWt) (3.95)

Suppose, u ~ N(u,0?), then the probability density function of u is given as:

) = - 127Te£(“;“)2;u € (—00,00), 1 € (—00,00) & >0 (3.96)

The lognormal pdf of the stock price S; can be obtained as follows:

fw)du = g(S,)dS, —> 9(St) = 5 (3.97)

Let, u = InS; and du = ‘% in equation ((3.96)),

EA— )
I Govan

(3.98)

3.6.2  Jump - diffusion models

Models derived from the diffusion process like the GBM model upon which
the famous B-S model was built, have some deficiencies.

The distribution of the GBM model is a normal one; and this contradicts the
empirical log returns of most financial data obtained from the stock market; it is
always found to be negatively skewed (asymmetric) and with sharp peak (leptokur-
tic). In the B-S model, the implied volatility is found to be a constant instead of
a convex function of a strike price that looks like a "Smile” (Synowiec, 2008). Also
the GBM model is devoid of jumps, but most financial data in reality present jumps
in their price processes.

In order to take care of the above-mentioned deficiencies of the GBM model,
many efficient models were suggested in the past few years. These models include
the jump - diffusion models like the AJD model in Duffie et al. (2000); which
was able to capture the leptokurtic property of the process. A special form of the

AJD model is the normal JD model given in Hanson and Westman (2002). Others
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include the Merton model in Merton (1976); Double exponential jump diffusion
(DEJD) model in Kou (2002) and Uniform Jump Diffusion (UJD) Model (Hanson
et al., 2004).

A review of two of the above-mentioned, considering the densities of the log re-
turn of the stock-price process subject to the distributions of their jump amplitudes

were considered.

3.6.3  The normal jump-diffusion model

The dynamics of the stock price S, (when jumps are present), defined on a

filtered probability space (2, F,P,F), were given as:
dS; = pSydt 4+ 045, dW, + S;.J(Q)dN, (3.99)

where, Sy > 0, p is mean return rate of the diffusive process, o, is the diffusive
volatility, W; is a standard Brownian Motion, N, is a Poisson process with respect
to the filtration F having a constant jump rate n, and J(@);) is a non-constant jump
amplitude. Note that in equation (3.99), the random variables, W;, N; and J(Q)

are independent, and the jump process in the model is given as:

Nig—ty

to
/ Qj dNt Z J Qj to >t (3100)
t1

such that the Q’s are i.i.d random variables, the pdf of N; is

()\t)kefz\t

- (3.101)

P(N, = k) =
The solution of the SDE with jumps in equation (3.99) via the Ito’s formula for

jump-diffusion given in Theorem (3.15) can be determined.

Thus, equation (3.99) can be written as:
dSt

t

= pdt + odW, + J(Q)dN,

—  d(InS,) = pdt + o4dW; + J(Q)dN; (3.102)
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Let, u(t,S) =InS, = — =0,— = — and — = —
x
Thus,

s , S
d(ln St) (O + /.LStg — O' 2 52 )dt + oS- gth + In Qt

2

d(ln S) = (u — %)dt +odW, +1nQ,
Integrating over (t,t + At) gives

~ 2 Nt
InSpnc=InS, + (1 — %)t t oW+ > I,

=0
— ln(StJfAt) = (u— )t + oW, + i InQ;
St 2 par;

For the interval (0,t),

3, = Soe(u—gag)t+adwt+z?;0 InQ;
Moreso, upon integration of equation (3.102), (3.103) was obtained as follows:
A(ln S;) = (u — %ag)m + 0aAW, + QAN (3.103)
where,
A(lnS;) =In S ar —In S,
AWy = Wipne — Wy
AN, = Nyia; — N,

At is a small increment change in time. It is clear from the above that the densi-
ties of the price process in equation (3.99) and the log returns process in equation
(3.103) are basically determined by the distribution of the jump amplitude Q. In the
next theorem, the probability density function of the process in equation ((3.103)),

when Q is normally distributed as in Hanson and Westman (2002), was stated.

Theorem 3.16 (Hanson and Westman, 2002, Synowiec, 2008)
The probability density for the jump-diffusion log return A(In S*t) is given by
1
ZM (AAO(;, (1= 50R)AL+ ik, oAt +07k)  (3.104)

At

where z € R; ]P’k()\At) =P(NVy = k) = %, and the normal density ¢ is
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given as:
1 —(X—Hj)2

9o,(x) = dlx; pj,07) = WeT (3.105)

3.6.4  The double exponential jump-diffusion model (The Kou model)

In the next theorem, a particular jump diffusion driven by a double-exponential
distribution was considered; this is called the Kou Model. The difference between
the normal - jump diffusion process (model ) and the Kou model is that the upward
trend of jumps and the downward trend of jumps are treated separately in the Kou
model such that the mean intensity of the upward jump and the downward jumps

are respectively n_ll and n%

Theorem 3.17 (Kou, 2002, Synowiec, 2008)
The probability density for the double exponential jump-diffusion log return A(In S;)
is given by

1/ 2
famsy (@) = 10_\/AA—Att¢<x (MU\/ALE%)N) + AAE (M (@5 1, 04,1, 12, 15 0))
(3.106)
where,
M(:)Z) :pnlel/z"ﬁUQAte* (x* (ﬂ*1/202)At)771q) ($ - (:U - 1/203>At + 7710621&5)
oV At
+ q77261/277§U2Ate(r— (#—1/202)At)172(1) (33 —(p— I/ZJg)At + UQUz%At>
oAt

(3.107)
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CHAPTER FOUR

RESULTS

4.1 Preamble

The main focus was to develop models that best fit the dynamics of stock price
processes obtained from the stock markets when jumps are detected.

In this chapter, the results for detecting jumps via models from the asymptotic
theories of particular cases of the realised multipower variation (RMPV) process
in the Nigerian All Shares Index (NASI), Japan stock Indices, and the UK stock
Indices data were obtained. These results comprised the asymptotic theories for
particular cases of the RMPV process, the convergence in distribution (law) of
the difference of the realised variance (RV) and particular cases of the RMPV
process. To achieve the aim, the asymptotic variances of the particular cases that is,
YRBV, PRTV, PQPV, PPV PHPV, PHpPV, Popv, PN PV and pppy respectively for the
realised bipower, tripower, quadpower, pentpower, hexpower, heptpower, octpower,
nonpower and decpower variation processes were calculated. Then, the jump test
models from the asymptotic properties of the particular cases of the RMPV process
were also developed; these results were the extensions of the results in Barndorff-
Nielsen and Shephard (2006), Barndorff-Nielsen et al. (2006a) and Ysusi (2006).
The results enabled us determine more robust models than the existing BNS jump
test method in literature. It was later established that the empirical data sets of
the stock indices process present jumps, as could be seen in the plots of the stock
indices processes.

Most of the existing jump-diffusion models in literature are driven by their
exact analytical solutions, useful for Option Pricing. However, the motivation here
was based not only on exact or closed-form solutions, but also on the consistency
or compliance of models to the market price process. Hence, a family of skewed
jump-diffusion models, with non-zero location parameters and scale parameters

for upward and downward measures of the random jump processes was consid-
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ered, for the dynamics of the stock’s log returns price process. Therefore, new
models that belong to the family of the skewed jump-diffusion models, namely:
the Asymmetric Laplace jump-diffusion (ALJD) and the modified double Rayleigh
gump-diffusion (MDRJD) models for the stock price process were proposed. The
upward and downward random jump processes’ measures were assumed to obey
the asymmetric Laplace distribution and the modified double Rayleigh distribu-
tion with probabilities: p and ¢, where p,q > 0;p + ¢ = 1. The probability density
functions were derived via the convolution of densities for the log returns dynam-
ics, and the Lévy-Khintchine formulae were obtained for the models, which were
useful for the computation of moments of the processes. Also, given the log return
processes’ probability density functions, the optimal values of the parameters in
the models were determined via the maximum likelihood estimation method.
Furthermore, owing to different values of the jump threshold, and by compar-
ing the models’ simulated densities with the densities of the empirical log returns
of the stock indices data, a goodness of fit test to determine the best fit to the
market was carried out. These models were compared with the Geometric Brow-
nian Motion model in Black and Scholes (1973a), the symmetric Jump diffusion
model (Merton’s model) in Merton (1976) and Hanson and Westman (2002), and
the asymmetric jump-diffusion model (Kou’s model) in Kou (2002) to ascertain
their compatibility with the dynamics of the stock price indices process obtained

from the market.
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4.2 STUDY ONE

Asymptotic properties of particular higher-order cases of the realised multipower
variation process

The asymptotic properties of the realised multipower variation process in its gen-
eralised form were extensively discussed in chapter three in this thesis. Let the
log return process X; be in the class of the continuous stochastic volatility model
(Svsm©), then as A — 0

A_1/2

—m T1yesTm 2
A (g - 02
fo olds

tends in law to N(0, prapv)

where,
ey = Var([v?) + ", — 2mpn Cou (WP T ™) (40)
=0
and

r/2 r
= () = T o) (42)

4.2.1 The bipower variation process

The bipower variation process is the first order of the particular case of the gen-
eralised process, whose asymptotic distribution is given in equation (4.1), that is,
for m = 2. That is, the particular case of the following convergence result was

considered:

A_1/2

_ L
— (uﬁ{X}S:P - {X}iﬁ) % N(0, ¢rav) (4.3)
o 0lds

In equation (4.3), the value pguypy(r1,72,2, ;) is the asymptotic variance of the

realised bipower variation process given as:

Orpv = Y1+ By tws — 207, (4.4)
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where,

= Var(|y|2)
Ay = 2001)<|l/|27 |V1||V2|>
Wi = Var<|yl||1/2|> + 2COU(|V1||V2|, |V2||V3|>

2r/2D0(r/241/2)
N

For Var(A) = E(A?) — (E(A))?, Cov(A,B) = E(A- B) — E(A)E(B) and py = 1,
Then,

Given that v;s are independent, v; ~ N(0,1), and u, = E(|v]") =

o= Var(\z/\z) =2

4o = 2Co0 (v, Il val ) = 2(pusper — pai?)

(4.5)
W2 = Var(]ylHV2|> + 2COU(|V1H1/2|, |y2|\y3|)
wy =1 = 3py + 24
Thus, from equation (4.4),
_ 4 -2 ~
Yrpy = Ky +2p;° — 5~ 0.60907 (4.6)

4.2.2 The tripower variation process

Given the tripower variation process, the convergence result of the difference

of the realised tripower variation and the realised variance is given as:

A71/2

ft ods

@ﬁmﬁﬁmm—wﬁQiwaW> (4.7)
0

where, prry is the asymptotic variance of the realised tripower variation process

defined as:
YrTvV =N + /~L2_/63W§ - </~02_/33“AY2 + NQ_/?552)

Since, y, = Bg, Then,

YrTv =" + Ng_/ﬁgw?% - 2#2_/33% (4.8)
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where,

. 2/3 2/3 2/3
72:3Cov(y2,yl/ 1/2/ V3/)
3 3 4 3 5

Wi = Var(H ]Vi]2/3> + 2C’OU<H ARG H |1/i|2/3> +QC’OU<H PARGS H \Vi\z/?’)

i=1 i=1 i=2 i=1 i=3
Calculating 4 and w3, gives:

Yo = 3Cov (Vz, H |Vi|2/3> = 3(#8/3#3/3 - Mg/:a)
=1
wi = Mi/g - ,ng/g + 2(/%21/3/@/3 - Mg/y,) + 2(#4/3#3/3 - Ng/?,)
Thus, from equation (4.8),

PRTV — N4/3M;/23 <Mi/3ﬂ;;§ + 2#4/3#5/2:)) + 2) — 7~ 1.0613 (49)

4.2.3 The quadpower variation process

The convergence in distribution (law) result for the difference of the QPV and

RV process for 1 =1y =13 =1y = 1/2 and m = 4 is obtained as:

A2 - 1/2,1/2,1/2,1/2 2) | L
—— (ul/é{X}xé MR | 5 N0, orgy) (4.10)
\/ Jy olds
where,
PrQV = A1+ 1y swi — 2115 5 (4.11)
Thus,
1
Ay = 4Cov (1/2, H |VZ'|1/2) (4.12)
i=1
1 4 5
Wi = Var(H |VZ-|1/2) + QCOU<H v M4, H |Vi|1/2)
i=1 i=1 i=2
1 6
+ 20()@(1'[ VAT |yl-|1/2) (4.13)
i=1 i=3
4 7
+ 2COU(H VAT |,,Z.‘1/2)
i=1 i=4
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Calculating 4, and w?, gives:

Y2 = 4Cov (M5/2N€’/z - M%/z)
Wi = py = 15 gy 2033 jg — 18 0) + 20031 jg — 13 s0) + 20015 o — 113 12

Hence, equation (4.11) becomes:
a3 6 2 4 —2 ~
PRQV = M1l ) (“1“1/2 + 2010y + 21 py y + 2) — 9=~ 1.37702 (4.14)

4.2.4 The pentpower variation process

Definition 4.1: The pentpower variation process
1. Realised pentpower variation Process: The realised pentpower variation pro-

cess (RPPV) is an estimator of the pentpower process (RPPV) and is defined as:

c(t,5,A)
{X}(AT‘}t,T‘2,...,T5) — Alfé(rl,.‘.ﬂﬁ) Z f(xj, 7"1')-
7=1

Ti+1

where, f(z;,1;) = Hj;l:o ‘xjﬂ
2. Pentpower variation (PPV) process is defined as the limit of the realised pent-

power variation.
(r1,-e0575) . (r1,r2,...,r5)
(X3 =P = m {7 (4.15)
where, P — lima_,o denotes probability limit of the sum.
The realised pentpower variation process RPV is a particular case of RMPV pro-

cesses. The convergence result of the difference between the RPV and RV process

is obtained from the generalised form in equation (4.1) as: (for r; =2/5,m = 5).

AL/ _ 2/5,2/5,2/5,2/5,2/5 2 L
T <ﬂ2/55{X}(A,/t BB _ {X}(A,)t — N(0, ¢rpv) (4.16)
fo otds
where,
_ A 10 2 —5 2
PRPV = 1+ flg/5Ws — 2/ 572 (4.17)
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and

5
Ay = 5C'ov<|yi2|7 H |Vi|2/5>
i=1
5 5
_ Var(H |yi|2/5) + 2OOU(H W% |y 2/5

=1 i=1

)
+200v(H|y2|2/5 H|V|2/5)
+QCOU(H|VZ|2/5 H|V|2/5)
+2OOU(H|V,|2/5 H|V|2/5)

The values of 45 and w? were calculated to obtain:

Yo = 5(#12/5#3/5 - Mg/5) for (p2 =1)

wi = Ni/5 - M%(/)s + 2(#3/5#3/5
— ti)5) + 201 st — 1a)s) + 2013 51155
— 13)6) + 2(pass ity s — Hys)

Therefore, equation (4.17) becomes:

PRPV = 4/l (ui/w;/% + 200 kg5 + 24 sh s + 2papshs + 2) — 11 ~ 1.60534
(4.18)

4.2.5 The hexpower variation process

Definition 4.2: The hexpower variation process
1. Realised Hexpower Variation Process: The realised Hexpower variation process

(RHxV) is an estimator of the Hexpower process (HxV') and is defined as:

{X}(rl,m, A1—5(7‘1 ..... r6) Z f(xj7/r’i)'

Ti4+1

Wherea f(x]a ri) = H?:O ‘xj-f-l
2. Hexpower variation (Hx V') process is defined as the limit of the realised Hex-

power variation.
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{7 = P = lim XG0 (4.19)

where, P — lima_,o denotes probability limit of the sum.

4.2.5.1 Asymptotic property of the realised hexpower variation process

The convergence in law result for a particular case of the RH,V process was
obtained here, for r; =1 = ... =rs = 1/3 and for m = 6.

Thus,

Afl/Q

ft - <N1/3{X} (1/3,1/3,1/3,1/3,1/3,1/3] {X}f,)t> L N(0, R, v) (4.20)
o 0lds

where, prp, v is the asymptotic variance of the convergence result of the difference
between the RHxV and the RV processes.
Thus,

PRIV = N1+ 159 — 20 5 (4.21)

where,

6
45 = 6Cou (1w, TT Iwi"”)

i=1

¢
= var(gwﬂ?’) +2COU(H\V /3, H|V %)
+2COU(H\% j1/3 H|V |1/3)

+2COU(H\% /3 H|V %)

+2cov( )

(11 )

|I/|1/3 |l/|1/3

+2Cov|

|y1|1/3 H |V |1/3
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Upon solving, the values for 4, and w? were obtained as:

Yo = 6(#7/3#?/3 - M?/s) for (2 =1)
Wg = Ng/3 - Mﬁs + 2(#3/3#%/3
- M%?:a) + 2(#3/3#%/3 - Ni?:@) + 2(#3/3#?/3
— p1y3) + 2(p 514 3 — H17s)
+ 2(#2/3#%(/)3 - M%?s)
Thus, substituting into equation (4.21) it follows that:
R Y oy (Mg/guf/lgo + 24t 117y + 2t s )
20 b+ 24yt + 2) — 13 % 1776889 |

4.2.6 The Heptpower variation process

Definition 4.3: The Heptpower variation process
1. Realised Heptpower Variation Process:. The realised Heptpower variation

process (RH,V') is an estimator of the Heptpower variation (H,V') process and is

defined as:

{X} (r1,r2,...,r7 Al—é(rl ..... r7) Z f(wjyr’i)'

Ti4+1

where, f(z;,1;) = H?:o ‘:UjH

2. The Heptpower variation process is defined as the limit of the (RH,V’) process

given as:

(X3 = P — lim { X} (4.23)
A—0
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4.2.6.1 Asymptotic properties of the realised heptpower variation process

With reference to theorem (3.11), and for the RH,V process,

Afl/Z
< 2/7{X} (2/7.2/7,2/7,2/7,2/7,2/7,2/7) {X}f?t> L N(O,SORH,,V) (4.24)

\/ f(f otds

where, @prp,v is the asymptotic variance of the convergence result of the RH,V

process. Now, the value of the prp,y was obtained as follows:

PRIV = 1+ Hyjr W7 — 205 (4.25)

where,

4o = 7Cou(|V2), H i)
Var(H|1/Z|2/7) +2COU(H\M\2” H|vz|2/7)
12Cov (HW” HW”)
+2COU(H\V¢\2/77H|V1'|2/7>
+2000(H|m|2/7 H|u 7)
+zcov(H|y 7, H|u 27)
+2@w(ﬂl|y,-|2/7,111|w|2”)

To obtain ¢rp,v in equation (4.25), the values of 41,42, and w2 were computed to

get:
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=2

F2 = 7(#16/7#2/7 - u%m) for (ua =1)

Wi = piyr — Hajr + 2l atizsg — fiz7)
+ 2(#2/7#3/7 - N%??) + 2(#3/7#3/7 - M%A;?)
+ 20115 7117 — tayr) + 2003 ol )y — 1))
+ 2(pas7hin )y — Ha)7)

Thus, it follows from equation (4.25) that:
CRH,V = Hd4/7}by, /27 (MZ/WQ_ /172 + 2#2/7#2_/170 + 2#3/7#2_/87 + 2#3/7#2_/67

(4.26)
+ 242 i+ 2y + 2) 15~ 1.910028

4.2.7 The octpower variation process

Definition 4.4: The octpower variation process
1. The realised octpower variation (RO,V') process is an estimator of the octpower

variation (O,V') process and its defined as:

c(t,8,A)
{X}(Ar}t,m,...,v"s):Al—é(rl,...,rg) Z f(xjfri)‘
j=1

Ti4+1

Wherea f('rja ri) - HZ:O ’xj—i-z
2. The octpower Variation (O,V') process is defined as the probability limit of the
(RO,V) process given as:

(X} =P lim X} (4.27)

where, P — lim(.) is as defined above.

4.2.7.1 Asymptotic property of the octpower variation Process

Now, it follows from theorem (3.11), that the asymptotic property of the par-
ticular case of the RO,V process, that is, for m = 8, and r; = 1/4,i = 1,...,8,

gives:
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A2 (1/4,1/4,1/4,1/4,1/4,1/4,1/4,1/4 2
—( DA (2 ) 5 N0, pro,) (4.28)
f004ds

where, pro,v is the asymptotic variance of the convergence result of the difference
between the RO,V and the RV processes.
Thus,

RO,V =T + u;}fw% - 2,uf/84% (4.29)
The value of pro,v, given above, was calculated by finding the values of 43 and

8
Ao = SCOU<|I/Z-2|, H |Vi|2/7>

i=1

s
- Var<g|yi|1/4) +QOOU(H|W /4 Hlu 1)
+2COU(H|VZ /4 H|y|1/4)

+2COU(H|VZ /4 H|V 1)

+2COU(H|VZ /4 H|V )

+2COU(H\% 1/ H|V 14
+2COU(H\% j1/4 H|V |1/4)
| )

+2COU(H VLT |y 1/

i=1

Then, the values of 41,%,, and w? were obtained as follows:
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A= Var([v]*) =2

Yo = 8(#9/4#1/4 - M§/4>

wg = N?/z - M%% + 2(#1/2/1%/4 - N%%)
+ 2043 2174 — 1Ja) + 2003 oY /4 — 10274)
+ 2(/1411/2/151%/4 - N}(/;zx) + 2(#?/2#%94 - M%%)
+ 2(#?/2#34 - Ni(/)’z;) + 2(#1/2#?}4 - N%%

Thus, from equation (4.29) the value of pro,v was obtained as follows:

s = i+ 2
248 ja ) 208 by 2483 bty 2008 ol (4.30)

2 ppf, +2) — 17~ 2.016148

Therefore, equation (4.30) gives an expression for pro,v in terms of s,

4.2.8 The nonpower variation process

Definition 4.5: The nonpower variation process
1. The realised Nonpower variation (RNV') process is an estimator of the Non-

power variation NV process and its defined as:

c(t,9,A)
{X}(Ar}t,m ..... Tg):Al—é(rl,...,rg) Z f(ll’jfri)‘
j=1

Ti4+1

Wherea f(‘rja ri) - H?:O ’xj-f-z
2. The nonpower variation (NV) process is defined as the probability limit of the
(RNV) process and given as:
(r1,-05m9) IERT [r1,r2,...,79]
[} = P lim (X)) (431)

where, P — lim(.) is as defined above.
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4.2.8.1 Asymptotic property of the nonpower variation process

The asymptotic property of the difference of the RV process and the RNV
process, that is, for m =9, and r; = 2/9,i = 1,...,9 was obtained in this subsec-

tion.

ATL2 2/9,2/9,2/9,2/9,2/9,2/9,2/9,2/9,2/9 2 L
; (2/9{X}(/ [92192]9,2]9,209,2/9,2/9,219) {X}(A,)t — N(0, prnv)
f004ds

(4.32)

where, prny is the asymptotic variance of the convergence in law of the difference

of the RNV and RV processes which is obtained as:

YRNV =T+ Mg/g wy — 2/~L2/972 (4.33)
where,
9
32 = 9Cov (|7, T Inl**)
i=1
and

VW‘(H Iz |2/9) +2Cov H PARAS H PRRE

+2C0ov |l/i|2/9 |V |2/9

+2Cov \Vi\Q/g |V |2/9

( )
(11 )
(11 )
acon( [ TT )
+2COU(H\V\2/9 HWQ)
acon( T T )
acon( T T )
2o [ TT )
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4.2.8.2 The asymptotic variance in terms of i,

Here, the asymptotic variance @ gy py of the realised nonpower variation (RNPV)

process given its expression in terms of u,’s was calculated. Recall that:

2T (r/2+ 1/2)
o = Nz

(4.34)
The values of 41,42 and w? in terms of y, were obtained.

Therefore,

=2
Yo = 9(#20/9#2/9 - Mg/9>
wy = Mi/g - M%?g + 2(#2/9#%/9 - Héf/;g)
+ 2(#1/9#3/9 - /ﬁg/;g) + Q(Ng/gﬂg/g - N%s/gg)
2(#2/9#3/9 H2/9) (Mi/gﬂé% - Mé%)
2(#3/9#%/9 N2/9) (Mi/gﬂé?lg - N%%
2(#4/9#%/9 Mz/g)

Substituting the above expression for 41,42 and w? into equation (4.33) gives:

PRNV = Hajoly g (Mi/gurﬁ + 20} ot

+ 24 gl + 2ol + 2Hasolagy T 200k g (4.35)
+ 2083 bty g + 2tajotiy )y + 2) 19 ~ 2.102613

Hence, equation (4.35) gives an expression for ¢ryy in terms of .

4.2.9 The decpower variation process

Definition 4.6: The decpower variation process
1. The Realised Decpower variation (RDV) process is an estimator of the Decpower

variation DV process and defined as:
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c(t,10,A)

{X} 7’177’27 T — A1—5(7‘1,...,7‘10 Z f ZE],TZ

Ti4+1

Wherea f(x]a ri) = H?:O ‘xj-f-l
2. The decpower variation (DV) process is the probability limit of the (RDV)

process and it’s given as:
{2y =P — Tim (XL (4.36)

where P — lim(.) is as defined above.

4.2.9.1 Asymptotic property of the decpower variation Process

Here, the asymptotic property of the difference of the RV process and the
RDV process was obtained. That is, for m = 10, and , = 1/5, ¢ =1,...,10.
Hence, were have that the convergence in distribution of a difference of the RV

and the RDV processes is given for r; = 1/5,i = 1,...,10 and for m = 10 as:

A—1/2
( 1O{X}p/s,1/51/51/51/51/51/51/51/51/5 {X}(A??t)iN(O,goRDv)

fot odds

(4.37)

where, prpy is the asymptotic variance of the convergence in law of the difference

of the RDV and RV processes which is obtained as:

YrpV =71 + u1/5 wiy — 2u1/5 Y2 (4.38)

where,
10

42 = 10Cou (v, T w1

i=1
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wip = VGT(H ml) + 2(10@(1'[ ], H ')
+26’0@(H|uz K& H|y 1)

+2COU(H\I4 K& H|V 1)

+2COU(H\I4 K H|y )

+2000(H\1/1 K H!V )

+20m;( [+ 11 |u )

+200v( [+ 11 |u )

)

)

+200v< |1/|1/5 |V|1/5

+QCOU(H AR H P&

=10

4.2.9.2 The asymptotic variance of the realised decpower variation Process

The asymptotic variance prpy of the realised Decpower variation (RDV) pro-

cess in terms of y,’s was obtained here. Recall that:

2T (r/2+ 1/2)
o = NG

(4.39)

In this case, r; = 1/5,i =1,...,10 and E ., 7 = 2 Thus, the values of 41, 92 and wi,

in terms of u, were obtained.
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Therefore,

Yo = 10(#11/5#?/5 - M%%)
wiy = M;}s - M%% + 2(#3/5#%/5 - N%%)
+ 2(#3/5,“411/5 - N%%) + 2(#5/5#?/5 - H%%)
(H2/5N1/5 M1/5) (N2/5M1/5 M%%)
(N2/5M1/5 N1/5> 2(#2/5#1/5 N%?s
(M2/5M1/5 N1/5) 2(/@/5#1/5 M%%)

Substituting, for 41,42 and w}, in equation (4.38), gives:

YRDV = M2/5M1/5 <u2/5u1/5 + 2@2/5/11/5
+ 2uag 55 + 205 shn s+ 203 sy 2igshngs + 25y (4:40)
b 2413+ Qs + 2) 91 ~ 2.174364

Hence, equation (4.40) gives the value of pgrpy in terms of .
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4.3 STUDY TWO
The jump test models

This thesis considered the stock indices price process as a jump-diffusion model.

As a result, the presence or absence of jumps in stock indices data was first investi-

gated. This was achieved by applying jump test method derived from an extension

of the BNS-jump test to the data. Under the null hypothesis, that the log returns

process belongs to the Svsm® and under the alternative hypothesis, that it belongs
to Svsm/.

Given the above-mentioned, the jump test models for the particular cases of

the RMPV processes from the asymptotic results obtained in section (4.1) of this

thesis, were derived and applied to the stock indices data.

4.3.1 The RMPYV jump test models

In the work of Barndorff-Nielsen and Shephard (2006), three types of test for
jumps based on the (1, 1)-bipower variation process are observed. These are the
linear jump test, the ratio jump test and adjusted ratio jump test. In the case of
the generalised realised multipower variation (RMPV) process {X }Xft’m’""rm), the
linear jump test is based on the asymptotic properties discussed in section (4.1).

That is,

A71/2

ft ods

(MQ/%{X}X;“"M = {X}ﬁl) L N(0, prupy) (4.41)
0

where, praypy is the asymptotic variance of the convergence in distribution of the
difference of the RV and the RM PV processes. Given that {X}f?t EX fot o?ds,
then, the ratio jump test was obtained from equation (4.41) by dividing through
by {X}g’)t = [o o%ds. Hence,

" {X}(A?“}t ..... T™m)
— N(O, 1) (4.42)
1/2 Jo otds
A YPRMPV (L o2ds)?

In this work, real life empirical observations of the stock market indices were dealt

with, which are not continuous in the actual sense, hence, the feasible adjusted ra-
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tio jump test for the particular cases of the model in equation (4.42) were obtained

by the following steps:

1. The values of the component fot olds and f(f o2ds cannot be observed when

working with the discrete data, estimators for the quantities are needed.

2. Let ¢ be the estimator for f(f olds and p be the estimator for fot o2ds where, p

is the realised quad power variation {X }[1’1’1’” process given as:

it Z il ]| pal|s4s] = 1 T Z H 7 (4.43)

=4 =0

q
and the estimator for fo st is the realised bipower variation process {X } At D

given as;

A _ — 1,1
=172 o] = pr{X 3R (4.44)
j=2

3. Now, a feasible ratio jump test for the RMPV model was obtained and given as:

7m{ }(7'1 ..... Tm)
MQ/m—{X}@)t -1
: =7 (4.45)

where, z ~ N(0,1).

4. By Jensen’s inequality, in the feasible test (Barndorff-Nielsen and Shephard,
2003b);

L5

=>1
p?
Hence, the adjusted ratio for the est1mat0rs was employed to get:

/\

max (1, %)
p

Thus, the feasible adjusted ratio jump test for the RMPV model was obtained as

E/TLZ{X}(” """ rm) 1
x3@,
B = (4.46)

©rvpy A2 /max (17 %)

follows:

Equation (4.46) is the jump test model that will be used in this work for particular
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cases, subject to the following hypotheses:

Hy: X; € Svsm®

Hy: X, € Svsm/

Thus, for the BP case, it followed from equation (4.46) that:

py XN
{X}<2)t - 1

Z9 =
pppAY/2, Imax <1, ﬁ%>

where, ppp = 0.6090.

For the realised tripower variation process, were have that:

-3 (2/3,2/3,2/3)
2/3{X} o 1
{X}<2)
23 —

orpAl/2, [max (1, ﬁ%

Where, QPRTP =~ 1.0613
The RQV jump test model is given as:

Mf/42{X}[1/4 ,1/4,1/4,1/4) o
{X}<2)
ALt

©rov A2, /max (1, ﬁ%)

A

Ty =

where, prop ~ 1.3770
The RPV jump test model is given as:

s ; {X}[2/5’2/5’2/5’2/5’2/5]
2/5
{X}(Q) -1

Z5 =
Prrv A2 | max

The RHxV jump test model is given as:

where, prpy ~= 1.6053
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—6 1/3,1/3,1/3,1/3,1/3,1/3
py XY b 1
{x3y%,

T = (4.51)
Qrixv A2 [max (17 > )

p

2>

Where, YPRHxV ~ 1.7769
The RH,V jump test model is given as:

_ 2/7,2/7,2/7,2/7,2/7,2/7,2/7
#2/77{X}[A,/t /7,2/7,2/7,2/7,2/7,2/7] .
R {x3%,

T = (4.52)

)

[

SORHpVAl/2 max (]-7 b

[

Where, YRH,V ~ 1.9100
The RO,V jump test model is given as:

_ 1/4,1/4,1/4,1/4,1/4,1/4,1/4,1/4
<u1/84{X}[A,/t /41/4,1/4,1/4,1/4,1/ /1_1>

. {x3%),
Zs = (4.53)

)

<

SOROpVAl/2 max (]-a b

[

Where, YRO,V ~ 2.0161
The RNV jump test model is given as:

_ 2/9,2/9,2/9,2/9,2/9,2/9,2/9,2/9,2/9
<u2/99{X}[A‘t 19.2/9,2/9,2/9,2/9,2/9,2/9,2/9) _1>

. (X3,
Zo = (4.54)
©rny A2, [max <1, ﬁ%>
where, ppyy ~ 2.1026
The RDV jump test model is given as:
ﬂl_/lg,o{X}E/E’1/5'1/5’1/5’1/5’1/5’1/5'1/5’1/5’1/5]
. | %, !
Zip = (4.55)
©rpy A2, /max <1, 1%)

where, pgrpy ~ 2.1744
Hence, the particular higher-order cases of the RMPV processes have been used to
obtain the jump test models for detecting the presence or absence of jumps in finan-

cial data under the assumption that the log returns obeys a continuous stochastic
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volatility semimartingale process. The models given in equations (4.47)-(4.55) were
the jump test models for bipower, tripower, quadpower, pentpower, hexpower, hep-
tpower, octpower, nonpower and decpower variation processes. It was noted that

the asymptotic variances obtained in each case varied one to another.
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4.4 STUDY THREE

Stock market indices realisation and description

The descriptions of the stock data’s empirical features obtained from the Nige-
rian stock market, Japan stock market, and the UK stock market were given in
this study. The three stock markets were selected based on the following reasons:

The first reason for performing the analysis for these selected countries stems
from the available stock market price data in the exchanges located in these coun-
tries.

These countries have heterogeneous levels of developed exchanges reflected in
the differences in market pricing mechanism, available financial instruments, and
sophistication of trading strategies used by agents in the exchanges, all of which
feed into the observed price in the market. This heterogeneity has been documented
in literature, that is, comparing emerging markets vis-a-vis developed markets (see
Dong et al., 2020 and Jin et al., 2020).

The heterogeneity between UK and Japan based on this dimension might
be small, however, the flow of information that is time-varying can lead to the
transmission of volatility between stock markets. This is not peculiar to these
countries, but such observations between UK and Japan can be very peculiar due
to differences in peak trading period (Tokyo is 8 hours ahead of London).

Although, one might argue that price shocks from published news should affect
all markets at the same time, albeit in different ways because the significance of a
piece of news may vary from country to country. Nevertheless, not all information,
nor the ability to process it, is public. Valuable information is contained in the
prices that other traders are willing to pay. Hence, individuals trading in London
may feel that information is revealed by the price changes in the Tokyo stock
exchanges. These observations of prices driven by micro-structural behaviours of
different agents can lead to differences in jumps that occur at different times. This
will most likely be the case in sophisticated exchanges characterised by different
peak trading times.

The inclusion of Nigeria in the analysis alongside Japan and the UK helps us
examine the differences in jumps between developed and emerging stock markets.
While the behaviour of jumps between Japan and the UK helps us characterise the

differences in jumps as time difference in the propagation of information shocks.
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4.4.1 The Nigerian ASI data realisation and description

The Nigerian All Share Index (NASI) data was obtained from the Nigerian
Stock Exchange (NSE). The sample period was twenty-two-years, from January
2, 1998, to February 21, 2020, which consist of 5334 trading days. The reason
for choosing the All-share Indices (ASI) data was that, it gives a true picture of
the movement of the price in the Nigerian stock market and depicts the general
behaviour of all the shares traded on the Nigerian Stock Exchange daily. Since the
NASI is short of intra-day data, the available NASI inter-day data (that is, one
observation in a day) were obtained. In the sequel, vivid descriptions of the sample
paths of the price process and log returns were given. Graphical descriptions of the

ASI data and its log-returns were presented in Figures 4.1 and 4.2 below.
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Figure 4.1: Price process (gf 9 ) of the Nigerian All Share Index from January 2,
1998, to February 21, 2020

84



Figure 4.1 shows the price process (S]"¢) of the Nigerian All Share Index from
January 2, 1998, to February 21, 2020, comprising 5334 daily observations of the
All Share Indices (ASI). The values of the ASI were found to be relatively high in
the year 2007 and low in the year 2000 and also display a high sense of variability.
There was a drastic decrease in the value of S]"¢ in 2008/2009, this could have been
caused by economic meltdown effect in 2007, Owoloko and Okeke (2014) buttressed
this fact too.
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The plot of the log-returns of the Nigerian ASI was presented in Figure 4.2. It
can be clearly seen from Figure 4.2 that there are small and large spikes of different
sizes, indicating that jumps are likely to be present in the log-returns. This gives
us the motivation to investigate empirically the absence or presence of jumps in
the log-returns and also to vary the threshold of jumps in this thesis. The mean
of the empirical log return of the NASI data is found to be: EVASD = 2.7 x 1074,
the variance is VIWASD = 11363 x 10~*, with a high kurtosis of Q(N451) = 29.31.

NASI) — _(.18423, which depicts negative skewness, the

In turn, its skewness is S
maximum and minimum values of the log returns are found to be X ((ﬁf‘?]) = (.12149
and X (") = —0.1763 respectively. The value obtained for SVASD = —(0.18423,
which falls between - 0.5 and 0.5, shows that the data is highly skewed and for

QWNASI) — 29 31, it is observed to be too peaked.
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4.4.2 The UK stock indices data realisation and description

The data of the UK Stock Market Indices (UKSMI) was obtained from the
ForexTime (FXTM) Global trading platform via https//:www.forextime.com. The
data set comprised of a sample size of 2076 daily closing price observations, re-
stricted to only trading days (excluding public holidays and weekends) from April
23, 2012 to July 6, 2020. Graphical descriptions of the UK stock market data and

its log-returns were presented in Figures 4.3 and 4.4 below.
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Figure 4.3: Price process (S**) of the UK Stock Market Indices from April 23, 2012
to July 6, 2020
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The plot of the UKSMI price process (ka) was presented in Figure 4.3. A
drastic increase in 5’;““ from the year 2012 to the year 2015 was observed. More so,

sudden and spontaneous changes were observed in the paths of 5‘;"‘3.
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The plot of the UKSMI stock price log returns (lnstus;kft) was presented in
Figure 4.4. The descriptive statistics of the UKSMI log returns were given as
follows: EWKSMI) — 48 x 10=°, VWKSMI) — 10629 x 10-2 QUKSMI) — 23 35
SWHSMD — 13436, X7y, = 0.088898 and X(7,/3, ) = —0.12193. Owing to
the values obtained for the above descriptions, it can be clearly seen that the paths
of lnsﬁug—km cannot fit into a normal distribution. Moreso, in Figure 4.4, there are

t

evidences of spikes in different sizes.
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4.4.3 The Japan stock indices data realisation and description

Similarly, the Japan Stock Market Indices (JSMI) data was also obtained from
the same webpage with the UKSMI, as stated in the previous section. The JSMI
data set comprise of a sample size of 2075 daily closing price observations from
July 5, 2012 to July 6, 2020. Graphical representations of the Japan stock market

indices data and its log-returns were presented in Figures 4.5 and 4.6 below.
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Figure 4.5: Price process (S'fp ) of the Japan stock market indices from July 5, 2012
to July 6, 2020
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The plot of the price process (Si¥) of the JSMI was presented in Figure 4.5
above. Sgp was observed to be very low at the early stage of the year 2021 with
some high values in the year 2018. Similar to the observations made on g;"“, sudden
and spontaneous changes are also observed in the paths of gtjp , more in the latter

dates.
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The plot of the JSMI log returns is given in Figure 4.6 and the descriptive
statistics of the JSMI log returns were given as follows: EUKSMI — 4 4 x 1074,
VUSMD = 13814 x 1072, QUMD = 11.233, SUSMD = —0.5635, X(Jiv), =
0.089785 and X((}n;;b}[) = —0.10987. In Figure 4.6, there are more smaller spikes
than larger ones, which is not the case in the Nigerian and UK stock markets.

However, larger spikes were observed in the downward trends of the distribution of

the log returns.
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4.9 STUDY FOUR

Detecting jumps in the stock market indices data

In this study, the jump test models derived in section 4.2 to detect jumps in

the Nigerian, UK, and, Japan stock market indices data were applied.
4.5.1 Jump test in the NASI data via the particular RMPV models

The jump test for the empirical data of Nigerian All Share Index via the mod-
els given in equations (4.47)-(4.55) shall be conducted using a 5%/(0.05) level of
significance. In view of the above, the hypotheses were set as:

H, : X((]AV;‘)SI) € Smsv°

H - X((]AV‘?)SI) € Smsv?

In the analysis, the Rcodes were used to compute asymptotic variance pgypy for
the particular cases, that is O rpv, OrRTV, ORQV: PRPV, PRHYV, PRH,V s PROV s PRNV
and @grpy were computed. The different values of Zm for each of the value of
m = 2,...,10 as given in equations (4.47)-(4.55) as well as their respective p-values
(estimate probability value which was used to reject or not the null hypothesis) were
also computed. Moreso, the realised variance {X }X)t of the NASI data and the
respective " power variation process were calculated. The test criterion: Reject
Hy, If p-value < 0.05. The following results were obtained from the jump test
analysis using the NASI data in the particular RMPV models and were presented
in Table 4.1.
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Table 4.1: Results of the jump test in the NASI data via the RMPV model

{X}X}t """ rm) ©rampv(m, i) Lo p-value {X}(z)t rth RPV

m=2 0.6090 3.8995 | 9.64 e-05 | 0.7251 | 0.6715

m=3 1.0613 8.0285 | 9.87 e-15 | 0.7251 0.5794

m=4 1.3770 8.7791 | 1.65 e-18 | 0.7251 0.5436

m=>5 1.6053 9.3854 | 6.26 e-21 | 0.7251 0.5156

m=>6 1.7769 9.8718 | 5.52 e-23 | 0.7251 0.4932

m="7 1.9100 10.2100 | 1.79 e-24 | 0.7251 0.4765

m=8 2.0161 10.6183 | 2.45 e-26 | 0.7251 0.4594

=9 2.1026 10.9508 | 6.59 e-28 | 0.7251 | 0.4453

m=10 2.1744 11.2778 | 1.69 e-29 | 0.7251 0.4321

Table 4.1 reports the computed results for the particular cases of the jump test
" ORMPV
Zm, p-value, {X }(Az?t, and the RMPV 7" power variation. The particular values of
the asymptotic variances @ gy py are obtained using rcodes in terms of p,. given in
study one. The values of Zom, which range between 3.8995 and 11.2778, represent
the test statistics on a 5%(0.05) level of significance under the null hypothesis (Hy)
of no jump in the NASI log returns. The p-values range between 9.64 e-05 and
1.69e-29, which is the probability of rejecting Hy or not. {X }X)t was obtained as
a constant in all the particular cases,which is the realised variance needed in com-
putation of Z,,. The null hypothesis was rejected based on the shreds of evidence
in Table 4.1 and concerning the p-values obtained, which falls far below 0.05. This

means that there are jumps in the NASI log returns.
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4.5.2  Jump test in the UKSMI data via the particular RMPV models

Similarly, the presence of jumps in the empirical data of the UK Stock Indices
via the models given in subsection 4.3.1 was tested.

The hypotheses were given as:

H,y : X((Zf)SMI) € Smsv°

H, - X((XSSMI) € Smsv?

The jump test on a significant level, which was chosen as 5%(0.05), was carried
out in this subsection. In the analysis, the Rcodes were used to compute asymp-
totic variance @rarpy for the particular cases, given as: Yrpv, r1V, ROV, PRPV
CRHXV, PRH,V, PROV, PrRNV, and prpy. The different values of Zm, were computed
for each of the value of m = 2,...,10 as given in equations (4.47)-(4.54) as well
as their respective p-values (estimated probability value which was used to reject
the null hypothesis or not to reject Hy). Also, the realised variance {X }g?t of the
UKSMI data and the respective r* power variation process were calculated. The
test criterion: Reject Hy, If p-value < 0.05. The following results were obtained
from the jump test analysis using the UKSMI data in the particular RMPV models
and presented in Table 4.2.
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Table 4.2: Results of the jump test in the UKSMI data via the RMPV model

(X3 | erupv(mop) | 7 pvalue | {X}¥), [ " RPV

m=2 0.6090 2.4553 | 5.64e — 04 | 0.5354 | 0.4715

m=3 1.0613 5.0285 | 9.87e — 11 | 0.5354 | 0.3794

m=4 1.3770 5.7791 | 1.65e-12 | 0.5354 | 0.3854

m=>5 1.6053 6.3854 | 6.26 e-15 | 0.5354 | 0.3632

m=06 1.7769 6.8718 | 5.52 e-18 | 0.5354 | 0.3214

m="7 1.9100 8.2100 | 1.79 e-21 | 0.5354 | 0.3154

m=§ 2.0161 8.6183 | 2.45e-24 | 0.5354 | 0.2954

=9 2.1026 8.9508 | 6.59 e-25 | 0.5354 | 0.2623

m=10 2.1744 9.2778 | 1.69 e -27 | 0.5354 | 0.2412

The Table 4.2 shows the computed results of the jump test particular cases in

and the RMPV 7" power variation. The values of Z,, in the UKSMI data ranged
between 2.4553 and 9.2778, the p-values ranged between 5.64e-04 and 1.69e-27,
{X }(AQ?t was found to be 0.5354 in all the particular cases. The null hypothesis was
rejected in all the particular cases based on the shreds of evidence in Table 4.2 and
concerning the p-values obtained, which fell below 0.05. This means that there are

jumps in the UKSMI log returns.
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4.5.3  Jump test in the JSMI data via the Particular RMPV models

Here, the presence of jumps in the empirical data of the Japan Stock Indices
via the models given in subsection 4.3.1 was tested.

The hypotheses were given as

H, : X((ii;\/ff) € Smsv°

H, : X((ii;w) € Smsv?

The jump test on a significant level, which was chosen as 5%(0.05), was carried
out in this subsection. In the analysis, the Rcodes were used to compute asymp-
totic variance @rarpy for the particular cases, given as: Yrpv, Yr1V, ROV, PRPV
CRHXV, PRH,V, PROV, PrRNV, and prpy. The different values of Zm, were computed
for each of the value of m = 2,...,10 as given in equations (4.47)-(4.54) as well as
their respective p-values (estimated probability value which was used to reject Hy
or not). Also, the realised variance {X }g)t of the JSMI data and the respective rt
power variation process were calculated. The test criterion: Reject Hy, If p-value
< 0.05. The following results were obtained from the jump test analysis using the

JSMI data in the particular RMPV models and presented in Table 4.3.
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Table 4.3: Results of the jump test in the JSMI data via the RMPV model

{X}th """ rm) ermpv(m, i) Lo p-value {X}(AQ?t rth RPV

m=2 0.6090 3.4553 | 5.64e — 03 | 0.4554 | 0.4715

m=3 1.0613 6.0285 | 9.87e — 11 | 0.4554 | 0.3794

m=4 1.3770 6.7791 1.65 e-12 | 0.4554 | 0.3854

m=> 1.6053 7.3854 | 6.26 e-15 | 0.4554 | 0.3632

m=06 1.7769 8.8718 | 5.52 e -18 | 0.4554 | 0.3214

m="7 1.9100 9.2100 | 1.79 e -21 | 0.4554 0.3154

m=8 2.0161 9.6183 | 2.45e-24 | 0.4554 0.2954

=9 2.1026 10.9508 | 6.59 e -25 | 0.4554 | 0.2623

m=10 2.1744 11.3178 | 1.69 e -27 | 0.4554 0.2412

Table 4.3 above shows the computed results for the jump test particular cases,

variation in the JSMI log returns. The values of Z,, in the JSMI data range between
3.4553 and 11.3178, the p-values range between 5.64e-03 and 1.69e-27, {X}X)t was
found to be 0.4554 in all the particular cases. Based on the shreds of evidence in
Table 4.3, concerning the p-values obtained, which fall below 0.05, H, was rejected

in all cases. This means that there are jumps in the JSMI log returns.
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4.5.4  Plots showing visible jumps in the sampled paths of the stock market
indices log returns

The empirical evidence of the presence of jumps via the RMPV jump test
models in the stock market log returns has been established in subsections 4.4.1-
4.4.3. The evidence of jumps in A(InS;) were buttressed further by observing
the jumps in the sampled paths of the three stock market indices log returns (see
Figures 4.7, 4.8 and 4.9 below). These observations were necessary to visualise
the upward and downward jumps, in different sizes and enabled us build suitable

dynamics for the log returns.

104



4000
Observations




«©

Jumps in the UKSMI Log returns
©
o>

9.31

9.'

=

A0 1000 1500 20

Observations

Figure 4.8: The jumps in the sampled UKSMI log returns
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The sample paths showing the jumps or discontinuous paths were presented
in Figures 4.7, 4.8 and 4.9. In order to observe these jumps vividly, a smaller
sample comprising 2334 observations was selected in the case of the Nigerian stock
market, as shown in Figure 4.7. The jumps in the price process in the three stock
markets were quite visible as shown in Figures 4.7-4.8. Also, upward and downward
jumps of different jump sizes were observed in Figures 4.7-4.9, showing that arrival
times, jump size and intensities are independent. However, more larger jumps were
observed between 1500 and 2000 observations in the Japan market as can be seen

in Figure 4.9.
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4.6 STUDY FIVE

Generalised asymmetric jump-diffusion processes for stock price modelling

In this study, a family of skewed jump-diffusion models with non-zero location
parameters and scale parameters for upward and downward distributions of the
random jump processes given the dynamics of the log returns of stock price process

was considered.

4.6.1 An asymmetric jump-diffusion model driven by the AL distribution

An extension of a stock price model which is driven by diffusion was considered
here. Let S; be the price of a stock, which satisfies the Markov process defined on
a filtered probability space (€2, F, P, F') such that the dynamics of S, is given as:

dS, = pS,dt + 08,dW, + 5,J(Q;)dN, (4.56)

where, p is the mean return rate of the diffusive process, and o is the diffusive
volatility, W; is a standard Brownian motion, N, is a Poisson process with respect
to the filtration F having a constant jump rate (jump intensity) A; and J(Q);) is
a non-constant jump amplitude (random jump process), where also, the random
variables Wy, N, and J(Q;) are independent. The random jump process above can

be expressed as:

Ct+ay AN
/C J(Qj)dNt = Z J(Qj)7 <t+At — G = AN, (4-57)
t j:l

given that the @);’s are i.i.d random variables, the probability density function of

Nt is

(AAt)keZZ'?(—)\At) (4.58)

P(N, = k) =

The solution of equation (4.56) can be obtained by the Itd’s formula for jump dif-

fusion and is obtained as:

A(ln S) = (u - %&) At + o AW; + J(Q;)AN; (4.59)
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In the work of Kou (2002), the jump intensity A, was assumed as the jump intensity
for both the upward and downward jump processes. However, based on the results
obtained from recent empirical studies in Lau et al. (2019), it was found that the
jump intensities of both processes are independent. Therefore, in this research,
skewed jump-diffusion models with independent jump intensities A} and )\?; with
jump frequencies n(Q}) and n(Q?) for Q% and Q? were proposed.

So,
J(Q)AN, = J@QDANY + J(QHAN] (4.60)
Then, equation (4.59) can be expressed as:

A(ln S,)) = (u - 302) At + o AW, + J(QY)ANY + J(QF) AN (4.61)

4.6.1.1 Asymmetric Laplace distribution and its properties

The asymmetric Laplace distribution henceforth named as AL*(u, 02, k) dis-
tribution according to Kozubowski and Podgorski (2000) and Kotz et al (2001); is
a three parameter skewed Laplace distribution with a location and scale param-

eter which are respectively p and o, its skewness is indexed by the parameter x > 0.

Definition 4.7: Probability density function of the AL*(u, o, k) distribution
The AL*(u, 02, k) distribution has a probability density function (pdf) given as:

con( = Zo-p). oz
f(l’; 0,y "i) = g(l_i_—ﬁﬂg) (462)
con( = La-w). o<

where, 0 > 0, —oou < oco(p € R).

The cumulative density function (cdf) is
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(

1—@6]3}9(—%(13—”)), T2

I

F(z;p,0,k) = (4.63)

ﬁ€$p<;/—g<x - N))7 < p

\

The AL*(u,0?, k) distribution is a flexible and robust kind of distribution and has

some very interesting properties which can be useful in financial modelling.

Remark 4.1
The probability density function of the AL*(u, o, k) distribution given in equation

(4.62) can be expressed as a mixture of two exponential densities (see Kotz et al.,

2001, pg. 172) given below:

f(@) = pronexp(—on (v — 1)) Ljuoo) () + gronerp(oa(r — 1)L ooy ()  (4.64)

k 2k
= =,

_ _1 _ V2
Where? P = 1+K2) qx = (1+x2)? 651 P

Oy = meliZOv pH+QH:1

Note also that P(z < p) = 1 — F(u) = 175 = px, which implies that x controls

the tail probabilities.

4.6.2 The density function of the asymmetric Laplace jump-diffusion process

Considering the processes in equations (4.56) and (4.59), their densities are
majorly determined by the distribution of the jump process @;, which gives the
different types of jump-diffusion models in literature. However, the distributions of
J(QY) and J(QY) was assumed as an Asymmetric Laplace distributions, such that,
QY ~ AL*(pj, (0¥)? k) and QY ~ AL*(u;, (0f)?, k), where, p is the mean of the
jump process, o is the volatility of the jump process and x controls the skewness
of the distribution of the jump sizes, were viewed here. In the next subsection,
the density of the process subject to Q; ~ AL*(u, 0%, k) was obtained. In the next
theorem, the density of the jump diffusion process of the log returns A(In St) when

Qj ~ AL*(u, 0%, k) was determined.
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Theorem 4.1

The probability density of the AL*(u, 02, k) jump diffusion process is given by

~ (1-— )\At) x—(u— %az)At " 201 + apo? At
fA(lnSt)( z) = a\/_ VAL + At| pragAiexp 5

. 2
emp( - (55 - (M a %UZ) At) Oq) ®a ('“J') + C]kcw)\;lexp(zazﬂa +20420 At)
ea:p( - (x - <M - 502) At) 042) @y~ Mj))

where, ®,(1;) and 1 — ®p(p;) = ®p(—p;) are the cumulative normal distributions

of ¥ ~ N(x; (—pgAt) — ayo?At,202At) and & ~ N(z; (—pgAt) + aao?At, 20%At)

(4.65)

respectively at © = p; and v = —p;.

Proof.:
Let S; be the stock price process defined on (€, F, P, F) such that the dynamics of
S, is given by:

dS, = pSydt + oS, dW, + S,J(Q;)dN, (4.66)

where, Sy > 0, u, o0, W; are as previously defined. The random jump process in

equation (4.66) above is given as:
Ct+At AN
| a@pin - > @), (167

Gt

where, {N;}:>0 is a Poisson process with intensity rate A and density

_ ()\At)k?p(AAt) (4.68)

By the Itd's lemma, the dynamics in equation (4.66) can be obtained as equation
(4.59).
Thus, equation (4.59) implies S; = Speaxp(u — s02)At + AW, + 32T Q,

Also, equation (4.59) is approximately:
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A(lnS;) = (u — %O’Q)At + oV AtW, +VQ; (4.69)

where, V' is a Bernoulli random variable such that P(V = 1) = AAt and P(V =
0) =1— AA¢

Hence, the random jump process (); above satisfies:

Q, P = M\At.
ANy p
Y Q= (4.70)
j=1

0, P=1-\At

Thus, the density of the process in equation (4.69), can be expressed as:
fA(lnS't)(x) = (1 - )‘At)th (%) + )‘AthHer (.’K) (471)
From the above, given that X; = (u — 30?)At + cAW, and Q, = Z].A:A{t Q; =
ANE Ay ANE 4
doim1’ QF + 2 " QF, such that

fou(x) = pron Nexp(—an (z — 1)) 100y () (4.72)
and
fou(x) = qraa X exp(an(z — 1)1~ () (4.73)
Then,
fx.(@) = ———ca ( I Gl Ul %02>At>2> _ (x ~(n- %a?)At)
N V2mo2At b 202 At Y N
(4.74)
and

fa.(x) = prenXjexp(—an(w — 1)) Ljue0) () + quaa)] exp(az(z — 1)L (oo (2)
(

4.75)
In equation (4.74), the density fx,(x) is known already, and hence, fx,1q,(x) by

the convolution of densities was obtained. It followed for z € R that:
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l&ﬁ@@w:/wﬁaﬂﬂwm@Mx (4.76)

It followed from the above that:

Y

> 1 (z—a — (p— 30%)At)?
Prate) = [ e - )
(prasfean( — e = 1) o ) @

F masNfeaplaa(s — i) Lw(o) )ds

- [ (= R LTV A
_/w <\/ﬁew <_ 202At PrasNjerp( — on(v — p)) |de

1 1 (Z_x_(li—%Uz)At)Q )
! /OOj <\/ﬁemp (_ 202 At QkOQ)\jE.CI?p( —ag(z — ,Uj)) dr

Y 1 v (z —x— (p— 30%)At)? J
_/uj Vamorag FH e —anle = py) - 202 At !

Z 1 J (2 =2 — (u— 30°)At)?
* /—oo (\/ 27T<72At%a2)\j€xp (_OQ(:U — i)~ 202 At dr

(4.78)

Let the diffusive drift pg = p — %02, then, equation (4.78) is expressed as:

rale) = [~ (Smmmmanen ) )d

10, (r) = ————prai \iex x
xXera v \Vamorap e
15 1
+ — g \lexp (N )dm
/_oo <\/27r02AtQk 2% PN)

where,

20102 At(z — pj) — (2% = 2x(2 — paAt) + (2 — pat)?
M e
202At

and

 2000°At(x — pij) — (2% — 2x(2 — pgAt) + (2 — pgAt)?

N 202 At
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Then,

202 At 202 At

/°° 1 20102 Atz — (2% — 22(2 — pgAt) i
i \V2ro?At 202 At

J —(z — paAt)? 20002 At
T arazjerp < o2at ) P\ T202a

/’” 1 200002 Aty — (2% — 22(2 — pgAt)) i
e \W27 a2 At 202At

—(z — ,udAt)2> (2a1uj02At>

202 At 202 At

/°° 1 —2? + 2z((2 — paAt) — a0?At) g
. wi \V2mo2At 202 At o

d —(2 — pgAt)? 20002 At
T anazAjerp ( 202At rp 202At

/“J' 1 —2? + 22((2 — pgAt) — ano?At) g
Jooe \V2102 At 202At v

Using y* — 2yb = (y — b)? — b? in equation (4.80),

—(z — pdAt)Q) (2a1ujJ2At)

th+Qt (l’) :pkal)\]u'exp <

(4.79)

=proaAjexp (

(4.80)

Frora() =pren ey (G IA ) (20aps0" Al [ (=
Xi+Q¢ k1A 262\t 202 At i /—27TU2At
exp (_ (33 — (Z — MdAt) —~ alazAt)2 _ ((Z — :“dAt) - 04102At)2> >dx

202 At

oo den —(z — paAt)? ” 200 0% At /“f 1
D22 ETP 202 At p 202 At oo \ V22 At
(s — 2AN2 _ (v _ o 2AF)2
exp [ — (x — (2 — g At) + o2 At)? — ((z — pgAt) — ago®At) i
202 At

_ _ 2 2 B B 9 9
=praiAjerp <M) er (M) exp (((Z paAt) — a0 At) )

202At 202At 202At
e 1 (x — (2 — pgAt) — ayo?At)? d —(2 — pglt)?
- _ d 2 —\r T HdmY)
/uj (\/QWUQAtexp ( 202 At CE AR\ Ty

2001502 At ((z — naAt) + g At)*\ [ 1
“rp 202At “rp 202At oo \ V212 At

— (2 — ug\t 2At)?
cap (UL RBY £ M ),

115



200 ot At —2a102 At » ((z — paAt) — ayo?At)?
202At 202 At P 202 At
> 1 (x — (2 — pgAt) — ayo®At)? p
_ d A
/ﬂj ( oy exp ( 902 AL T+ QoA
(—(z - ,udAt)2> <2a2uj02At) (((z — paAt) + OzQUQAt)2>
exp | ——=———— | exp | ————— | exp

th+Qt (l’) :pkal)‘?emp (

202 At 202 At 202 At
/“j 1 (7 — (2 — pgAt) + ano®At)?
——ecap | — dx
oo \ V22 At 202 At
a10? At
=praaAjexp(ayjij)exp(—(z — pgAt)oy )exp ( ! 5 )
/°° < 1 ( (x — (2 — pgAt) — alaQAt)2> )
——eap | — 5 dx
wi \V2mo2At 202 At (4.81)
oAt '
+ masNfeapap)eap((a ~ o) (25 )
/"j 1 ( — (2 — paAt) + apo®At)?
——ecap | — dx
—oo \ V2712 At 202At
200 1 + o2 At
Fx+al@) =pronyeap=H T = cap(— (2 — padit)an)aiy)
(20&2/@‘ + 0420'2At) (482)

+ qkagx\?exp ( ) exp((z — paAt)an)Py(—p; )

2

where, ®,(11;) and 1 —®y (1) = Pp(—p;) are the cumulative normal distributions of
x ~ N(z; (2 — pgAt) — ay02At, 202 At) and © ~ Nay; (2 — ugAt) + ano? At, 202 At)
respectively at © = p; and v = —p;

Putting equation (4.82) into equation (4.71) with p4 = p — 302 gives the desired

result.

4.6.3 The modified double Rayleigh jump-diffusion model

Here, a new model which belongs to the family of the skewed jump-diffusion
models called the modified Double Rayleigh jump diffusion (MDRJD) model for
stock price process was proposed. The distribution of the upward and downward
jump processes are assumed to obey the extended Rayleigh distribution of two pos-
itive parameters (location and scale parameters) with probabilities p,q > 0,p+q =
1. In this case, the jump amplitude is driven by the modified (two-parameter)

double Rayleigh distribution given in the definition below:
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Definition 4.8: Probability density function of the modified double Rayleigh ran-
dom variable
Let Y be a Rayleigh random variable, then the Probability density function of the

modified double Rayleigh random variable is given as:

o) = enp (Y 1) — o e () 1y

where a,b,u >0p,g>0and p+qg=1

4.6.4  The density of the modified double Rayleigh jump-diffusion process

Now, let S, be the price process of the stock, which satisfies the Markov process
defined on a filtered probability space (£2, F,P,F). Consider that the dynamics of

S, is given as:
dS, = uSydt + oS, dW, + S;J(Q;)dN, (4.84)

where, Sy > 0, © the mean return rate of the diffusive process, o is the diffusive
volatility, W; is a standard Brownian motion, /V; is a Poisson process with respect
to the filtration F having a constant jump rate A; and J((Q);) is a non-constant
jump amplitude (random jump process), where also, the random variables W;, N;

and J(Q);) are independent. The random jump process above can be expressed as:

Ci+nt ANt
/C JQ)AN = S J(Q)), Gine — G = AN, (4.85)
t j=1

given that the Q’s are i.i.d random variables, the probability density function of

Nt 1s:

(AAt)Fexp(—AAL)

(4.86)

The solution of equation (4.84) can be obtained by the It6’s formula for jump dif-

fusion and the log returns is obtained as:
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A(ln S;) = (u — %az)At + o AW, + J(Q;)AN, (4.87)

Next, the probability density function of the process in equation (4.87) subject to
the fact that the @Q)’s satisfies equation (4.83) was determined. In this model, the
jump amplitude @); in equation (4.87) was separated into two: the upward ran-
dom jump process ()% with probability p and the downward random jump process
Q? with probability . The processes are assumed to be the modified Rayleigh
distributions of two parameters: Q% ~ MDR(u;,0}) and Q;l ~ MDR(p;, a;l) re-
spectively, given as the upward and downward jump processes with mean rates and
volatilities. Tt is also assumed that @} and Q? are independent and identically
distributed (i.i.d) random variables. The choice of the MDR distribution for the
random jump process is to give a generalisation of a jump-diffusion model which
is skewed with non-zero location parameters for both the upward and downward
jump processes.

Owing to the above-mentioned, the probability density function of Q@ under the
MDRJD model was defined as:

(v — 1)) (—(92;;]' )2) Lu;.00)(Y)

In the next Theorem, the probability density function of the log returns of the

(4.88)

jump-diffusion process when Q satisfies equation (4.88) was derived.

Theorem 4.2
The probability density for the MDR jump-diffusion process is given by

Fatmsoe =~ (’;;Aij%) - (omen (52 (G (152
FOVEID, )~ 1 TR0 ) = aieay (ég - ﬁ) (ﬁexp (—%)
+ 0V TPy (115) — g1, M@b(—ﬂj)))ﬁt
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oUW (g At)+u;0? At n2o2 At 202At0§‘ i Uj-l(udAt)—&-ujUzAt

where, § = 51— p = Lo, U =

(o¥+a2At) (o +02At)’ (o +o2At)’ o (o9+o2At) 7
. 262N 4 202 Atod Y (u—L1o2)At R Y- (u—Lto2)At
L R— =T o= Nl Rl — 25 W39 J)=¢
P=0 d+02At v= (@io?ar) (a;)90< oAt ) and 7 o;.i)‘p< oAt )

Proof.:
Let S; be the stock price process defined on (€, F,P,F) such that the dynamics of
S, is given by:

dS, = pSydt + oS, dW, + S,.J(Q,)dN, (4.90)

where, Sy > 0, pug = p — %O’Q, o, W; are as previously defined. The random jump

process J(Q);) in equation 4.90 above, is given as:

ANy

CtJrAt
/ J(Q;)dN, = ZJ Q)) (4.91)

G

where Nyt > 0) is a Poisson process with intensity rate A and density

_ (AAt)kexp(—IAt)

- (4.92)

By the Itd's lemma, the dynamics in equation (4.90) can be obtained and given as
equation (4.59):

Also, owing to the condition given above for J(Q);),
N 1
A(ln S;) = <u — 502) At + o AW, + J(QY)AN + J(QF) AN (4.93)
This implies S, = Soexp((1 — 202))At + o AW, + Ef:]\{tu QF + Zfzj\lftd QY

Let’s assume that the random jump process satisfies equation (4.70):

Then, the density of the process in equation (4.93), can be obtained via:

fA(lnS't)(x) = (1 o )\At)th (‘T) + )‘AthH-Qt (.CL’) (494)

From the above, given that

1
X =(p— 502)At + o AW,
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and

Then,
1 (q} — (N %UQ)At)Q B €T — (:U' - %02)At
fx. (@) = \/ﬁ%p< 202\t > S0( ov/At )
(4.95)
and

(4.96)
w—p) (=)
e | S 1)
J

In equation (4.94) above, the density fx,(z) is known already, and fx,1¢,(z) was

determined by the convolution of densities, it follows for z € R that:

fxto(z) =G(x) = /_Oo fx(z—z)fo(x)dx (4.97)

(e () (o

exp (_(932%]’“)2) Ly 00 (%) — gA2 (x((;l;;j)exp <_($2+;lﬂ])2> 1(oo,uj)(x)))da;

J

SO S G Gt et 0k 1010 S WY C el 1) Y e Cad T
N - NG J S v VA
Y 27T0'2Atexp < 202 At qA; (0—?)2 exp % X

(4.98)

For simplicity, let the diffusive drift be pug = u — %02, then equation (4.98) can be

rewritten as:
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PA} 1 (2 — = — paAt)? —(x —y)?
_ y _ d
R B e e R e KL
9] / 1 (2 = — palAt)® — (2 — py)*
- _ py)ezp - ey
(09)? J-oc V2mo2 At S 20°At o 20§ ’
(4.99)
PA} / 1 ( (2 =2 — pat)®  (a — uj)Z)
= x — pj)exp | — — dz
( u)2 s «/2W02At< Hs)exp 202 At 20}
A\ (2 =z — paAt)*  (z— )’
_ . _ _ d
(o ) o V2mo2At (= pj)ep < 202 At 20}1 v
| e e vy~ 8 [ Lo e )a
ex r— — —————(z — p;)ex T
( 0i)? J_u, V2ro2 At — e (09)? J_oc V2mo2At H)ep
where,
Vo L a? = 22(z = — paAt) — (2 = — A (= py)°
B 202At 20
and
U— 2 = 20(2 — o — paAt) (2 — = paAt)® (= py)?
202 At 20?
Now, for A; = —xz_QgéizjdAt) — (x;;ﬁf)Q and Ay = _$2—22m£§;;;dAt) — (ngj)z, we have
pAY 1 T — pgAt) >
= — dz
G(z) = (072 \/m xp( 52 AL ) / x — pj)exp (A1)

— q)\;l 1 exr Z _ MdAt / Tr — EexT (/\ ) dx
(09)? Vora?At P\T202ar o u)eap (N

6lw) = (S - mle ()

(¥ s j\(;_— LA (4.100)
_ (a‘.ij)?gp( T )/ (x — pj)exp (A2) dz

1

v (o o (auetonar .
Let, pn = (i;§2<p<z (‘;\/QE mt) and qn = (3;;2(p<z (‘;\/2& mt) in equation (4.100),

then we have:
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o0 22 = 22(2 — pgAt) (v — py)?
G(x) :pn/ (x — u~)exp (— _ uJ ) dx
—u; J 202At 2Uj
| (4.101)
—qn /M] (z — pj)ex —xQ —22(z = palit)  (x - )" dx
qn . Hj)ETP 202 At 20-;1
> ol (@? — 22(2 — paAt)) + o At(z — 1)
Hj . P J 5 9 (4102)
R /u]( ) 0f(v° — 22(z — paAt)) + oAtz — py) d
ai | (= p)erp 207 Ato! !

% ofx® — 200} (2 — paAt) + 220 At — 2xp0° At + pio® At
=pn | (z—p;)exp | — dr

u 202At(7}‘
R /Mj ( ) 05%2 — 2x0§l(z — walt) + 2?02 At — 2z p 0l At + u?aQAt P
77 w T H)eTp 202 Ato v

- (0% + *At)x® — 2y(o¥(x — paAt) + pjo At) + pio* At
=pn (x — pj)exp | — dx

— 202 Ata
g /“J’ (o pyeap | — (0d + o At)x? — 2y(od(x — paAt) + po* At) + 50> At dy
—oo ! 202At0§i
2 (U;L(Z - “dAt) + HJUQAt) plo At
Tt — 2y o R
o0 (of + 02At) (0§ +o2At)
=pn / (x — pj)exp | — 37 AT dx
H (07 +o?AD)
9 (0% (z—pgAt)+u;02 At) ulo?At
~ /',Uj ( ) T = 2 : (0’}.‘+U2Atj) (O'Jd-J—‘ro'QAt) d
— T — piexp | — r
an - Hj)exp 202Ata§-l
(04 + 02At)

For (x 0 (z — padt) + ,uja2At))2 B <a}‘(2 — pgAt) + /LjUQAt>>2 pio® At
o _ (o} + 02At) (of +0%At) (of +0%At)
b 202 Ato!
(0 + 02At)
and
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(x B 0(z — paAt) + ujU2At)2 B (J}j(x — pgAt) + ,MJ-UZAt))Q pio® At
(

o, _ (04 + 02At) (04 + 02At) of + 02 At)
2T 202At0§l
(0§ + 02At)
Then,
oo I
G(x) :pn/ (x — pj)exp (©1) do — qﬁ/ (x — pj)exp (O2) dx (4.103)
Lot g — oi(z — paAt) + po®At)  piotAt g 20% Ato?
T (of + 02At) P (0¥ +02At)" " (0% + 02At)
i 0f(z — paAt) + pjo* At oAt 1o 20%Atod p
B (04 + 02At) P (04 + 02At) e = (04 + 02At) Hi cauiation
(4.103)
Then,
- _ 02— (p)?
G(z) =pn/ (z — pj)exp (—(I ) 3 6) +o dx
—u;
N (o é)2 - (9)2 L (4.104)
- qﬁ/ (x — pj)exp (— 5 p) dx

6’ -\ [ (x—0)°
=pnexp <5) exp (?> /Mj(x — [j)exp (— 3 dx
62 —ﬁ) /w (z - 0)°
—qnexp | — | ex - T — wiexp | — ~ dx
a1 p<ﬁ> p(ﬁ _oo( fj)exp 5

ren(§) o () ([ o (57 e Len (5

02 _/3) /w (x _ é)2 /u]’ (x _ é)Q
—qnexp | —= | ex - exp | — — dr — 1 exp | —— | dz
qnexp (19) p ( ) . Yyexrp 7 i . Y4 D

Let, 2 = (z —6) + 0 and 2 = (z — 0) + 0 be used in the first and third integrals

respectively above, we get:
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G(x) —prexp <9§) cxp (%’) ( /u jo((x —0) + O)eap (-@) dz
T Hy /;O erp <—(

J

(/_: ((x — 0+ 6)eap <_@_T?é)2) dz — i /_: exp <— G 5@)2> d:c>
e (P50 ([ e (<50

J

+9/:O exp <— G ;9)2> dz — p; /:oexp (—("FC—T@?) d:z:)

J J

— ghexp (525[3) (/_Z ((m—é)exp <_@_T@2> dx
+é/iexp (- (x%é)Z) dr — p; /:exp (- (ngéf) dx)

Applying integration by substitution in equation (4.105) to the 1st and 4th integral,

letu:% — dx:ﬁduandv:—% — dz =

S
< | |
S
SN—"
(Y]
~
ISH
8
|
)
>
I
=
S
N
¢o>| Q[i.f
~—
o
=
S
7N
|
<> =
~__

(4.105)

-9
2(x—0)

dv respectively.

Then, equation (4.105) gives the expression below:

G(x) =pnezxp (0219_ p) (/(:] — )2 (z — O)exp (—u) ﬁdu
0

o () [ (52) )

J

(1j — ) (4.106)

— qijexp <é27§_ﬁ> (/_; v ((-’L’—é)%p(v) 2(?:9@)%

A~

—l—é/_iea:p (— (x:f)Q) dr — p /_Zexp (— (x;éf) dx)
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(4.107)
In equation (4.107)
(x o (x — paAt) + ,ujazAt) 2
2 - u
erp (— (x :90) > =exp | — (Z(Z'QZtZ;At) (4.108)

o} + o2At
and

( of(x — palt) + pjo* At

~ T —

(z— 0)2 (04 + 02At)

— = — 4.109

exp ( > exp 207 Al ( )
of + o2 At

Recall that N (z;p,0?) = \/;7633}7( - (xz_g’f)

Thus,
(2 — paAt) + pjo? At
(0} + 02At)
“rp 202At0
o} + 02At
2770'2Ata (Z - #dAt) + ;o zAt <4 110)
“+02At (of + 0%At) '
271'02At0 B Py B 20‘2At0-;‘t
u+"2At of +o2At
_ 2no?Ato . 0(z — palAt) + po* At 2mo*Ato
of + oAt ’ (o} + 0%At) Lot + o2 At
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0'1»"(2 - :udAt) + M]O-2At 2no? Ato¥
h N J _ Z | bability densit
where, (m, (aj” oA ) io7ar ) 15 a normal probability density
o4(z — paAt) + pio? At ro? Al
function with mean —2 (2 = paldt) + 1y and variance %
(05‘ + 02At) oj oAt
Similarly, in equation (4.107),
O';l(Z — ,U,dAt) + ,Usz'QAt 2
x —_—
(04 + 02At)
exp | —
p 202Ata;-1
o} + o2t
27r02At0';‘ T — U;i(z - :udAt) + MjU2At ? (4 111)
o oAt (o + 02At) '

= ————cap | —

27I'O'2At0';i 20—2At0§t
\| oot of + oAt
_ 22 Atol N oz — pgAt) + pjo* At 20%Ato?
o} + oAt ’ (of +0%At) Lol 402t )’

oz — pgAt) + ;0 At 952 p40m
where, IN (x; J ( (a/fid—i— 0)2 ASJ ,j? ﬁi Ajt> is a normal probability density
j
o4 (x — ugAt) + ;02 At o2 Ato
function with mean —2 ( (Uljld_i_ ;2 Agj and variance %
J
But
2w Ato? oz — ugAt) + pio2At  202Ato?
u—ZA]N(x; il /id )QAM] =3 2J ) = VTN (z;0,7)
of + oAt (0} + 0%At) of + oAt
(4.112)
and
2w Ato? oWz — ugAt) + pio2At  202Ato? = JA
u—2AJN (33, ]( /j:d )2Aluj ' 4 2Aj > = 7T'I.9N<.CL', 9,7.9)
o} + o2At (of +0%At) of + oAt
(4.113)

Substituting equations (4.112) and (4.113) into equation (4.111), gives:
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2 _ L 2 e’}
G(z) =pnexp <9 3 p) (gea:p (—%) + OV N (z;0,9)dx
15

[ee] N2 _ A q L N\2
_ Iuj\/m?/ N (x; 9,19)d$) — qnexp (0 5 p) (gexp <—%)
1

A Y A A A n
+t9\/7r19/ N (z;0,9)dx — p;Vr /N ;60,9)d )

=pnexp (02; p) (gewp <—W) + OV TP, (1) — ujmfba(m})
— gnexp (éig ﬁ) (ﬁexp (—%i) + 0V 70Dy (115) — 1y mq)b(—uj))

2
(4.114)
where, ®,(p;) and 1 — ®p(p;) are the cumulative normal distribution of x ~
N(x.0,9) and = ~ N (.0, 9) respectively at x = p; and © = —p;
Thus, it followed from equation (4.114) that

6? — 0 F—0)?
fXiia, —pne:vp< 5 p) (569629 (—%) + 0V TP, (115) — mm%(w))
2 _ s 3 Y _ .
— qnexp (Q 5 p> (ge:vp (—('MJTQ)> + OV TPy (1) — 1V Wﬁ@b(—uj))

Hence, the probability density function of the MDRJD model was obtained as:

L (1=2AY (7 (u—te?)At
fA(lnSt)<x>_ 0\/A_t ( J\/— >

+ <p77€xp (%‘p) (gemp( (s — . i )+9\/_c1> (11;)

_ ,ujmq)a(/ubj)) — qnexp (9219 ﬁ) (gexp <—%+W)

OV Ty (1) — 1 \/ﬁcpb(—uj)) ) At

4.6.5 The Lévy-Khintchine formulae for the ALJD and the MDRJD processes

Next, the Lévy-Khintchine formulae for the AL and MDR jiump-diffusion pro-

cesses was derived.
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Theorem 4.4
The Lévy-Khintchine (LK) formula of the ALJD process is given as:

, 1 Ao Mg
waljd(u) _ z'uu — T2 — ( 3 Pk ‘1 + 3 4k .2
2 ap — 1 g +iu

>e“%‘ + Mg+ Nipe  (4.115)

where, 1 € R and o > 0 are respectively the diffusive drift and volatility, pg, g > 0

u

controls the skewness of the jump measure and AY, )\? are the jump-intensities of

the upward and downward jump processes.

Proof.:

Recall that by for a Lévy- Process X;, given its Lévy triple as (i, 0%, v(dz)); an
expression for the characteristic exponent ¥ (u) = logdx,(u), u € R where ¢x, (u)
is the characteristic function of X;.

Then,

1 .
Y(u) = dup — 502u2 + /R(ew“” — 1 —duzlyfg<y)v(de) (4.116)

In this case, by definition, the ALJD process has finite number of jumps in a finite

period of time. Hence,

Y(u) = iup — %UQUQ + /ﬂ%(eiux — Dv(dz) (4.117)

where, v(dr) = \f(x)
Recall from equation (4.117) above that the Lévy-density or measure of the jump

size of the ALJD process is given as:

M () = Ajpranexp(—ai(x — 15)) 1, oo)(2) (4.118)

+ Nagrasearp(as(r — 115)) 1o, ) (@)

According to equation (4.117),
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Y(u) = iup — %(72%2 + /]R ((e’m -1 ()\;-‘pkalea:p(—al(:c — 145)) 11,00 (2)

# Mnaseap(ale = )l (0)) ) do

1 <
= qup — 502u2 + / (e"* — 1)Aypkale_al(9‘_“ﬂ')d:p
1

Hio
+/ (™ — 1)>\?qka26a2($’“f)da:

1 ~
=iupt — 50"’ + Aipan / (emremm(em) — e dy
Hj
Hj X

—00

1 00 A
:’LUM _ 50’211,2 + A;kaal/ (e—(oq—zu)ac—}—aluj B e_alm‘f'allij)) d
Hj

M .
+ )\?QkOQ / (e(aﬁ“‘)x’a?“j — 2O )
— 0o

_ ef(oﬂfiu):t«HJﬂ,uj + ie*alaH*ale
a1 — U oq

Mg >
—00

, 1
: e—oq—zuuj—l—aluj + _e—Oéluj+(X1Mj
o — o

1 : 1
+ )‘?QkOQ - QM T 02 T X2 T2
Qg +1u Q9

1
=iup — §a2u2 + Afpraa (

OO)
M

e(ag—l—iu)m—ag,u,j . ieagm—aguj
Q9 + U (P

+ )\?QkOQ (

1
=iup — 502u2 + Ajpron (

oo)
[a%]

, 1 —etury 1 —elumy 1
- 502“2 AP <a w * a_) " A?qk% (a +u + a_>
1= 1 2 2

u UL
=up — —ou" — —m——

/\?qkagei““ J
2 o — U

u

+ Nipy, — —— + )\
i Pk Qo +iu i Ik

Therefore, the characteristic exponent obtained from the Lévy-Khintchine Theo-

rem for the ALJD process is given as:
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4 1 AUpro Mg
waljd(u> — iU/L . _02u2 . ( i Pk '1 + 3 4k .2
o1 — 1 Qg+

5 )e"“ﬂj + Mg+ Nip, (4.119)

Theorem 4.3

Given a jump measure Afg(x), of the MDRJD process, such that:

(2—pj)?

(z—p )2 _
Mo(z) = pA; ( (Uu);)e 7 Ly e0) (%) + qu-l( (0_4)2]>6 7 ooy (@)
J J
(4.120)
Then, the LK formula for the MDRJD process is:
drjd : 1,5, PN PN PA; AT
PN (u) = dup — o u — — — — | e (4.121)
2 o o] o o}
Proof.:
By the Lévy-Ito decomposition of a Lévy process,
- 1 2 2 ux .
Y(u) = iup — Fou + R(e — 1 —duxlyy<y)v(de) (4.122)
By definition, n(A(X;)) < oo in [0,¢] in the MDRJD process. Hence,
: 1 2,2 Uz
Y(u) = tup — Jou + [ (" = 1)v(dx) (4.123)
R

where, v(dz) = Af(x)
Note that the Lévy-density or jump measure of the MDRJD process satisfies equa-
tion (4.120).

Then, it follows from equations (4.120) and (4.123) that:

mdrjd - 1 2,2 ux Auaj_:uj _(9“;:1{)2
(0 (u) =iup — =oc“u” + R(e — 1) pAi=—=Le D T €

2 J (0-‘)2
J
b (4.124)
- j 204
+q)‘? (04)2]6 ! 1[_Oo,w)(x))dx
J
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' 1 0o . _(I*#g‘)Q
wmdrjd(u) :ZUILL - _0,2u2 +/ (ezuz o l)p)\u‘r :uje 207 dr
y

2 T (o)?
’ e (4.125)
_i_/uj(iu:p 1) )\d'r_ﬂj h 2:‘.g d
e — - e i dx
oo RENEOE
1 00 iux_(zfug)Q _(1*%‘)2
=up — 502u2 —i—pXj/ x((ﬂ)u; (e o—e %0 )d:c
115 j
; J (@—py)? G (4.126)
+ g\? /HJ T H <emm%3§ e 2"?] >dx
J (09)2 N
o (0]
In equation (4.126), let
00 . (z—py) (z—pj)
X — ;[ iuz— + — st
he [ R e u
j j
and ’
Wi e @) _@—ny)?
]2:/ -73< d;ugj (e ¥ —e )dm
— (0
To keep notations simple, let u; = a, o = and af =1.
Then,
o0 — . (z—p )2 (1704)2
n —_ r— ')2 z—a)?
= lim $52a <ewz_ 2 e_< 25 )dCL’
n—oo a
eiu,u,j _ 1 —(‘uj;n)2 (4127)
= ——5 01— lim (e %7
(g;”) n—00
et — 1
= o
and
n — . (z— ')2 z—a)?
I, = lim %—2a<ewx i ef( 7 )d:c
n—oo a
w1 (4.128)
= —ag
Therefore, it follows from equations (4.126), (4.127) and (4.128) that:
mdrjd , 1,5, PN g\ PA; AN
YN () = dup — sotut — —F 5 + — — |et (4.129)
2 oy o} o o]
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4.7 STUDY SIX

Parameter Estimation

In this thesis, novel asymmetric jump-diffusion models for the stock indices
data were considered. Hence, the the existing models: the GBM, the symmetric
NJD and the asymmetric DEJD models were compared with the novel asymmetric

jump-diffusion models described in the previous section.
4.7.1 Initial Parameter Estimation in the AL jump-diffusion Model

The parameters’ initial values based on the empirical stock indices data were

obtained. For At = %2 (average of 252 trading days in a year), a decision on the

occurrence of a jump in the process was based on:
XA, =A(nSy) > e (4.130)

where, € > 0, a threshold for jumps in the plots of the log returns. Hence, the
estimate for A (the intensity of jumps) was given as:
n(Q;) n(Qf) + n(QY)

A= . = _ (4.131)
(n(A(InS,)) — DAt (n(A(InS,)) — 1)At

The initial estimates of the jump intensities for the upward and downward pro-

cesses were given respectively as:

fu — n(~Q§‘)
T ((A(InS,)) — 1)At

(4.132)

and

M= (@) (4.133)
7 (n(A(InSy)) — 1)At '

The initial estimates of the parameters enable us to find the optimal values for the
parameters that can maximize the Log-likelihood function of the models’ densities.
In the GBM model, when jumps are assumed to be absent in the stock-indices log

returns,
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E{th} = E(ththJrAt — Ny = O)

1 AN¢=0
= E((u — 502)>At + U(Wt+At - Wt) + Z Q])

=1

. AN;=0
— E((M - 502))&5 +o(Wigar — W) +E Z Qi)

i=1

1
E(X4,) = ((M — 5(72))At since E(Wyinr —Wi) =0 (4.134)

Also,
Var(X3,) = Var < (,u - %02) > At +o(Wiyae —Wy) +E Zf:]\{t:o Q;

= oAt (4.135)

Hence, the initial values of the mean and volatility parameters are respectively:

d d
flg = 2E(XR,) + Var(Xy,) (4.136)
2At
and
Var(X4
52 = % (4.137)

Owing to the condition stated in equation (4.130) for €, under the diffusion models
with jump process, we split the empirical log returns of the stock indices into two

sets, namely: sets P and Q, where P N Q = () is defined as:

jo {|th| : Xar = A(InS,) < e¢ > 0} (4.138)
and

Q= {|X£t| C Xar = A(nS,) > e¢ > o} (4.139)

Also, in the asymmetricjump-diffusion models, set  was splitted into two subsets.

That is,
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Q" = {\X£t|“ = QY : Xar = A(InSy) > € > 0} (4.140)
and
Q! = {|Xit!d — QY Xar = A(InG) < —6;¢ > 0} (4.141)

The initial parameters of the the jump process under the symmetric NJD model

jump-diffusion given as:
i = E(X]At) — (p, — ?) At (4.142)
and
57 = Var(X3,) — 634t (4.143)

In the asymmetric DEJD model, the initial estimates of: p, ¢, n; and 7, are obtained

from the stock indices empirical data set based on:

@ @)
d Pt n@ T nGn + (@) (4.144)
= EQ)), = EQY)" (4.145)

4.7.2 Derivation of the basic moments of the ALJD process via
the Lévy-Khintchine (LK) formula

The basic moments of the ALJD process via the n'* cumulant of the ALJD process
given the LK formula was derived. The n'® cumulant of the characteristic exponent

¥ (u) is given as:

1
fin = 0" (u)u=o (4.146)
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such that:
my = EWYA(InS,)

ky =
ky = mg = VYU (A(InS;)
m a
ks = T/?’Q = LA (InS,)
Moy
T3 = (@b A(InS))

]{74 -
m3
(u), ¢(u) for u € R, is the characteristic function of X,

where, m, = iin¢('”) u),
E,V,v,72 are respectively the mean, variance, skewness and kurtosis of A(InS;)

)

It follows from the above, that
aljd 2 u df 4k
E“%A(InS;) = (p— 1/20%) At — X ( + Mjpk) — Aj (a— + ujqk) (4.147)
2
U d
2>\ka o <>\jpk " )\ij
a @ (4.148)

al

VU A(InS,) = o2 At —
<)\}ka + /\?Qk> Iz

M
VHUA(INS) = —— (4.149)
(©)*
where,
~ 8/\upk 2/\“]?,1€
M =—! L1
af + a3 K
AU 2\ U 2\
+8/JJ]( ]Z;k + ]gk) + 2,LLJ( ]pk + _JQk)
Nipe Mgy, "
+ 115 (J— + J—) + 15 (Ajpk + A?qk)
&3] Qo
and \ \ N
2 u ]
6 =int - 2 oy, (;—p’“ ; ;—q’f)
1 1 2
(A?pk + qu;c) 1
N
YUY A(InSy) = > —3 (4.150)
(7)
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where,

N Nipr N Nepr N
N:S/@( pe R ) +2u§.<J—+J—)

1 a3 Qg Q9
ANopre Ny .
+ u?(f— + == ) G Npe + A
a7 Qo

and

2\Y A 2
P =o2At — 22 +2uj( i +’—%)
« « (0%

1 1 2

+ ()\?pk + )\?Qk) T

4.7.3 The derivation of the moments of the MDRJD process via
the LK formula

Similarly, E, V, vy, y2 for the MDRJD process was derived as:

, 1 u 2\
Emdmd(A(lnSt) = ( — @>At + (& + q_dj) At

4 AU A4
Varid(A(InS;) = o2 At + p; (& + q—;) At

u d
u?(%+%)ﬁt
J

J

N ¢ 3/2
(agAt + 1 (pa—ﬂ + qg—;) At)
J J

AU 4
15 (I;—]j + qg—J;) At

_
u d

<03At + (Zi + %) At)
J J

4.7.4  Optimal parameter estimation in the stock price models

W NA(InS,) =

V?drjd(ﬁ(lnst) =

In the sequel, the Maximum Likelihood Estimation (MLE) method was employed
to obtain the optimal parameters in the models, given the likelihood function of

their respective probability density functions given as:
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L(:;0) = [ [ 9aqns, (:) (4.151)
i=1

Maximizing the log of equation (4.151) is equivalent to minimizing the negative

log-likelihood function given as:
—InL(x;;0) = — Z Inga@ns,) () (4.152)
i=1

Thus, the models’ optimal values were computed using equation (4.152) in the R-

CODES.

4.7.5 Results of parameter estimation in the GBM model

In order to fit the empirical stock indices data obtained from the three stock
markets, into the GBM model, it is important to determine the initial and optimal
values of the drift and volatlity parameters (uy and o?) associated with the GBM
model. Hence, using equations (4.136) and (4.137) the initial values for p, and
o were obtained. Also, equation (4.152) shall be employed to obtain the optimal
parameters. The initial and optimal estimates of 1y and o were given respectively in
Tables 4.4 and 4.5 below. The above mentioned were obtained via the Rcodes and
henceforth the initial estimates were represented with int and optimal estimates

were represented with opm.
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Table 4.4: Estimated initial parameters in the GBM model for the Stock indices.

6 || NASI | UKSMI | JSMI
gt 1l 0.083 | 0.136 | 0.026
o 110.169 | 0.219 | 0.169

The Table 4.4 reports the initial estimates of the parameters in the geometric
Brownian model described in chapter three of this thesis. These include the drift
and volatility respectively, i and 4. The initial values: 42" and 67" for the three
stock markets were obtained using equations (4.136) and (4.137). In the Table
4.4, concerning 64", the results show that the diffusive process possesses a higher

randomness in the UK stock market than the Nigerian and Japan markets.
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Table 4.5: Estimated optimal parameters in the GBM model for the Stock indices

6 || NASI | UKSMI | JSMI
™ |l 0.083 | 0.147 | 0.035
g™ 1 0.169 | 0.219 | 0.169

The Table 4.5 reports the optimal values of i and &4 for the three stock
markets. The values are obtained by inputting the initial estimates reported in
Table 4.4 above into the GBM log-returns density in equation (3.95) and then, via
equation (4.152). The values of 6™ were found to be the same as the values of

gint,
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4.7.6  Comparison of the densities of the modelled GBM with stock indices

Next, the optimal values of ;14 and o2 were used to plot the probability density
function of the GBM-modelled log returns, compared with the empirical densities
of the NASI, UKSMI, and the JSMI log returns. The Figures 4.10 - 4.12, gives
the graphs of the densities of the modelled GBM and empirical log returns of the
three stock markets. The peakedness of the modelled GBM density was found to
be very different from that of the empirical densities especially in the Nigerian case.
However, good fits of the tails of the modelled GBM with regards to the empirical

were observed.
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Figure 4.10: Graphs of the densities of modelled GBM and empirical log returns
of the NASI
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Figure 4.11: Graphs of the densities of modelled GBM and empirical log returns
of the UKSMI
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Figure 4.12: Graphs of the densities of modelled GBM and empirical log returns
of the JSMI
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4.7.7 Results of parameter estimation in the NJD model

In the symmetric NJD model, the initial values of the five parameters, respec-
tively : pgq,0, pjo; and A for the empirical NASI, UKSMI, and JSMI data were
found. A threshold of jumps € = 0.02 was assumed for the empirical log returns,
such that it was assumed that a jump occur if | Xa,| > €. Then, the optimal pa-
rameters in the model via the method in equation (4.152), given the density of the
model in equation (3.104). The results obtained were presented in Tables 4.6 and
4.7.
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Table 4.6: Initial parameters in the symmetric NJD model for the stock indices

gt || NASI | UKSMI | JSMI
Al 0.033 | 0.089 | 0.228
gt 0.111 | 0.112 | 0.136
ﬂ;”t 0.003 | -0.005 | -0.004
ot 11 0.032 | 0.035 | 0.033

W]

Nt |l 16.40 | 13.00 | 26.25

The Table 4.6 reports the initial estimates of the parameters in the NJD de-
scribed in equation (3.103). These include: fi4, G4, f1;, 0, and 5\, respectively,
diffusive drift, volatility, mean and volatility of the jump size, and the jump in-
tensity. These values were obtained for the three stock markets using equations

(4.131), (4.136), (4.137), (4.142) and (4.143).
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Table 4.7: Optimal parameters in the symmetric NJD model for the Stock indices

gorm || NASI | UKSMI | JSMI
™ | -0.047 | 0.136 | 0.320
g™ | 0.074 | 0.097 | 0.148
,&;pm 0.001 | -0.002 | -0.005
g™ 1 0.013 | 0.017 | 0.024

2

AP 1221 04.2 43.4

The Table 4.7 gives the optimal parameter estimates for the NJD model via

the maximum likelihood estimation method in equation (4.152). The values of

~opm

H

upward jumps in the Nigerian case and more downward jumps in the UK and Japan

(the mean of the jump size) obtained for the three stock markets depict more

markets. Based on the values of \?™, the jump intensity was found to be higher
in the Nigerian market, showing that there were more jumps in the price process

of the NASI price process than the UKSMI and JSMI.
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4.7.8 Comparison of the densities of the modelled NJD with stock indices

The optimal parameters obtained in the tables above were fitted into the
density function of the symmetric NJD-modelled log returns and compared with
the empirical density functions of the NASI, UKSMI and JSMI log returns. The
graphs of the densities were given in Figures 4.13, 4.14 and 4.15 below. It was
obvious that the peakedness in the densities of the modelled NJD model was found
to be better than the GBM modelled densities in terms of its fitness with the

empirical densities.

147



0o
® " B NAS|
B D "
o
©
2
o] /
0
o
o
N
° —
| | | | |
0.0 -0.05 0.00 0.05 0.10
Log-returns

Figure 4.13: Graphs of the densities of modelled NJD and empirical log returns of
the NASI
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Figure 4.14: Graphs of the densities of modelled NJD and empirical log returns of
the UKSMI
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Figure 4.15: Graphs of the densities of modelled NJD and empirical log returns of
the JSMI

150



4.7.9 Results of parameter estimation in the DEJD model

In a similar manner, the initial parameters in the asymmetric DEJD model as
described in the previous section for pg, o, 71,72, p, ¢ and A for the empirical NASI,
UKSMI, and JSMI data were obtained. Under the family of the skewed jump-
diffusion model, it was assumed that the jump process is splitted into two, namely,
the upward jump process (X% ,) and the downward jump-process (X4 ,), such that
an upward jump was said to have occurred if X ; > €, and a downward jump was
said to have occurred if X, < —e. Here, we assume that the threshold of jumps
e = 0.02. Then, we shall also obtain the optimal parameters in the model via
the method in equation (4.152), given the density of the DEJD model in equation
(3.106). The results obtained were presented in Tables 4.8 and 4.9.
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Table 4.8: Initial parameters in the asymmetric DEJD model for the Stock indices

gt | NASI | UKSMI | JSMI

At 0.0343 | 0.0993 | 0.2388
g™ 1 0.1070 | 0.1086 | 0.1522
Aint [ 18,618 | 14.945 | 15.6741
p™ | 0.5406 | 0.035 0.4186
g™ || 0.4593 13.00 0.5814
nit 1l 35.8056 | 35.2546 | 26.9886
nst |l 35.7536 | 32.0274 | 26.4789

Table 4.8 above gives the initial values of the parameters: g, 04Ap, ¢, n1, 72 in
the double exponential jump-diffusion model using the the three stock market data
via equations (4.131), (4.136), (4.137), (4.144) and (4.145). The jump intensities
were found to be higher under the DEJD model than the NJD model.
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Table 4.9: Optimal parameters in the asymmetric DEJD model for the Stock indices

germ | NASI | UKSMI | JSMI

ad™ | 0.0323 | 0.0993 | 0.2388
oo’ |1 0.1123 | 0.1086 | 0.1522
Aorm | 16.618 | 26.2449 | 13.6741
poP™ | 0.5476 | 0.4676 | 0.4486
g°P™ || 0.4524 | 0.5324 | 0.5514
nP™ | 34.5112 | 33.3438 | 33.9321
Nt || 34.171 | 30.9421 | 30.1072

The results of the optimal parameters in the DEJD model were presented in
Table 4.9 above. The values obtained for A™ showed that the number of jumps

are more in the UKSMI market than the NASI and JSMI. However, the values

m ~opm

of p°P™ and q obtained show that the upward jump frequency was higher in
NASI and downward jump frequency was higher in the UKSMI and JSMI markets.
Recall from equation (4.145), that the mean upward and downward jump sizes were
respectively, 71 = (E(QY))™" and 7, = (E(QY))~". The values obtained for 7; and
7)o indicate bigger downward jumps in the Nigerian market than the UK and Japan

markets.
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4.7.10 Comparison of the densities of the modelled DEJD with stock indices

Next, the density function of the asymmetric DEJD-modelled log returns and
the empirical densities of the NASI, UKSMI, and the JSMI log returns were com-
pared, based on the estimated optimal parameters obtained in Table 4.9 above.
The graphs of the densities were given in Figures 4.16, 4.17 and 4.18 below. The
peakedness of the densities of the DEJD modelled log returns was seen to be better
than that of the GBM and NJD models.
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Figure 4.16: Graphs of the densities of modelled DEJD and empirical log returns
of the NASI
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Figure 4.17: Graphs of the densities of modelled DEJD and empirical log returns
of the UKSMI
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Figure 4.18: Graphs of the densities of modelled DEJD and empirical log returns
of the JSMI
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4.7.11 Results of parameter estimation in the ALJD model

To obtain the initial parameters’ estimates in the Asymmetric Laplace jump-
diffusion (ALJD) model with parameters : fiq4, 0, ttj, Dr, ¢ @1, 2 and A, it followed
from equation (4.75) that the density of Q; ~ AL*(u;,0?%, k) is given as:

fau(@) = prarerp(—ai(z — 14j)) L 00) () (4.153)

+ gz exp(ag (v — Nj))l(—oovuj)(x)

In the above, p,, and ¢, are the tail probabilities assigned to each sides of u;. Hence,

G = P(Q) > pj) = 1 — ©(Q; < ;) =1 — P(py) (4.154)
and,
1
=1—-q.=—— 4.155
pli qli 1 —I— K,Q ( )

Also, o% and a% are respectively the means of )% and Q? respectively. Thus

w=(m@) =2 w-(m@)) -

Similarly, the estimates of 5\, ftq, 0 and f[i; can be obtained respectively from equa-

tions (4.131), (4.136) and (4.137) above. Owing to the same conditions for Q} ,

V2

OR

(4.156)

and Qi’t, the threshold of jumps € was taken as 0.02. Using the above descriptions
of the parameters, the initial estimates for the stock market indices were obtained

and presented in Tables 4.10 and 4.11 below.

158



gt | NASI | UKSMI | JSMI

ftg || 0.0335 | 0.2277 | 0.0890
o | 0.1106 | 0.1363 | 0.1118
aq || 34.5112 | 33.3438 | 33.9321
Qo || 34.1371 | 30.9421 | 30.1072
AU 89781 | 8.2719 | 5.8322
M| 7.4187 | 7.9730 | 7.1688
Di || 0.5476 | 0.4676 | 0.4486
gr | 0.4524 | 0.5324 | 0.5514
f; || 0.0001 | 0.0002 | 0.0002

Table 4.10: Estimated initial parameters in the ALJD model for the Stock indices

In Table 4.10, the details of the initial parameters in the ALJD model: i, &, aq, ao
5\”, M, D, G f1; Were presented. These values were obtained using equations (4.154,
4.155, 4.154 4.132, 4.133) with the stock markets data. Here, the jump intensities
S\y and 5\? were assumed to be independent and a new parameter (;) that differs

from the existing ones in literature was introduced.
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Table 4.11: Optimal parameters in the ALJD model for the Stock indices

gorm | NASI | UKSMI | JSMI
fia || 0.0335 | 0.3715 | 0.8262
& || 0.1453 | 0.0278 | 0.1124
ay || 29.6117 | 26.8358 | 38.2628
s || 35.5559 | 33.2650 | 31.8505
M| 8.6894 | 8.7694 | 5.8874
Ml 7.0137 | 7.5479 | 7.3417
b | 0.5476 | 0.5674 | 0.4412
G. | 0.4524 | 0.4326 | 0.5888
fi; || 07024 | 0.7771 | 0.4269

Based on the MLE method and subject to the density function of the ALJD
model in equation (4.65), the optimal values were also obtained for the parameters
and presented in Table 4.11 above. The results showed a higher drift in the JSMI
and higher volatility in NASI. The upward jump sizes are found to be higher in
the NASI and UKSMI. Similarly, the jump intensities were found to be higher in
NASI and UKSMI stock markets. The non zero parameter j; obtained, differed in
a great sense from its initial estimates. The optimal values obtained for ; showed

a positive shift in the distribution of the jump process.

160



4.7.12 Comparison of the densities of the modelled ALJD with stock indices

In the sequel, the density function of the ALJD-modelled log returns and the
empirical NASI, UKSMI, and the JSMI log returns was obtained, based on the
estimated optimal parameters obtained in Table 4.11 above. The graphs of the

densities were given in Figures 4.19, 4.20 and 4.21 below.
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Figure 4.19: Graphs of the densities of modelled ALJD and empirical log returns
of the NASI
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Figure 4.20: Graphs of the densities of modelled ALJD and empirical log returns
of the UKSMI
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Figure 4.21: Graphs of the densities of modelled ALJD and empirical log returns
of the JSMI
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4.7.13 Results of parameter estimation in the MDRJD model

The results of the initial and optimal parameters in the modified double
Rayleigh jump-diffusion model were obtained and presented below. The initial es-
timates of the parameters: pgq, 0,07, a}i, AY, )\?, p, q were obtained empirically using
equations (4.133), (4.134), (4.135), (4.136), (4.139) and (4.140) for the empirical
NASI, UKSMI, and JSMI data. In the analysis, an upward jump was said to
have occurred if Xa,; > €, (under the assumption that the threshold of jumps was
e = 0.02) and a downward jump was said to have occurred if Xa; < —e. Then,
the optimal parameters in the model via the method in equation (4.152), given the

density of the MDR jump-diffusion model in equation (4.89) were obtained. The
results were presented in Tables 4.12 and 4.13.
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Table 4.12: Initial parameters in the MDRJD model for the Stock indices

gt | NASI | UKSMI | JSMI
aat b 0.034 | 0.228 0.089
oMt 0.111 0.136 0.112
7|l 0.023 0.024 0.024
A;i 0.023 0.026 0.027
]

8.9797 | 12.2779 | 5.8350

Xj 7.4201 | 13.9797 | 7.1722
Pt 0.548 | 0.468 0.449
g™ | 0452 | 0.532 0.551
,&;"t 0.000 | 0.000 0.000

Table 4.12 gives the estimated initial values of the parameters in the MDRJD
model via equations (4.136), (4.137), (4.144), (4.145), (4.132) and (4.133) with the

stock market indices data.
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Table 4.13: Optimal parameters in the MDRJD model for the stock indices

g°rm | NASI | UKSMI | JSMI
™ ] 0.0562 | 0.2317 | 0.1235
o°P™ |1 0.0860 | 0.1226 | 0.0765

oy || 0.0054 | 0.0147 | 0.0074

o4 1 0.0519 | 0.0370 | 0.0566

W]
v | 9.4197 | 12.3929 | 5.8251
A || 7.4499 | 14.1039 | 7.1932
pP™ | 05571 | 0.4872 | 0.4494
g™ [ 0.4443 | 05324 | 0.5506

™ 11 0.0412 | 0.0842 | 0.0329

W]

Table 4.13 gives the optimal values of the MDRJD model in the NASI, UKSMI
and JSMI markets. The volatility, upward and downward jump intensities under
the UKSMI market were found to be higher. However, the jump intensity for the
up jumps was found to be higher than for the down jumps. The above results also
showed that the number of up jumps were found to be more in the Nigerian market
than the UK and Japan markets. A positive shift in the jump process was also
observed for the MDRJD model. And finally it was observed that the density of
J(Q}) peaked at 0.0054, 0.0147 and 0.0074 respectively in the NASI, UKSMI and
JSMI; and the density of J(Q?) peaked at 0.0519, 0.0370 and 0.0566. Notably, the

A

parameters: ¢; and &;i evince this.
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4.7.14 Comparison of the densities of the modelled MDRJD with stock indices

Here, the densities of the MDRJD-modelled log returns were compared with
the empirical NASI, UKSMI, and the JSMI log returns, using the estimated optimal
parameters obtained in Table 4.13 above. The graphs of the densities were given

in Figures 4.22, 4.23 and 4.24 below.
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Figure 4.22: Graphs of the densities of modelled MDRJD and empirical log returns
of the NASI
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Figure 4.23: Graph of the denisities of the modelled MDRJD and empirical log
returns of the UKSMI
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Figure 4.24: Graphs of the densities of modelled MDRJD and empirical log returns
of the JSMI
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4.8 STUDY SEVEN

Sensitivity analysis of varied jump-threshold on the parameters in the models

Determining the threshold of jumps in the plots of the log returns is very im-
portant and its choice depends on the empirical data set under study. For example
in the plots of the stock Indices log returns given in the Figure 4.25 below, by
assuming that € = max <A(Zn§t)), then n(Q%) = 0 and n(QY) = 0. Given that

the value of €, is taken to be as small as min A(lngt) , then, it implies that the
entire process becomes a jump-process, which is not true (based on the evidences
in Figures 4.7-4.9) in the actual sense. The choice of the threshold of jumps is a
major determinant of the output of the results obtained for the initial and optimal
parameters in the models. Therefore, a sensitivity analysis of the varied threshold

of jumps on the parameters of the jump-diffusion models was carried out.
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Figure 4.25: Plot showing the varied threshold of jumps in the log returns
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4.8.1 Sensitivity Analysis of varied jump-threshold on the parameters in the
NJD model

Here, a sensitivity analysis of the threshold of jumps under the symmetric NJD
model for the NASI, UKSMI and the JSMI data was carried out. Assume that
e € (0.01,0.025), specifically, five threshold of jumps, that is, ¢; = 0.013,¢; =
0.016,e3 = 0.019,¢4, = 0.021 and e5 = 0.023. The Tables 4.14, 4.15 and 4.16
below report the results of the sensitivity analysis for the different threshold of
jumps, where the initial and optimal parameters were represented as gint and §orm,

respectively.
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Table 4.14: Sensitivity analysis of € on the parameters in the symmetric NJD model
for the Nigerian Stock Market

6 =0013 ¢ =0016 e=0019 ¢ =0021 ¢ =002
éint éopm éint éopm éint éopm éint éopm éint éopm
ft; | 0.07 {-0.05 | 0.07 | -0.05 | 0.08 | -0.05 | 0.07 | -0.05 | 0.02 | -0.05
oq | 0.16 | 0.07 | 0.16 | 0.07 | 0.15|0.07 | 0.14 | 0.07 | 0.11 | 0.07
A [ 0.33]122.1 [ 0.33 ] 122.1 ] 0.76 | 122.1 | 3.83 | 122.1 | 14.32 | 122.1
ft; | 0.03 {0.00 |0.03|0.00 |0.01]0.00 |0.00]0.00 |0.00 |O0.00
o; | 0.1210.01 |0.12 | 0.01 |0.09|0.01 |0.05|0.00 |0.03 |0.01

Table 4.14 shows the sensitivity of the parameters in the NJD model for the
Nigerian market to the varied threshold of jumps. The different values of epsilon
€1, €9, €3, €4 and €5 depict five jump threshold. The results obtained show that the
optimal parameters were not sensitive to the varied threshold of jumps since they

remain the same under different threshold.
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Table 4.15: Sensitivity analysis of € on the parameters in the symmetric NJD model
for the UK Stock Market

ep = 0.013 e = 0.016 e3 = 0.019 €4 = 0.021 €5 = 0.024

éint éopm éint éopm éint éopm éint éopm éint éopm

ft; | 0.238 |-0.04 | 0.232 | -0.04 | 0.211 | -0.04 | 0.199 |-0.04 | 0.176 | -0.04

oq 10126 |0.02 |0.154 | 0.02 |0.167 | 0.02 | 0.174 | 0.02 | 0.183 | 0.02

A 10265 | 26.93]0.702 | 26.95 | 0.748 | 26.93 | 0.94 26.93 | 0.594 | 26.93

f; | -0.001 | 3.50 |-0.007{3.50 |-0.010]|3.50 |-0.012 |3.50 | -0.011 | 3.50

o; | 0.033 |205 |0.040 | 2.05 |0.048 |2.05 |0.054 |2.05 |0.46 2.05

The Table 4.15 presents the sensitivity of the parameters in the NJD model for
the UK stock market to the varied threshold of jumps. The results obtained show
that the optimal parameters were not sensitive to the varied threshold of jumps

since they remain the same under different threshold.
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Table 4.16: Sensitivity analysis of € on the parameters in the symmetric NJD model
for the Japan Stock Market

ep = 0.013 €2 = 0.016 e3 = 0.019 eq = 0.021 €5 = 0.024

éint éopm éint éopm éint éopm éint éopm éint éopm

f; 1 0.095 | 0.296 | 0.082 | 0.296 | 0.097 | 0.296 | 0.094 |0.296 | 0.092 | 0.296

oq 1 0.090 | 0.78 | 0.101 | 0.786 | 0.109 | 0.786 | 0.114 | 0.786 | 0.122 | 0.786

A | 0.077 | 36.514 | 0.263 | 36.514 | 0.581 | 36.514 | 0.543 | 36.514 | 0.776 | 36.514

ft; | -0.002 | 2.096 | -0.003 | 2.096 | -0.005 | 2.096 |- 0.007 | 2.096 |-0.009 | 2.096

o; | 0.025 | 0.105 | 0.029 | 0.105 | 0.033 | 0.105 |0.036 | 0.105 | 0.041 | 0.105

The Table 4.16 reports the sensitivity of the parameters in the NJD model
for the Japan stock market to the varied threshold of jumps. The results obtained
showed that the optimal parameters were not sensitive to the varied threshold of

jumps since they remain the same under different jump threshold.
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4.8.2  Sensitivity analysis of varied jump-threshold on the parameters in the
DEJD model

A sensitivity analysis of the threshold of jumps under the asymmetric DEJD
model for the NASI, UKSMI and the JSMI data was carried out. Assume that
e+ € (0.01,0.025), and e_ € (—0.025, —0.01), specifically, five threshold of jumps,
that is, €; = 0.013, €6, = 0.016, €3 = 0.019,¢4 = 0.021 and €5 = 0.023. Tables 4.17-
4.19 below report the results of the sensitivity analysis for the different threshold
of jumps, where the initial and optimal parameters were represented as gint and

éoPm, respectively.

178



Table 4.17: Sensitivity analysis of € on the parameters in the asymmetric DEJD
model for the Nigerian Stock Market

o | a= 0.913 6= 0.916 &= 0.919 6= 0.921 6= 0.924
eint gorm eint goprm Hint gopm eint gopm eint gorm
ft; | -0.012 | 0.112 | 0.010 | 0.213 | 0.033 | 0.263 | 0.045 | 0.224 | 0.054 | 0.472
oq | 0.087 |0.912 | 0.098 |0.184 | 0.108 | 0.019 |0.113 | 0.142 | 0.122 | 0.217
| 45.816 | 46.324 | 40.056 | 39.998 | 35.468 | 36.468 | 33.229 | 32.124 | 29.817 | 29.351
Mo | 44.923 | 45.923 | 39.352 | 40.352 | 35.288 | 35.867 | 33.383 | 31.879 | 30.148 | 31.152
A | 35.439 | 35.346 | 25.139 | 24.897 | 18.003 | 18.642 | 14.827 | 13.964 | 10.396 | 9.877
p | 0.5557 | 0.5280 | 0.5545 | 0.5732 | 0.5430 | 0.5620 | 0.5350 | 0.578 | 0.532 | 0.601
q |0.4443 | 0.4720 | 0.4455 | 0.4268 | 0.4570 | 0.4380 | 0.4650 | 0.422 | 0.468 | 0.399

Table 4.17 above gives the sensitivity of the parameters in the DEJD model

for the Nigerian market to the varied threshold of jumps. The different values of

epsilon €1, €9, €3, €4 and €5 depict five jump threshold. The results obtained showed

that the optimal parameters were quite sensitive to the varied threshold of jumps

since they change with the varied threshold.
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Table 4.18: Sensitivity analysis of € on the parameters in the asymmetric DEJD

model for the UK Stock Market

o | a= 0.913 6= 0.916 &= 0.919 6= 0.921 6= 0.924
eint gorm eint goprm Hint gopm eint gopm eint gorm
ft; | 0.159 | 0.067 | 0.197 | 0.897 | 0.209 | 0.087 | 0.242 | 0.092 | 0.239 | 0.213
oq | 0.101 |0.099 |0.119 |0.214 | 0.131 | 0.112 | 0.139 | 0.143 | 0.151 | 0.102
| 46.925 | 46.462 | 39.925 | 38.461 | 35.293 | 36.157 | 31.973 | 31.973 | 27.496 | 26.596
Mo | 41.846 | 40.982 | 36.216 | 36.216 | 31.963 | 34.386 | 30.334 | 31.426 | 26.853 | 25.342
A | 61.117 | 61.024 | 41.555 | 40.486 | 29.647 | 28.896 | 24.058 | 25.061 | 16.403 | 16.997
p 10527 0564 | 0.503 | 0.552 | 0.488 |0.443 | 0.450 | 0.450 | 0.422 | 0.422
g 10473 |0.436 | 0.497 |0.448 |0.512 | 0.557 | 0.551 | 0.551 | 0.578 | 0.578

Table 4.18 shows the sensitivity of the parameters in the DEJD model for the
UK stock market to the varied threshold of jumps. The different values of epsilon:
€1, €9, €3, €4 and €5 depict five jump thresholds. The results obtained showed that
the optimal parameters were quite sensitive to the varied threshold of jumps since

they change with the varied threshold.

180




Table 4.19: Sensitivity analysis of € on the parameters in the asymmetric DEJD
model for the Japan Stock Market

o | a= 0.913 6= 0.916 &= 0.919 6= 0.921 6= 0.Q24
eint gorm eint goprm Hint gopm eint gopm eint goprm
fi; | 0.095 | 0.084 | 0.082 | 0.818 | 0.097 | 0.099 | 0.094 | 0.086 | 0.092 -0.086
oq 1 0.689 | 0.569 | 0.101 |0.099 |0.109 |0.016 |0.114 | 0.126 | 0.122 0.120
m | 47.622 | 46.864 | 41.012 | 41.022 | 35.028 | 35.028 | 32.267 | 32.186 | 27.9317 | 27.152
Mo | 43.114 | 42.340 | 36.023 | 36.346 | 31.655 | 31.355 | 29.055 | 30.121 | 29.315 | 30.231
X [32.077 | 32.198 | 21.263 | 21.599 | 14.580 | 13.348 | 11.541 | 12.012 | 7.776 8.001
p | 0477 | 0.467 | 0.480 | 0.480 | 0.442 |0.442 |0.436 |0.432 | 0.406 0.419
g 10523 |0.533 |0.520 | 0.520 | 0.558 | 0.558 | 0.569 | 0.568 | 0.594 0.591

Table 4.19 the sensitivity of the parameters in the DEJD model for the Japan

stock market to the varied threshold of jumps. The different values of €: €1, €5, €3, €4

and €5 depict five jump thresholds. The results obtained showed that the optimal

parameters were also quite sensitive to the varied threshold of jumps since they

change with the varied threshold.
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4.8.3  Sensitivity analysis of varied jump-threshold on the parameters in the
ALJD model

The sensitivity analysis of the threshold of jumps under the Asymmetric Laplace
JD model, is very important since for the first time, the intensities of the jumps in
the process were viewed under two processes. This analysis was geared towards de-
tecting the effect of the varied threshold of jumps on the parameters associated with
the intensity of jumps. Assume that e, € (0.01,0.025), and e_ € (—0.025, —0.01),
specifically, five threshold of jumps, that is, € = 0.013, e, = 0.016, €3 = 0.019, ¢4 =
0.021 and e5 = 0.023. Tables 4.20, 4.21 and 4.22 below report the results of the sen-
sitivity analysis for the different threshold of jumps, where the initial and optimal

parameters were represented as 0 and §°P™, respectively.
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Table 4.20: Sensitivity analysis of € on the parameters in the asymmetric Laplace
JD model for the Nigerian Stock Market

0 o a= 0.913 6= 0.916 &= 0.919 6= 0.921 6= 0.924
eint gorm eint goprm Hint gopm eint gopm eint gorm
iqg | -0.012 | 0.661 | 0.010 | 0.351 | 0.033 | 0.716 | 0.045 | 0.591 | 0.054 | 0.959
oq | 0.087 |0.800 |0.098 |0.269 |0.108 |0.342 |0.113 | 0.381 | 0.122 | 0.413
Qq | 45.816 | 43.368 | 40.056 | 38.904 | 35.468 | 36.459 | 33.229 | 35.945 | 29.817 | 22.177
Qo | 44.922 | 42.096 | 39.352 | 35.610 | 35.288 | 30.549 | 33.383 | 25.928 | 30.148 | 34.046
Av 1975 | 13.94 | 9.78 7.35 6.27 6.98 5.23 5.91 5.21 4.98
A 11569 | 11.19 | 8.64 6.37 5.45 5.67 5.11 4.28 4.72 4.01
p | 0.557 | 0.689 | 0.555 |0.705 |0.543 | 0.584 |0.535 | 0.564 | 0.532 | 0.553
g 0443 |0.311 | 0.446 |0.294 | 0.457 | 0.416 | 0.465 | 0.437 | 0.468 | 0.447
ft; | 0.0001 | 0.328 | 0.0001 | 0.439 | 0.0001 | 0.331 | 0.0001 | 0.575 | 0.0001 | 0.381

Table 4.20 the sensitivity of the parameters in the asymmetric ALJD model for

the Nigerian stock market to the varied threshold of jumps. The results obtained

showed that the initial and optimal parameters were also quite sensitive to the

varied threshold of jumps since they change with the varied threshold, with the

exception of the parameter j; in the case of the initial.
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Table 4.21: Sensitivity analysis of € on the parameters in the asymmetric Laplace

JD model for the UK Stock Market

0 o a= 0.913 6= 0.916 &= 0.919 6= 0.921 6= 0.924
eint gorm eint goprm Hint gopm eint gopm eint gorm
itg | 0.160 | 0.704 | 0.197 | 0.690 | 0.209 |0.917 |0.242 |0.793 | 0.239 | 0.267
oq | 0.101 | 0.088 |0.119 | 0.655 | 0.132 |0.993 |0.139 | 0.806 | 0.151 | 0.245
Qq | 46.925 | 45.554 | 39.325 | 36.675 | 35.223 | 33.509 | 31.972 | 32.862 | 27.496 | 29.176
Qo | 41.846 | 41.775 | 36.214 | 35.494 | 31.963 | 28.755 | 30.334 | 31.862 | 26.853 | 27.643
A 15.25 12,94 |10.78 |10.35 |8.16 7.47 7.23 6.19 6.21 5.98
A [13.19 | 1243 | 9.64 7.37 6.45 6.67 6.11 5.28 4.72 4.01
p | 0.527 | 0.647 | 0.503 |0.513 | 0.488 | 0.419 | 0.450 | 0.400 | 0.422 | 0.417
g 10473 |0.353 | 0497 |0.487 | 0.513 | 0.581 |0.551 | 0.600 | 0.578 | 0.583
ft; | -0.001 | 0.521 |-0.001 | 0.277 | 0.001 |0.623 |0.002 |0.961 | 0.0002 | 0.589

Table 4.21 gives the sensitivity of the parameters in the asymmetric ALJD
model for the UK stock market to the varied threshold of jumps. It could be seen
from the Table that the initial and optimal parameters were quite sensitive to the

varied threshold of jumps since they change with the varied threshold. The jump

intensities were found to be on the decrease as € increases.
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Table 4.22: Sensitivity analysis of € on the parameters in the asymmetric Laplace
JD model for the Japan Stock Market

0 o a= 0.913 6= 0.916 &= 0.919 €= 0;021 6= 0.924
eint gorm @int goprm Hint gopm eint gopm eint goprm
fqg 1 0.095 | 0453 | 0.082 | 0.075 | 0.097 | 0.004 |0.092 | 0.308 0.092 | 0.218
oq | 0.090 [0.599 |0.101 | 0959 |0.109 |0.727 | 0.114 | 0.486 0.122 | 0.714
aqp | 47.622 | 44.271 | 41.012 | 37.662 | 35.029 | 35.232 | 32.265 | 31.393 | 27.932 | 30.211
Qo | 43.114 | 41.969 | 36.023 | 35.884 | 31.656 | 27.834 | 29.055 | 25.6393 | 25.315 | 18.600
e[ 1575 | 13.94 | 14.87 | 12.11. [ 1227 [11.98 |11.23 | 10.91 10.21 | 11.98
A 118.69 |17.19 |18.64 | 18.37 | 1745 |16.67 | 15.11 | 14.28 14.72 | 14.01
p | 0477 |10.382 | 0480 |0.434 | 0.442 | 0.458 | 0.432 | 0.432 0.406 | 0.389
g 10523 |0.617 | 0.520 | 0.566 | 0.558 | 0.542 | 0.568 | 0.568 0.594 | 0.611
ft; | 0.0002 | 0.851 | 0.0003 | 0.8940 | 0.0002 | 0.884 | 0.0002 | 0.457 0.0002 | 0.347

Table 4.22 gives the sensitivity of the parameters in the asymmetric ALJD

model for the Japan stock market to the varied threshold of jumps. The initial

and optimal parameters were sensitive to the varied threshold of jumps since they

change with the varied threshold.
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4.8.4  Sensitivity analysis of varied jump-threshold on the parameters in the
MDRJD model

The sensitivity analysis of the threshold of jumps under the modified dou-
ble Rayleigh JD model was motivated by the standard Rayleigh distribution that
peaks at the value e, = o} and e_ = 0%, as described by Synowiec (2008).
Since a generalised form of the above described was considered, then the thresh-
old of jumps was varied to enable us detect its sensitivity to the parameters
in the modified double Rayleigh JD model. Therefore, ¢, € (0.01,0.025), and
e_ € (—0.025,—0.01) were assumed, specifically, five threshold of jumps, that is,
€1 = 0.013, €6, = 0.016, €3 = 0.019, ¢4 = 0.022 and €5 = 0.024. Tables 4.23, 4.24 and
4.25 below report the results of the sensitivity analysis for the different threshold

of jumps, where the initial and optimal parameters were represented as gint and

é‘)pm, respectively.
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Table 4.23: Sensitivity analysis of ¢ on the parameters in the modified double
Rayleigh JD model for the NASI

0 a= 0.913 €= 0.916 3= 0.919 €= 0.921 &= 0.924
eint goprm Qint gorm eint goprm Qint gorm eint goprm
it | -0.012 | -0.061 | 0.228 | 0.232 | 0.033 | 0.061 | 0.054 | 0.045 | 0.049 | 0.041
54 | 0.087 | 0.088 | 0.136 | 0.123 | 0.108 | 0.081 | 0.117 | 0.115 | 0.125 | 0.104
o7 | 0.017 1 0.070 | 0.023 | 0.015 | 0.023 | 0.052 | 0.025 | 0.060 | 0.028 | 0.007
A]d 0.018 | -0.003 | 0.026 | 0.037 | 0.023 | 0.052 | 0.025 | 0.060 | 0.001 | 0.064
A 1875 | 17.94 | 19.78 | 18.35 | 16.27 | 16.98 | 15.23 | 15.91 | 14.21 | 14.98
A 117.69 | 16.19 | 18.64 | 17.37 | 15.45 | 15.67 | 15.11 | 14.28 | 14.72 | 14.01
p | 0.557 | 0.568 | 0.468 | 0.487 | 0.543 | 0.544 | 0.525 | 0.536 | 0.547 | 0.540
g 10443 |0.432 | 0.532 | 0.513 | 0.457 | 0.456 | 0.475 | 0.464 | 0.453 | 0.460
it; | 0.000 | 0.043 | 0.000 | 0.084 | 0.000 | 0.037 | 0.000 | 0.074 | 0.000 | 0.060

Table 4.23 gives the sensitivity of the parameters in the modified

double

Rayleigh JD model for the Nigerian stock market to the varied threshold of jumps.

The initial and optimal parameters were sensitive to the varied threshold of jumps

since they change with the varied threshold. The jump intensities values were found

to decrease with larger values of €
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Table 4.24: Sensitivity analysis of ¢ on the parameters in the modified double
Rayleigh JD model for the UKSMI

e; = 0.013 eo = 0.016 es = 0.019 eq = 0.021 €5 = 0.024
éint éopm éint éopm éint éopm éint éopm éint éopm
0.049 | 0.041 | 0.197 | 0.194 | 0.209 | 0.236 | 0.237 | 0.263 | 0.232 | 0.248
0.125 | 0.104 | 0.119 | 0.099 | 0.132 | 0.115 | 0.144 | 0.116 | 0.154 | 0.129
0.028 | 0.007 | 0.020 | 0.005 | 0.023 | 0.016 | 0.026 | 0.003 | 0.030 | 0.063
0.028 | 0.063 | 0.022 | 0.037 | 0.025 | 0.038 | 0.028 | 0.027 | 0.031 | 0.050
16.75 | 16.94 | 15.78 | 13.35 | 13.45 | 11.67 | 11.11 | 12.28 | 11.72 | 11.01
13.69 | 14.19 | 14.64 | 13.07 | 14.27 | 1298 | 13.23 | 13.91 | 12.21 | 11.98
0.547 | 0.540 | 0.503 | 0.522 | 0.482 | 0.482 | 0.444 | 0.467 | 0.422 | 0.403
0.453 | 0.460 | 0.497 | 0.478 | 0.518 | 0.518 | 0.556 | 0.533 | 0.578 | 0.597
0.000 | 0.060 | 0.000 | 0.055 | 0.000 | 0.075 | 0.000 | 0.075 | 0.000 | 0.094
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Table 4.24 reports the sensitivity of the parameters in the modified double
Rayleigh JD model for the UK stock market to the varied threshold of jumps. The
initial and optimal parameters were sensitive to the varied threshold of jumps since
they change with the varied threshold. The jump intensities values were found to

decrease with larger values of e.
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Table 4.25: Sensitivity analysis of ¢ on the parameters in the modified double
Rayleigh JD model for the JSMI

6 =0013  6=0016 e =0019 ¢ =0021 ¢ =0024
éint éopm éint éopm éint éopm éint éopm éint éopm
0.095 | 0.114 | 0.082 | 0.101 | 0.097 | 0.122 | 0.097 | 0.122 | 0.091 | 0.097
0.089 | 0.062 | 0.101 | 0.078 | 0.109 | 0.084 | 0.109 | 0.084 | 0.123 | 0.094
0.017 | 0.040 | 0.020 | 0.004 | 0.023 | 0.000 | 0.023 | 0.000 | 0.030 | 0.009
0.019 | 0.045 | 0.022 | 0.042 | 0.025 | 0.053 | 0.025 | 0.053 | 0.033 | 0.053
12.75 | 12.94 | 11.78 | 11.35 | 11.45 | 12.67 | 10.11 | 11.28 | 10.72 | 9.01
13.69 | 14.19 | 14.64 | 13.07 | 14.27 | 1298 | 13.23 | 13.91 | 12.21 | 11.98
0.477 1 0.491 | 0.480 | 0.490 | 0.442 | 0.436 | 0.442 | 0.422 | 0.397 | 0.366
0.523 | 0.509 | 0.520 | 0.510 | 0.558 | 0.564 | 0.558 | 0.578 | 0.603 | 0.634
0.000 | 0.022 | 0.000 | 0.034 | 0.000 | 0.040 | 0.000 | 0.040 | 0.000 | 0.050
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Table 4.25 reports the sensitivity of the parameters in the modified double
Rayleigh JD model for the Japan stock market to the varied threshold of jumps.
The initial and optimal parameters are sensitive to the varied threshold of jumps
since they change with the varied threshold. The upward jump intensity value is
found to decrease with larger values of €. The initial estimate of y; is not sensitive

with the varied jump threshold.

189



4.9 STUDY EIGHT

Suitability analysis of the models to the empirical stock market data

One of the objectives of this research was to evaluate the suitability of the
distributions of the existing and proposed stock price models to the actual distri-
butions of the empirical stock data obtained from the markets. To achieve this,
a measure of the extent to which the obtained optimal parameters in the models
affect their fitness to the empirical data was carried out. The suitability analysis
was carried out using three methods. The first two methods were the test statistics
namely: Kolmogorov and Anderson-Darling test statistics, and the third method
is by comparing the basic moments of the distributions of the models with the

empirical moments.

4.9.1  Suitability analysis via KS and AD statistics

The Kolmogorov-Smirnov (KS) and Anderson-Darling (AD) statistics were
given by:

A

[;(n,a) - mamx( Fmodel(x> - Femp.(x)

) (4.157)

and

© [f I 2
Gl =0 [ Py ) (4159
where, Fmodel(x) and Femp. (x) are respectively the models’ and the empirical dis-
tributions, under a significance level of a = 0.05. Equation (4.157) will be used to
ascertain the model with a better goodness of fit to the empirical sampled data.
Owing to the above, the extent to which the empirical data sets follow the distri-
butions of the modelled GBM, NJD, asymmetric DEJD, asymmetric Laplace JD,
and MDR JD models was determined. In order to achieve this, the test hypotheses

are defined as:

A ~ A A

HO : Fmodel(x) = Femp($); Hl : Fmodel(z) 7& Femp(x) (4159)
under which, Hy was rejected, for the p — value < «, at the significance level of
a = 0.05. The results of the KS and AD test statistics were presented in Tables

4.26 and 4.27, respectively.
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Table 4.26: K-S test results of the fitness of the models to the log returns of the
market data

MKT A GBM A NJD A DEJD A ALJD A MDRJD

K(n,a) Db K(n,a) p K(n,a) 4 K(n,a) 4 K(n,a) p

NSM 0.115 | 2.2e-16 | 0.079 | 1.0e-10 | 0.043 | 6.7e-3 | 0.031 | 1.4e-4 | 0.002 | 5.8e-1

UKSM | 0.064 | 3.2e-7 | 0.028 | 6.3e-5 | 0.063 | 5.9e-4 | 0.003 | 2.3e-1 | 0.002 | 7.3e-1

JSM 0.122 | 2.2e-16 | 0.054 | 0.004 | 0.038 | 7.8e-2 | 0.027 | 9.8e-2 | 0.001 | 5.6e-1

Table 4.26 presents the suitability results of a measure of the suitability of the
models to the stock market via the KS method. The results showed that the null
hypothesis (Hp), at a significance level o = 0.05, was rejected for the GBM and
NJD models in all the stock market indices. However, the DEJD model gave a
better fit to the empirical stock market data than the GBM and NJD models. The
p—value obtained in the KS statistic under the JSMI data depicts the non-rejection
of Hy. The results also showed that the ALJD and MDRJD models fit the empirical
distributions better than the GBM, NJD and DEJD in all the stock market indices.
Notwithstanding, Hy was rejected for the ALJD model in the Nigerian case
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Table 4.27: A-D test results of the fitness of the models to the log returns of the
market data

GBM NJD DEJD ALJD MDRJD
MKT A A A . .
G(n,a) ¥4 G(n,a) b G(n,a) ¥4 G(n,a) 4 G(n,a) p
NSM 0.030 | 2.5e-4 | 0.010 | 1.6e-2 | 0.008 | 2.5e-3 | 0.006 | 2.5e-2 | 0.003 | 5.3e-1
UKSM | 0.007 | 2.5e-4 | 0.005 | 1.2e-3 | 0.004 | 2.5e-4 | 0.002 | 2.4e-1 | 0.001 | 3.7e-1
JSM 0.029 | 2.5e-4 | 0.007 | 3.4e-2 | 0.005 | 2.5e-4 | 0.004 | 1.3e-1 | 0.001 | 2.1e-1

Table 4.27 shows the compatibility analysis results of a measure of the fitness
of the models to the stock markets. A high rejection rate of the null hypothesis
(Hp) was observed in the GBM, NJD and DEJD models having the GBM in the
worse-case scenario. The fitness of these models to the empirical was shown by the
values of the test statistics: @(n,a). According to the values obtained for G(n,a),
the MDRJD model was found to fit the empirical densities better than others,
especially in the JSMI case.
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4.9.2 Results of the moments of empirical and modelled distributions

Here, the results of the basic empirical moments (mean, variance, skewness and
kurtosis) of the log returns of the data sets and the moments of the distributions

of the models were presented in Tables 4.28-4.30

193



Table 4.28: Results of the moments of empirical log-NASI and modelled distribu-

tions
moments . .
mean variance | skewness | kurtosis
models
I EmpN 45T [27le—4[113e—4 | —0.18 29.31 |
GBM 27le—4 | 1.13e -4 0 3
NJD 2.34e —3 | 1.23¢ — 2 0.13 6.14
DEJD 3.36e —2 | 1.23¢ — 2 —0.17 8.01
ALJD 8.46e — 4 | 3.89¢ — 3 0.02 9.01
MDRJD 283¢ —4 | 1.34e — 4 0.13 18.29

The Table 4.28 gives the results of the basic moments of the Nigerian stock
market log returns as compared to the moments of the modelled densities. The
derived basic moments of ALJD and MDRJD models can be found in subsections
(4.6.2) and (4.6.3). The results in the above Table showed that the mean and
variance of the GBM model were the same with the empirical NASI, The values
obtained under the skewness and kurtosis depict much deviants from the empirical
NASI. The distribution of the NJD, ALJD and MDRJD was found to be positively
skewed, while the DEJD distribution had a negative skewness. The MDRJD was

found to have a better kurtosis compared with the empirical NASI process.
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Table 4.29: Results of the moments of empirical log-UKSMI and modelled distri-

butions
moments . .
models mean variance | skewness | kurtosis
| EmpUrsii 4.82¢ —4[1.06e—2 | —0.56 23.35 |

GBM 4.41e —4 | 1.90e — 4 0 3
NJD 2.32¢ —2 | 1.86e — 2 —0.19 6.32
DEJD 1.83¢ — 3 | 3.16e — 2 —0.43 7.13
ALJD 6.15e —4 | 1.78¢ — 2 —-0.97 13.01

MDRJD 3.7¢ —4 | 2.71le — 2 0.17 14.35

The Table 4.29 gives the results of the basic moments of the UK stock market
log returns as compared to the moments of the modelled densities. The derived
basic moments of ALJD and MDRJD models can be found in subsections (4.6.2)
and (4.6.3). The results in the above Table showed that the mean of the GBM model
was found to be the same with the empirical UKSMI, the values obtained under
the skewness and kurtosis of the GBM depict much deviants from the empirical’s
skewness and kurtosis. The distributions of the NJD, ALJD and DEJD were found
to be negatively skewed, while the MDRJD distribution had a positive skewness.
The MDRJD was found to have a better kurtosis compared with the empirical
UKSMI process.
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Table 4.30: Results of the moments of empirical JSMI and modelled distributions

moments . .
mean variance | skewness | kurtosis
models
[ Emp’SM! 44e—4 [138e—2| —056 [ 1123 |

GBM 1.04e — 4 | 6.69¢ — 4 0 3
NJD 43¢ —3 | 1.25¢ -2 —-0.27 5.53
DEJD 3.1le —3 | 1.42¢ — 2 —0.57 6.83
ALJD 6.97¢ — 4 | 2.60e — 2 —0.62 7.52

MDR.JD 3.3de —4 | 1.71e — 2 0.25 9.06

Table 4.30 reports the results of the basic moments of the Japan stock market
log returns as compared to the moments of the modelled densities. The derived
basic moments of ALJD and MDRJD models can be found in subsections (4.6.2)
and (4.6.3). The results in the above Table showed that the mean of the GBM
model was found to be the same with the empirical JSMI, the values obtained
under the skewness and kurtosis of the GBM depict much deviants from the em-
pirical’s skewness and kurtosis. The distributions of the NJD, ALJD and DEJD
were found to be negatively skewed, while the MDRJD distribution had a positive
skewness. The MDRJD presents a better kurtosis as compared with the empirical

JSMI process.
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CHAPTER FIVE

DISCUSSION

5.1 Preamble

In this chapter, discussion of all the results obtained in chapter four, in relation
to the specific objectives and the existing literature were presented.

5.2 Discussion of results on the asymptotic variances of the particular RMPV
processes

Assume that X; € Svsm/, such that X; = X¢ + th, then the quadratic
variation of X/ can be obtained by X(Al”tl) - (AQV)t, which establishes a jump test
method according to Barndorff-Nielsen et al. (2006¢), Barndorff-Nielsen and Shep-
hard (2004), and most recently applied in Gkillas et al. (2020b). A generalisation
of the above concept has been carried out in this thesis. The jump test models in
equations (4.47)-(4.55) for higher-order particular cases of the realised multipower
variation process were shown to be alternative and better estimators or measures of

(1,1)
t

jumps than X \;” in a discretely-observed data. The asymptotic variances obtained

in the particular cases satisfy the inequality:
PRrRBV < PRTV < YRQV < Y$RPV < YREV < YRH,V < PROV < YRDY < OO (5.1)
This suggest that as m increases in equation (4.46), the value of wgy also in-

creases.

5.3 Discussion of results on jump test via the RMPV models in the stock
market data

Tables 4.1, 4.2, and 4.3, report the jump test results carried out on the NASI,

UKSMI and JSMI data sets which were described in study three of chapter four.

From the shreds of evidence produced in Tables 4.1, 4.2 and 4.3, based on a 5%

level of significance (o = 0.05), the null hypothesis was rejected (in all the par-
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ticular cases), that the data sets follow a diffusion process Smsv®. Also, based on
the results of the p-values and test statistics (Z,,), and the market price process
presents jumps. According to the test criterion of rejecting the null hypothesis,
Hy, that is, if the p — val < 0.05, it was observed from the results of the analysis,
that as m increases, the rejection rate of Hy increases. However, in comparing the
jump test results obtained in this work with the empirical analysis of Gkillas et.
al (2020b), it was observed that the p — values obtained for the particular higher
cases are quite smaller. This implies that the higher-order particular cases of the
RMPV processes were better estimators than the bipower variation process used
in Barndorff-Nielsen et al. (2006¢) and Gkillas et. al (2020b). Evidence of jumps

in the market price processes were found in Figures 4.7, 4.8, and 4.9.

5.4 Discussion of results on the estimated parameters in the GBM, NJD
and DEJD models

The difference in the analysis in this work under the GBM, NJD and DEJD
as compared with the estimation of the parameters in the normal and double ex-
ponential jump diffusion models in Synowiec (2008), is the initial estimates of the
parameters in the models. In the existing literature, arbitrary values were assumed
for the values of the parameters in the models when the maximum likelihood esti-
mation is applied. However, in our analysis, the initial estimation of the parameters
stems from the stock market process, which gives the actual estimates. This gives
the empirical analysis in this thesis an hedge over the methods in literature, owing
to the fact that the initials estimates give a true picture of the parameters in the
models with regards to the actual stock market price process.

The estimates of the parameters in the GBM, NJD and DEJD models respec-
tively, 09PN = (pg, 04), ON7P = (pa, 0, A, p1j, 05) and OPFIP = (pg, o4, 01,712, p, 4, \)
were reported in Tables 4.4- 4.9 under the NASI, UKSMI and the JSMI data. The
initial estimates 67", of the parameters were obtained from the empirical stock data
based on the moments of the distributions of the respective models. Also, the opti-
mal parameters gorm- were obtained via optimising numerically, the log-likelihood
of the probability density functions using the RCodes.

The results obtained for the initial and optimal parameters in the GBM model

as reported in Tables 4.4 and 4.5 , showed higher mean and volatility of the diffusion
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process in the UK stock market than the other stock markets under study. However,
all the values of the optimal parameters are the same compared to the initial
parameters with a slight difference in the optimal means of the UK and Japan
markets. This shows that the method used to estimate the optimal parameters is
quite robust in the GBM model; this was buttressed by Yang and Aldous (2015).
The optimal mean and volatility of the Nigerian stock obtained as contained in
Table 4.5 showed different values from the values obtained in Owoloko and Okeke
(2014).

In the NJD and DEJD models, the jumps which were found to be present in
the stock markets data, via the RMPV jump test method, were incorporated into
the GBM model but with different assumptions. In the NJD model, the mean and
the volatility of the jump sizes (); were estimated as fi; and &, respectively, such
that Q; ~ N(uj,0;), and ) is the estimated jump intensity. The results given in
Tables 4.6 and 4.7 with respect to the parameter f[i;, show that there are more
upward jumps in the Nigerian stock market and more downward jumps in the UK
and Japan stock markets. The results of ¢, indicates that the jumps in the Japan
stock are more volatile than the other markets. However, the jump intensity was
relatively higher in the Nigerian market than the UK and Japan stock markets.

In the asymmetric DEJD model, the parameters were connected to exponen-
tially distributed processes with means: E(Q}) = nil and E(QY) = n—12, given also
that the probability of obtaining an upward jump is p and ¢ = 1 — p. More so, the
intensity of jumps under the asymmetric DEJD is A as stated in equation (4.131).

The Tables 4.8 and 4.9 give the initial and optimal estimates of the parameters

S\UKSMI j\NASI

in the model. The jump intensity is relatively higher than and

A7SMI - This shows that there are more frequent jumps in the UK stock market.
The means of the downward jump sizes were found to be greater than the means
of the upward jump sizes in the three markets. However, there are more upward
jumps in the Nigerian stock market than the UK and Japan stock markets. In
the work of Sezgin-Alp (2016), it is observed that the Turkish stock market is less
volatile compared to the Nigerian, UK and Japan stock markets under the DEJD

model. The values of 6°P™ obtained evince this fact.
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5.9 Discussion of results on the estimated parameters in the asymmetric
Laplace JD model

The independent jump intensities (A} and )\?) in this work have not been
considered in the existing literature (see Synowiec (2008) and Sezgin-Alp (2016)).
Here, the downward and upward jump processes were considered independently
in the new models. The Tables 4.10 and 4.11 give the results obtained from the
estimation of the parameters in the asymmetric Laplace JD model. Here, the oc-
currence of the upward jumps are modelled separately from the downward jump
times. Thus, the upward and downward jump intensities are respectively assumed
to be: AY and /\?, where A = A} + /\;-l. The results obtained show that the Nigerian
stock market data presents a higher jump intensity than the other two markets.
This is further buttressed by the results of p, and ¢ in the three stock markets.
It can also be seen that the values of A\ are found to be smaller under the ALJD
model than the NJD and asymmetric DEJD models above and also in the work of
Synowiec (2008). This stems from the dynamics of Q; ~ AL(p;, 04, k) in the model.

5.6 Discussion of results on the estimated parameters in the modified double
Rayleigh JD model

In Synowiec (2008), standard forms of the jump processes, Q% and Q;l were
treated. Here, a generalisation of the work of Synowiec by considering a modified
version of the double Rayleigh jump-diffusion model was given. One of the motiva-
tions for choosing the MDRJD model was that, the densities of Q} and Q;’ should
peak at a non-zero value (according to Synowiec (2008)). That is, €, e_ # 0, hence
the choice e, = 0.02 and e = —0.02. The results of the parameters estimated in
the MDRJD model were presented in Tables 4.12 and 4.13. The values of the up-
ward and downward jump intensities are found to be small compared with those
of the ALJD model. The probabilities p and ¢, are seen to satisfy the same con-
ditions obtained for py and ¢ in the ALJD model. The results of the parameters:
o} and a? looks slightly different (which could be as a result of the generalisation
of the model) from the ones obtained in the work of Synowiec (2008). The re-
sult in Table 4.13, implies that the densities of @} under the NASI, UKSMI, and
JSMI peaks respectively at 0.0054, 0.0147 and 0.0074. Also, the densities of Q?
under the NASI, UKSMI, and JSMI peaks respectively at 0.0519, 0.0370 and 0.057.
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5.7 Discussion of results on the comparison of the graphs of the modelled
and empirical densities

The work in the existing literature (Synowiec (2008)) compared the graphs of
the densities of existing models: GBM, NJD and DEJD etc, to the tails of the
distributions of empirical data sets. In this work, new outlooks were presented in
this regard. The peakedness and tails of the densities new models were compared
with the tails and peakedness of empirical stock market distributions.

The plots of the modelled density functions for the GBM, symmetric NJD,
asymmetric DEJD, ALJD, and MDRJD models, with the empirical densities for
the NASI, UKSMI and the JSMI were presented in Figures 4.15 - 4.29. It was
observed that the peak of the density function of the GBM model, as compared
with the empirical densities’ peaks was found to be the lowest. The peak of the
density function of the symmetric NJD, was better placed than the GBM density.
The ALJD and the MDRJD models have the highest peaks that are well fitted
to the empirical densities. However, the tails of the NJD and DEJD densities fit
better than those of the ALJD and MDRJD densities; showing longer tails to the
right than the left in the case of the NJD and the reverse in the DEJD model. The
ALJD density presents longer tail to the left in the case of the empirical log returns
of the NASI than in the other markets. There was also found a longer tail to the
right in the density of the modelled MDRJD for the log returns of the UKSMI.

5.8 Discussion of results on the sensitivity analysis of varied jump-threshold
on the parameters in the models

The sensitivity analysis of varied threshold of jumps on the parameters in a
family of symmetric and asymmetric jump-diffusion models is new in literature
(see Synowiec (2008), Gkillas et. al (2020b), Sezgin-Alp (2016)), to the best of
our knowledge. Hence, the sensitivity analysis to obtain the extent to which these
parameters respond to the varied jump-threshold were carried out.

The results of the sensitivity analyses on the choice of the threshold of jumps
to the parameters in the models were presented in the Tables 4.14-4.25. The results

in Tables 4.14, 4.15 and 4.16, show that the estimated optimal parameters remain
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constant, under the different values of the threshold of jumps. This implies that
the method of estimation applied, does not depend on e. Although, the choice of
€ cannot outrightly be neglected in the sense that, if € > X'4*, then A = 0 and
automatically it will not be possible to estimate the parameters with the jump
process.

Based on the shreds of evidence produced in Tables 4.17-4.25, it was shown
that the optimal parameters are very sensitive to the varied threshold of jumps.
Hence, the estimation method strongly depends on the varied threshold of jumps

in the DEJD, ALJD and the MDRJD models.

5.9 Discussion of results on the suitability analysis of the models to empirical
data

The suitability of the modelled-distributions to the empirical distributions
of the stock market indices log returns, was measured via the KS and AD test
statistics, as well as by comparing the empirical moments to the basic moments of
the modelled-distributions.

The KS results given in the Table 4.26 show that the null hypothesis (Hy), at
a significance level a = 0.05, was rejected for the GBM and NJD models in all the
stock market indices. However, the DEJD model gives a better fit to the empirical
stock market data than the GBM and NJD models. The p—value obtained in the
KS statistic under the JSMI data depicts the non-rejection of Hy. The results also
show that the ALJD and MDRJD models fit the empirical distributions better than
the GBM, NJD and DEJD in all the stock market indices. Notwithstanding, H,
was rejected for the ALJD model in the Nigerian case.

The larger KS statistic value obtained for the GBM model, especially in the
NASI and JSMI data, depicts a high deviant of the peakedness of the density of
the modelled-GBM from the empirical density as could be clearly seen in Figures
4.15 and 4.17. It was also observed that the values of the AD statistics as reported
in Table 4.27, are smaller than the KS statistics in Table 4.26. This commemorates
the observations made by Synowiec (2008) in a similar analysis. According to
Synowiec (2008), the AD statistic gives better picture of the compatibility of the
tails of the distributions than the KS statistic.

The null hypothesis, according to the AD statistics was rejected for the GBM,
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NJD and DEJD models in the NASI, UKSMI and JSMI data. The ALJD and
MDRJD model fit the empirical log returns better than the GBM, NJD and DEJD
models. However, the ALJD was also rejected in the NASI log returns.

The results of the compatibility analysis via comparing the empirical and
the modelled-moments are reported in Tables 4.28, 4.29 and 4.30. They present
very high kurtosis and negatively skewed properties for the NASI data; very high
negative skewness and kurtosis for the UKSMI and the JSMI data. The results of
moments of the NJD, DEJD, ALJD and MDRJD models, in the Nigerian market
depict higher kurtosis as compared to that of the GBM model. Although, with the
exemption of the DEJD model, in the Nigerian market, the others are positively
skewed. The reverse is the case in the skewness property of NJD and ALJD in the
UKSMI and JSMI data. In conclusion, the GBM model in all the stock markets

gives the worst-case scenario.
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CHAPTER SIX

SUMMARY AND CONCLUSIONS

6.1 Preamble

This chapter entails the summary and concluding remarks of the overall re-
search, and enumerates some vital recommendations, contributions to knowledge

as well as suggestions for further research.
6.2 Summary

The main determinants of the dynamics of most discretely-observed data are
their empirical features and distributional properties. These include non-normality
properties such as discontinuous paths (jumps) in most stock indices log returns,
asymmetry and high-peakedness in the distribution.

The stock markets are encompassed with numerous challenges such as, the
right dynamics to enhance proper prediction of future stock prices, optimality, asset
pricing modelling etc. The choice of the dynamics used to represent the trend of
market price process can proffer solutions to most of these challenges. This study,
therefore, carried out an investigation to detect some non-normality features, so
as to detect jumps in a discretely-observed process. Hence, the particular cases of
higher-order realised multipower variation process with regards to their asymptotic
properties (probability limits and limit distribution) were studied. Models, based
on the asymptotic results, for detecting jumps in discretely-observed sampled data
from the stock markets were developed.

An improvement in the geometric Brownian motion model when jumps are
detected was also carried out. Novel and more robust skewed jump-diffusion models
were suggested to cater for the upward and downward jump processes, J (Q;‘) and
J (Q?), respectively. These processes have finite jump activities N* and N2, with
their respective jump intensities given as: A and )\?, could capture asymmetry

and high-peakedness. Also, the processes were assumed to obey the asymmetric
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Laplace and the modified double Rayleigh distributions. Hence, the asymmetric
Laplace jump-diffusion (ALJD) and the modified double Rayleigh jump-diffusion
(MDRJD) models for stock price modelling were proposed.

The probability density functions of the new skewed jump-diffusion processes
were obtained via the convolution of densities method and also subject to the
condition that the coefficient of the jump process V' is a Bernoulli random variable
satisfying P(V = 1) = AAt and P(V = 0) = 1—AAt; where, X = XY+ \7. The Lévy-
Khintchine formula for obtaining the basic moments was obtained for the ALJD
process. Since this research is geared towards obtaining models that are driven
by the market trends, were obtained the initial appraisal of the parameters in the
models from the log returns of the empirical data sets. The maximum likelihood
estimation method was used to obtain the optimal values in the models. The initial
and optimal parameters were obtained under varied threshold of jumps, specifically
five threshold of jumps. Furthermore, a sensitivity analysis to show the extent to
which the optimal parameters respond to the varied threshold of jumps was done.
The suitability of five stock models viz: geometric Brownian motion, NJD, DEJD,
ALJD and MDRJD models of the stock market empirical data was investigated
via the Kolmogorov-Smirnov and Anderson-Darling test statistics, as well as by
comparing the basic moments of the empirical data sets with the moments of the
modelled distributions.

The methods and models described above were tested on three stock mar-
ket indices obtained from the web platforms: https//-www.forextime.com and the
Nigerian stock exchange web platform. The data sets comprise 5334, 2076 and
2076 stock market indices daily observations, respectively, for the Nigerian, UK
and Japan stock markets.

The results obtained from the above analysis showed that the higher-order
particular cases of the RMPV processes are better estimators of jumps than the
bipower variation process used in Barndorff-Nielsen and Shephard (2006). Hence,
jumps were vividly seen in the stock market price processes via the RMPV models.

The optimal parameters obtained in the NJD, DEJD, ALJD and the MDRJD
models show that the mean of the jump sizes in the price process are greater in the
Nigerian stock market price process, than the UK and Japan stock market price

process. Also, it was observed that the jumps were more frequent in the UKSMI
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than the NASI and JSMI. Based on the ALJD and MDRJD models, the intensity
of the upward jump process was found to be higher in the Nigerian market than
the intensity of the downward jump process; in the UK and Japan stock markets,
the reverse was the case.

The comparison between the plots of the modelled and empirical densities, in
terms of high-peakedness, showed a worst scenario in the GBM case, and the best
in the MDRJD. However, the tails of the density of the NJD model was seen to
be well fitted to the empirical densities than the others. The sensitivity analysis
results to the varied threshold of jumps showed that the optimal parameters in
the NJD models are not sensitive to the varied threshold of jumps, while strong
sensitivity was observed in the DEJD, ALJD and MDRJD models.

Finally, the suitability or compatibility analysis results showed that the ALJD
and MDRJD models fit the empirical distributions better than the existing models

used in literature.

6.3 Conclusion

In conclusion, based on the models, analyses and results obtained in this
research, the jump test models of the particular higher-order cases were found to
be better jump-estimators. The asymmetric-Laplace and modified double-Rayleigh
jump-diffusion models proved more suitable for capturing jumps and non-normal
features in the stock market indices.

Although the existing jump-diffusion models conform to some non-normal em-
pirical features found in reality, the novel jump-diffusion models proved better and
more robust than the existing ones and can be used for optimality analysis, risk

hedging management and future prediction.
6.4 Contributions to knowledge
This research has contributed to existing knowledge in the following ways:
1. The work established a generalised jump test method by introducing the partic-

ular higher order cases of the realised multipower variation process in the study of

risk management.
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2. The assertion of jump components via the realised multipower variation process
is new particularly in the Nigerian market. This will be an added advantage to

financial analyst in the Nigerian market.

3. The study has also added to extant literature by picturing the asymmetric

properties and jump intensities of the jumps separately.

4. The study has presented new dynamics of stock price processes and suggested
the asymmetric Laplace and the modified double Rayleigh distributions for the

jump processes.

5. The added advantage of the study to market risk managers is that a true picture
of jumps engendered by the influx of good and bad news into the stock markets
was shown. Notably, the parameters associated with the upward and downward

trends evince this.

6.5 Suggestions for further research

Presently, our analysis in this study was restricted to models with constant
parameters. This could be extended in future research to modelling the stock
market dynamics with models driven by non-constant parameters. This may further
strengthen the claim of Areerak (2014) that parameters associated with stock price
models are not constants in the actual sense, since they depend on time.

Owing to the closed form solution of the densities and the characteristic func-
tions derived in the jump-diffusion models given in this research, Option pricing
can be achieved in the future work, by using some numerical methods or numerical
integration techniques.

Furthermore, numerical implementation of Option prices can be done via de-

riving the partial integro differential equations based on the models in this work.
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Appendices

Appendix I: Jump test analysis for the higher-order particular cases of the

RMPYV processes with Rcodes

rm(list = Is()); library(ggplot2); library (dplyr)
jumptest <— function (dp,method=""); #VEITHOD: Bipower
if (method=="Bipower ") {
mu43 < (1/sqrt(pi))=*(27(2/3))*gamma((4/34+1)/2)
# asymptotic variance
a <— (pi/2)°2 + pi—5; | < length(dp) # data length
rv <— sum(dp 2) # realised variance
# bipower variance (bias adjusted estimator)
bv <— pi/2x1/(1—1)xsum(abs(dp[—length (dp)])=*xabs(dp[—1]))
# Integrated quarticity
# realised tripower variation with r=s=u=4/3
mu43 < 1/sqrt(pi)=*2"(2/3)«gamma((4/3+1)/2)
tp < mu43”(—3)x1"2/(1-2)xsum((abs(dp[l:(length(dp)—2)]) %
abs(dp[2:(length (dp)—1)])*abs(dp[3:length(dp)])) " (4/3))
b <— tp/bv"2
# Test statistic
Num <— sqrt(1l)*(rv—bv)/rv; Den <— sqrt(asmax(1l,b))
z.1jt <— Num/Den; out = {}; out$asymptoticVar = a;
out$ztest = z.rjt;
# out$critical.value = gqnorm(¢(0.05,0.95));

out$pvalue = 2xpnorm(—abs(z.rjt)); out$realisedVar = rv;
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out$Bipowervar = bv; return(out); }else if(method==’
Tripower ’) {

# tripower variation

mud3 < (1/sqrt(pi))=*(2°(2/3))«gamma((4/34+1)/2)

mu23 <— (1/sqrt(pi))=*(2°(1/3))*gamma((2/341)/2) #Asym Var

a < (mu43/(mu23°2))x*((mu43"2)/(mu23°4) + 2x(mu43/mu23°2) +
2) — 7

1 <— length(dp) # data length; rv <— sum(dp~2)

# integrated variance

# bipower variance (bias adjusted estimator)

bv <— pi/2x1/(1—1)«sum(abs(dp[—length (dp)])=*abs(dp[—1]))

rtp <— mu23”(—3)*1/(1—2)*sum (((abs(dp[l:(length(dp)—2)])

xabs (dp[2:(length(dp)—1)])+abs(dp[3:length(dp)])) (2/3)))

# Integrated quarticity

# realised tripower variation with r=s=u=4/3

tp <— mu43”(—3)x1"2/(1—2)*xsum((abs(dp[1:(length(dp)—2)]) x

abs(dp[2:(length(dp)—1)])*abs(dp[3:length(dp)])) " (4/3))

b <— tp/bv" 2

# Test statistic

Num <— sqrt (1) «(rv—rtp)/rv;Den < sqrt(axmax(1l,b))

z.1rjt < Num/Den; out = {}; out$asymptoticVar = a;

out$ztest = z.rjt; out$critical.value=gqnorm(c(0.05,0.95));

out$pvalue = 2«pnorm(—abs(z.rjt));

out$realisedVar = rv; out$TripowerVar = rtp;

return (out);} else if (method=="Quadpower’){

# quadpower variation

mu43 <— (1/sqrt(pi))=(2°(2/3) (

(1/2) ) »garmma

27(1/4))+gamma(

%((mul”3)/(mul2”6)

)xgamma((4/3+1)/2)
1+1)/2)
(1/2+1)/2)

(
mul <— (1/sqrt(pi))=*(2
(
( + 2% (mul”2/mul2°4)

a <— (mul/(mul2"2)
+2%(mul/mul2”2)+ 2
1 <— length(dp) # data length

)
mul2 <— (1/sqrt(pi))=*

)

) — 9 # asymptotic variance

rv <— sum(dp"2) # realised variance
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# bipower variance (bias adjusted estimator)

bv <— pi/2x1/(1—1)xsum(abs(dp[—length (dp)])=*xabs(dp[—1]))

# daily realised tr

rqp <— mul2”(—4)x1/(1—3)*sum(((abs(dp[1:(length(dp)—3)]) *

abs(dp[2:(length (dp)—2)])*abs(dp[3:(length(dp)—1)]) *

abs (dp [4: length (dp)])) " (1/2)) )

# realised tripower variation with r=s=u=4/3

tp<mu43”(—3)*x1"2/(1—2)*sum((abs(dp[1:(length (dp)—2)])*abs(
dp[2:(length(dp)—1)]) =

abs(dp[3:length(dp)])) " (4/3)); b < tp/bv"2

# Test statistic

Num <— sqrt(1l)*(rv—rqp)/rv; Den <— sqrt(asxmax(1,b))

z.1rjt <— Num/Den; out = {};

out$asymptoticVar = a; out$ztest = z.rjt;

# out$critical . value = qnorm(c(0.05,0.95));

out$pvalue = 2spnorm(—abs(z.rjt)); out$realisedVar = rv;

out$QuadpowerVar = rqp; return(out)

#hexpower variation

mud3 < (1/sqrt(pi))=*(2°(2/3))«gamma((4/34+1)/2)
mu23 <— (1/sqrt(pi))=*(27(1/3))*gamma((2/3+1)/2)
mul3 <— (1/sqrt(pi))=*(27(1/6))«gamma((1/3+1)/2)
a <— (mu23/(mul3”2))*((mu23°5)/(mul3”"10) + 2%(mu23°4/mul3

“8)+
2%(mu23°3/mul3 " 6)+ 2%(mu23°2/mul3"4) +
2% (mu23/mul3”2)+ 2) — 13 # asymptotic variance
1 <— length(dp) # data length
rv <— sum(dp"2) # realised variance0
# integrated variance
# bipower variance (bias adjusted estimator)
bv <— pi/2x1/(1—1)«sum(abs(dp[—length (dp)])*abs(dp[—1]))
# daily realised hexapower variation
rhv < mul3”(—6)*1/(1-—5)«sum(((abs(dp[l:(length(dp)—5)]) %
abs(dp[2:(length (dp)—4)])*abs(dp[3:(length(dp)—3)]) *
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abs(dp[4:(length(dp)—2)])=*abs(dp[5:(length(dp)—1)]) *
abs (dp [6: length (dp)])) " (1/3)) )
# Integrated quarticity
# realised tripower variation with r=s=u=4/3 (bias adjusted
estimator)
tp <— mud3”(—3)*x1"2/(1—2)xsum((abs(dp[1:(length (dp)—2)]) =
abs(dp[2:(length(dp)—1)]) %
abs (dp[3:length(dp)]))"(4/3))
b < tp/bv"2
# Test statistic
Num <— sqrt(1l)*(rv—rhv)/rv
Den <— sqrt(axmax(1,b))
z.1rjt <— Num/Den
out = {};
out$asymptoticVar = a;
out$ztest = z.rjt;
# out$critical.value = gqnorm(¢(0.025,0.975));
out$pvalue = 2«pnorm(—abs(z.rjt));
out$realisedVar = rv;
out$HexpowerVar = rhv;
return (out)
telse if (method=="Heptpvowere r’){
varphid3 <— (1/sqrt(pi))*(27(2/3))+gamma((4/3+1)/2)
varphid7 <— (1/sqrt(pi))*(2"(2/7))*gamma((4/7+1)/2)
varphi27 <— (1/sqrt(pi))*(2°(1/7))*gamma((2/7+1)/2)
a <— (varphid7/(varphi27°2))«((varphid7°6)/(varphi27°12) +
2% (varphid7°5/varphi27 "10)+2«(varphi47"4/varphi27"8)
+ 2x(varphid7°3/varphi27°6) +2*(varphid7°2/varphi27°4)
+ 2x(varphid7/varphi27°2)+42) — 15 # asymptotic variance
1 <— length(dp) # data length
rpv <— sum(dp~2) # realised variance
# bipower variance (bias adjusted estimator)

bpv <— pi/2x1/(1—1)xsum(abs(dp[—length (dp)])=*abs(dp[—1]))
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# daily realised heptapower variation

rhpv <— varphi27 " (—7)*1/(1—6)*sum (((abs(dp[1:(length (dp)—6)
])*

abs(dp[2:(length(dp)—>5)])*abs(dp[3:(length(dp)—4)]) *

abs(dp[4:(length (dp)—3)])*abs(dp[5:(length(dp)—2)]) *

abs(dp[6:(length (dp)—1)])*abs(dp[7:length(dp)])) " (2/7)) )

# Integrated quarticity

# realised tripower variation with r=s=u=4/3

tpv <— varphi4d3"(—3)x1"2/(1—2)s«sum((abs(dp[1:(length (dp)—2)
])*

abs(dp[2:(length (dp)—1)])*abs(dp[3:length(dp)])) " (4/3))

b <— tpv/bpv"2

# Test statistic

Num <— sqrt (1)*(rpv—rhpv)/rpv; Den <—sqrt (axmax(1,b))

z.1jt <— Num/Den; out = {};

out$asymptoticVar = a; out$ztest = z.rjt;

# out$critical . value = qnorm (¢ (0.05,0.95));

out$pvalue = 2xpnorm(—abs(z.rjt)); out$realisedVar = rpv;

out$Heptpvowere rpvar = rhpv; return(out) }else if (method
=="Octapower ’) {

varphid3 <— (1/sqrt(pi

varphil2 <— (1/sqrt(pi))=(2°(1/4))*gamma((1/2+1)/2)

varphild <— (1/sqrt(pi))*(2"°(1/8))*gamma((1/4+1)/2)

#Asymptotic Variance

a <— (varphil2/(varphild "2))«((varphil2"7)/(varphild "14) +

2%(varphil2°6/varphil4 "12)+2%(varphil2"5/varphil4 "10)

+ 2x(varphil2”4/varphild"8) + 2«(varphil2°3/varphild "6)

+ 2x(varphil2°2/varphild "4)+2x(varphil2/varphild "2) +2) —
17

1 <— length(dp) # data length

1))*(27(2/3))«xgamma((4/3+1)/2)

rpv <— sum(dp~2) # realised variance
# bipower variance (bias adjusted estimator)

bpv <— pi/2x1/(1—1)xsum(abs(dp[—length (dp)])*abs(dp[—1]))
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# daily realised Octapower variation
rov <— varphild " (—8)*1/(1—7)xsum (((abs(dp[1:(length (dp)—T7)
])

abs(dp[2:(length (dp)—6)])*abs(dp[3:(length(dp)—5)]) *

abs(dp[4:(length (dp)—4)])*abs(dp[5:(length(dp)—3)]) *

abs(dp[6:(length(dp)—2)])=*abs(dp[7:(length(dp)—1)])=«abs(dp
[8:length(dp)])) "(1/4)))

# Integrated quarticity

# realised tripower variation with r=s=u=4/3

tpv <— varphi43"(—3)x1"2/(1—2)ssum((abs(dp[1:(length (dp)—2)
])*

abs(dp[2:(length (dp)—1)])*abs(dp[3:length(dp)])) " (4/3))

b <— tpv/bpv 2

# Test statistic

Num <— sqrt(1l)*(rpv—rov)/rpv; Den <— sqrt(axmax(1,b))

z.1rjt < Num/Den; out = {};

out$asymptoticVar = a; out$ztest = z.rjt;

# out$critical.value = qnorm(c(0.05,0.95));

out$pvalue = 2«pnorm(—abs(z.rjt));

out$realisedVar = rpv; out$Octapowerpvar = rov;
return (out); }else if(method=="Nonpower’){
varphi43 < (1/sqrt(pi))*(2°(2/3))*gamma((4/3+1)/2)
varphi49 <— (1/sqrt(pi))*(2"°(2/9))*gamma((4/9+1)/2)
varphi29 <— (1/sqrt(pi))=*(2"(1/9))=+gamma((2/9+1)/2)

#Asymptotic Variance

a <— (varphi49 /(varphi29°2))«((varphi49°8)/(varphi29"16)+2

*(varphid9°7)/(varphi29 "14)+2%(varphid9°6/varphi29 "12)+

2x(varphid9"5/varphi29 "10)+2*(varphi49"4/varphi29 "8) +2x(
varphi49 "3/varphi29 "6)+2x«(varphid9 "2/varphi29 "4)+

2% (varphid9/varphi29°2) +2) — 19

1 < length(dp) # data length

rpv <— sum(dp~2) # realised variance

# bipower variance (bias adjusted estimator)
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bpv <— pi/2x1/(1—1)«sum(abs(dp[—length (dp)])=*abs(dp[—1]))
# daily realised Nonpower variation

rNv <— varphi29 " (—9)«1/(1—8)«sum (((abs(dp[1:(length (dp)—8)

abs(dp[2:(length (dp)—7)])*abs(dp[3:(length(dp)—6)]) *
abs(dp[4:(length (dp)—5)])*abs(dp[5:(length(dp)—4)]) =
abs(dp[6:(length (dp)—3)])*abs(dp[7:(length(dp)—2)])*
abs (dp [8: (length (dp)—1)])abs(dp[9:length(dp)])) (2/9)))

# Integrated quarticity

# realised tripower variation with r=s=u=4/3

tpv <— varphi43"(—3)x1"2/(1—2)ssum((abs(dp[1:(length (dp)—2)
J) *

abs(dp[2:(length(dp)—1)])* abs(dp[3:length(dp)])) " (4/3))

b <— tpv/bpv"2; # Test statistic

Num <— sqrt (1) *(rpv—Nv)/rpv; Den <—sqrt (axmax(1,b))

z.1rjt <— Num/Den; out = {};

out$asymptoticVar = a; out$ztest = z.rjt;

# out$critical.value = qnorm(c(0.05,0.95));

out$pvalue = 2xpnorm(—abs(z.rjt)); out$realisedVar = rpv;

out$Nonpowerpvar = rNv; return (out)

telse if (method=="Decpower’) {

varphi43 <— (1/sqrt(pi))=(2°(2/3))*gamma((4/3+1)/2)

varphi2h < (1/sqrt(pi))*(2°(1/5))*gamma((2/5+1)/2)

varphils <— (1/sqrt(pi))=*(2°(1/10))*gamma((1/5+1)/2)

#Asymptotic Variance

a <— (varphi25/(varphil5"2))«((varphi25°9)/(varphil5"18)

+2x«(varphi25"8) /(varphil5 "16)+2%(varphi25°7/varphilb "14)

+2x(varphi2b "6/varphil5 "12)+2«(varphi25°5/varphil5 "10)

+2x(varphi2b "4 /varphil5 "8)+2«(varphi25°3/varphil5 "6)

+2%(varphi25°2/varphilb "4)+2«(varphi25/varphilb "2) +2)— 21

1 < length(dp) # data length

rpv <— sum(dp~2) # realised variance

# bipower variance (bias adjusted estimator)
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bpv <— pi/2x1/(1—1)«sum(abs(dp[—length (dp)])=*abs(dp[—1]))
# daily realised Nonpower variation

abs(dp[1:(length (dp)
p[3:(length(dp)—T7)])«

(
—9)])+abs(dp[2:(length (dp)— ) ) xabs (d
(length (dp)—5)])
(
(

] ]
abs(dp[4:(length (dp)—6)])«abs(dp[5: DE:
abs(dp[6:(length (dp)—4)])*abs(dp[7:(length(dp)—3)]) «
abs(dp[8:(length (dp)—2)])*abs(dp[9:(length(dp)—1)])*
abs (dp[10:length (dp)]))"(1/5)))

# Integrated quarticity

# realised tripower variation with r=s=u=4/3

tpv <— varphi43"(—3)x1"2/(1—2)ssum((abs(dp[1:(length (dp)—2)
J)*

abs(dp[2:(length(dp)—1)])*abs(dp[3:length(dp)])) " (4/3))

b <— tpv/bpv"2

# Test statistic

Num <— sqrt (1)*(rpv—rDv)/rpv; Den <—sqrt (axmax(1,b))

z.1rjt <— Num/Den

out={}; out$asymptoticVar = a;

out$ztest = z.rjt;

# out$critical . value = qnorm(c¢(0.05,0.95));

out$pvalue = 2xpnorm(—abs(z.rjt));

out$realisedVar = rpv; out$Decpowerpvar= rDv;

return (out)

#Empirical Analysis

datal <— read.csv(”D:/Back Up/latest project/Analysis”)

datal$dates <— format (as.Date(datal$DATES, format = "%d/%m/%
Y”) )%/ %Y ")

days < c(unique(datal$dates)); Result <— c()

ndays <— length(days); for (i in 1l:ndays){

data<— datal [datal[,4]==days[i],]

logreturn<— diff (log(data§CLOSE))

## Jump Test: Choose one of Bipower, Tripower, etc.

jTest <— jumptest(logreturn ,method=’Decpower’)
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Result <— c(jTest, Result)}

Result <— data.frame(matrix (Result, byrow=F, ncol=5,

dimnames=list (days=c (unique (datal$dates)),

Statistics=c(”asymptoticVar” ”ztest” ,”pvalue” ”"realisedVar
” " Decpowerpvar”))))

Decpower<— data.frame(matrix (unlist (Result), ncol = 5 ,byrow
= T,dimnames=1ist (days=c(unique (datal$dates) ),
Statistics

=c (”asymptoticVar” ,” ztest” ,” pvalue” ,”realisedVar”,”
Decpowerpvar”))))

Decpower$ID <— seq.int (nrow (Decpower))

Decpower <— Decpower[,c(6,1:5) |

Decpower <— data.frame (Decpower)

ggplot (Decpower )+ geom_line (aes (x=ID,

y=Nonpowerpvar, col="Decpowerpvar’), size =1.5)+

geom_line (aes(x = ID,y =realisedVar ,

col = ’realisedVar ') ,size=0.8)+xlab (’Obserpvations’) + ylab
(’’) +theme(panel.background =element_blank () )+theme (

legend . title = element_blank ())
Appendix II: Estimation of the parameters in the models using Rcodes

rm(list = Is()); setwd(”D:/Back Up/latest project/Analysis
7)

library (EstimationTools); library (readxl)

library (BBmisc); S < read_excel (”data3.xlsx”)

n = length (S$Price); dt = 1/252

t = seq(0,(n — 1)*xdt,length=n); R =diff(log(S$Price))

epislon = 0.02

#if true, we consider the equation value as jump

jumpupindex = which (R > epislon); jumpdownindex = which (R <
—epislon)

length (jumpupindex )

lambdauhat = length (jumpupindex) /((length (S$Price)—1)*dt)

lambdadhat = length (jumpdownindex) /((length (S$Price)—1)xdt)
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length (jumpdownindex )

lambdahat = lambdauhat +lambdadhat

#diffusion

diffusionindex = which(abs(R) <= epislon)

Rdiffusion = R[diffusionindex]

sigmahat = sd(Rdiffusion)/(sqrt(dt))

muhat = (2+mean( Rdiffusion)+(sigmahat "2)xdt) /(2xdt)

#Probability of upward and downward jumps

pk = length (jumpupindex) /(length (jumpupindex)+length (
jumpdownindex) )

gk = length (jumpdownindex) /(length (jumpupindex)+length (
jumpdownindex) )

k=(1/p—1)"0.5

Rjumpup = R[jumpupindex]

Rjumpdown = R[jumpdownindex]

alphalhat = 1/mean(Rjumpup)

alpha2hat = 1/abs(mean(Rjumpdown))

mu_jhat= (1/(p*lambdauhat—qxlambdadhat)*dt)*(mean(R) — (
mu_hat—sigmahat "2/2)xdt)—(lambdauhat*p/etalhat +
lambdadhat+q/eta2hat )*dt

#initial Parameter

theta0 <— c(muhat,sigmahat ,etalhat ,eta2hat ,lambdauhat,
lambdadhat , p,q,mu_jhat )

thetal

library (knitr); library (rpmutil)

#Integral Function

sigma = sigmahat; mu =muhat

alphal = etalhat; alpha2 = eta2hat

lambdau = lambdauhat; lambdad = lambdadhat

mu_j = mu_jhat; p=p; q=q

Fx = function(r){(((—(r—(mu-sigma”2/2)*dt))—(etalxsigma 2%
dt)) "2

/((2xsigma”2xdt)*(sqrt (2« pixsigma”2xdt))))}
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vint <— Vectorize (Fx)

Gx = function (r){(((—(r—(mu-sigma 2/2)xdt) " 2)

+(eta2xsigma"2xdt)) "2/((2*sigma " 2xdt)x(sqrt (2« pixsigma 2xdt
))))

vint2 = Vectorize (Gx); maxkous <— function (theta, r){

mu <- theta[1l]; sigma <- theta(2)

etal <— theta[3]; eta2 <— theta[4]

lambdau <— theta [5]; lambdad <— theta [6]

p < theta[7]; q < theta[8]; mu_j<- theta[9]

if ((lambdaut+lambdad) >0){

A = ((1—((lambdau+lambdad)*dt) /sigmaxsqrt (dt))*xexp(—(r—(mu
—(sigma "2)/2)*dt) "2)

/(2xsigma”2xdt ))

C =(lambdausdt*pxetalxexp(etal+*mu_j)*exp(—(r—(mu—(sigma " 2)
/2)xdt))*etal)

xexp ((sigma”2xetalxdt) /2)*(integrate (vint, lower=mu_j,
upper=1000000) $value)

D = (lambdadxdtsq*eta2xexp(eta2xmu_j)

kexp ((r—(mu—(sigma "2)/2)*dt))*eta2)

xexp ((sigma”2xetalxdt) /2)*(integrate (vint2 ,lower=—1000000,
upper=mu_j ) $value)

leftpvart = (CHD); rightpvart = A

maxk= —sum(rightpvart + leftpvart)

}else {

maxk = —sum(log ((1/sqrt (2% pixsigma”2)

kexp (—(r—(mu-sigma "2/2)*dt) "2/(2«%(sigma”"2xdt))))))

return (maxk)

}

A = optim(theta0 ,maxkous,r=R); A

mut <— c¢(A)S3$par

thetal < cbind ('mu’'=mut[1], sigma’=mut(2) , etal’=mut[3],’
eta2’=mut [4] ,

"lambdau’=mut [5] , "lambdad’=mut [6] , "p’=mut|[7],”q"=mut[8] ,”
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muj”’=mut [9])

print (kable(cbind (’initial * =c(’mu’=muhat, ’sigma’=sigmahat
,’etal’=etalhat , eta2’=eta2hat , ’lambdau’=lambdauhat , ’
lambdad’=lambdadhat , "p”"=p,”q"=q,” muj’=muj) , optim’'=
A$par) ,digits=4))

#Simulated value

logaljdrnd <— function (dt,mu,sigma,etal ,eta2  lambdau,
lambdad, p,q,muj,t,Ns){

dN = rpois(length(t)—1,abs(lambdaut+lambdad)x«dt)

dW = sqrt (dt)*rnorm(length(t)—1,0,1)

Y = (((muj+1/etal)*p — (muj+1/eta2)xq))*dN + (((muj—(2*muj/
etal)—(2/etal "2))*p — (muj 2—(2«xmuj/eta2)+(2/eta2"2))xq)
)*dNsrunif (length (t)—1,Ns)

Rsim = (mu — sigma"2/2)xdt + (sigmaxdW) + Y

}

RSim <— (logaljdrnd (dt,theta0[1],theta0(2),theta0[3],thetal
[4] ,thetaO[5],theta0[6],theta0[7],theta0[8], thetaO][9],t
1)

B = optim (theta0 ,maxkous, r=RSim)

print (kable(cbind ('simu’ =c(’mu'=mut[1],’sigma’=mut(2) ,’
etal’=mut[3], eta2’=mut[4],’lambdau’=mut[5], ’'lambdad’
=mut[6], 'p’=mut|[7],’q’=mut|[8], 'muj’=mut|[9]) , optim’=
BS$par) ,digits=3))

kstest <-ks.test (R,RSim); kstest

library (kdensity); library (EQL)

cdfl = kdensity (R); cdf2 = kdensity (RSim)

9999

plot (cdfl , main = ,col = "blue” xlim=c(—0.1,0.1), ylim=c
(0,80) ,xlab="Log—returns”, lwd=2)

lines (cdf2 ,col = "red”, lwd=2)

legend ("topleft”, legend=c ("JSMI” ,”ALJD”) , fill=c(1:4))

#install . packages (”twosamples”)

library (twosamples); adtest<—ad_test (R,RSim)
adtest; adstat<—ad_stat(R,RSim); adstat

219



REFERENCES

Adeosun, M. E., Edeki, S. O., and Ugbebor, O. O. 2015. Stochastic analysis
of stock market price models: A case study of Nigerian Stock Exchange.

WSEAS Transactions on Mathematics, 14: 353-363.

Adeosun, M. E., Edeki, S. O., and Ugbebor, O. O. 2016. On a Variance Gamma
model (VGM) in Option Pricing: A difference of two Gamma processes.

Journal of Informatics and Mathematical Sciences, 8: 1-16.

Ahlip, R. and Prodan, A. 2015. Pricing FX options in the Heston/CIR jump-
diffusion model with log-normal and log-uniform jump amplitudes. Interna-

tional Journal of Stochastic Analysis, http://dx.doi.org/10.1155/2015/258217.

Ait-Sahalia, Y. 2002. Telling from discrete data whether the underlying continuous
time model is a diffusion. The Journal of Finance, 57(5): 2075-2112.

Ait-Sahalia, Y., Cacho-Diaz, J., and Laeven, R. J. A. 2015. Modeling financial
contagion using mutually exciting jump processes. Journal of Financial Eco-

nomics, 117(3): 585-606.

Ait-Sahalia, Y. and Jacod, J. 2009. Testing for jumps in a discretely-observed
process. The Annals of Statistics, 37(1): 184-222.

Ait-Sahalia, Y. and Jacod, J. 2011. Testing whether jumps have finite or infinite
activity. The Annals of Statistics, 39(3): 1689-1719.

Ait-Sahalia, Y., Jacod, J., and Li, J. 2012. Testing for jumps in noisy high
frequency data. Journal of Econometrics, 168(2): 207-222.

Ait-Sahalia, Y., Mykland, P. A., and Zhang, L. 2005. How often to sample a
continuous-time process in the presence of market microstructure noise. The

review of Financial Studies, 18(2): 351-416.

220



Akyildirm, E. and Soner, H. M. 2014. A brief history of mathematics in finance.
Borsa Istanbul Review, 14(1): 57-63.

Andersen, T. G., Bollerslev, T., Christoersen, P. F., and Diebold, F. X. 2013.
Financial risk measurement for financial risk management. In Handbook of

the Economics of Finance. 2: 1127-1220. Elsevier.

Andersen, T. G., Bollerslev, T., and Diebold, F. X. 2004. Parametric and non-
parametric volatility measurement. RODNEY L WHITE CENTER FOR
FINANCIAL RESEARCH-WORKING PAPERS.

Andersen, T. G., Bollerslev, T., Diebold, F. X., and Ebens, H. 2001a. The dis-
tribution of realized stock return volatility. Journal of financial economics,

61(1): 43-76.

Andersen, T. G., Bollerslev, T, Diebold, F. X., and Labys, P. 2001b. The distribu-
tion of exchange rate volatility. Journal of American Statistical Association,

61(1): 42-55.

Andersen, T. G., Doborev, D., and Schaumburg, E. 2012. Jump-robust volatil-
ity estimation using nearest neighbor truncation. Journal of Econometrics,

169(1): 75-93.

Applebaum, D. 2009. Lévy processes and stochastic calculus. ISBN-13978-0-511-
53384-6. Cambridge university press, New York.

Areerak, T. 2014. Mathematical model of stock prices via a fractional Brownian
motion model with adaptive parameters. International Scholarly Research

Notices, http://dx.doi.org/10.1155/2014/791418.

Bachelier, L. 1900. Theorie de la speculative Paris: Gauthier-Villar. Annales
Scientiques de L Ecole Normale Superieure, 17: 21-26.

Bajgrowicz, P., Scaillet, O., and Treccani, A. 2015. Jumps in high-frequency
data: Spurious detections, dynamics, and news. Management Science, 62(8):

2198-2217.

Bandi, F. M. and Reng, R. 2016. Price and volatility co-jumps. Journal of
Financial Economics, 119(1): 107-146.

221



Barndorff-Nielsen, O. E., Graversen, S. E., Jacod, J., Podolskij, M., and Shephard,
N. 2006a. A central limit theorem for realised power and bipower variations
of continuous semimartingales. In From Stochastic Calculus to Mathematical

Finance, pages 33-68. Springer.

Barndorff-Nielsen, O. E., Graversen, S. E., Jacod, J., and Shephard, N. 2006b.
Limit theorems for bipower variation in financial econometrics. Econometric

Theory, 22(4): 677-719.

Barndorff-Nielsen, O. E., Graversen, S. E., Jacod, J., and Shephard, N. 2006c.
Limit theorems for bipower variation in financial econometrics. Econometric

Theory, 22(4): 677-719.

Barndorff-Nielsen, O. E. and Shephard, N. 2001a. Modelling by Lévy processes

for Financial econometrics. In Lévy processes, pages 283-318. Springer.

Barndorff-Nielsen, O. E. and Shephard, N. 2001b. Non gaussian Ornstein Uhlen-
beck based models and some of their uses in financial economics. Journal
of the Royal Statistical Society: Series B (Statistical Methodology), 63(2):
167-241.

Barndorff-Nielsen, O. E. and Shephard, N. 2002a. Econometric analysis of realized
volatility and its use in estimating stochastic volatility models. Journal of the

Royal Statistical Society: Series B (Statistical Methodology), 64(2): 253-280.

Barndorff-Nielsen, O. E. and Shephard, N. 2002b. Estimating quadratic variation

using realized variance. Journal of Applied econometrics, 17(5): 457-477.

Barndorff-Nielsen, O. E. and Shephard, N. 2003a. Integrated OU processes and
non-gaussian OU-based stochastic volatility models. Scandinavian Journal

of Statistics, 30(2): 277-295.

Barndorff-Nielsen, O. E. and Shephard, N. 2003b. Realized power variation and
stochastic volatility. Bernoulli, 9: 243-265.

Barndorff-Nielsen, O. E. and Shephard, N. 2004. power and bipower variation with

stochastic volatility and jumps. Journal of financial econometrics, 2(1):1-37.

222



Barndorff-Nielsen, O. E. and Shephard, N. 2005. Variation, jumps, market fric-
tions and high frequency data in financial econometrics Nuffield College Eco-

nomics Working Paper No. 2005-W16

Barndorff-Nielsen, O. E. and Shephard, N. 2006. Econometrics of testing for

jumps in financial economics using bipower variation. Journal of Financial

Econometrics, 4(1): 1-30.

Barndorff-Nielsen, O. E., Shephard, N., and Winkel, M. 2006b. Limit theorems
for multipower variation in the presence of jumps. Stochastic processes and

their applications, 116(5): 796-806.

Bates, D. S. 2008. The market for crash risk. Journal of Economic Dynamics and
Control, 32(7): 2291-2321.

Belaygorod, A. and Zardetto, A. 2013. Practical specification of affine jump-
diffusion stochastic volatility models. https://olin.wustl.edu/faculty /SVCJ.pdf

Bichteler, K. and Klaus, B. 2002. Stochastic integration with jumps, volume 89.
Cambridge University Press, New York.

Black, F. and Cox, J. C. 1976. Valuing corporate securities: Some effects of bond
indenture provisions. The Journal of Finance, 31(2): 351-367.

Black, F. and Scholes, M. 1973a. The pricing of options and corporate liabilities.
Journal of political Economy, 81: 637-654.

Black, F. and Scholes, M. 1973b. The Pricing of Options and Corporate Liability.
J. Political Economy, 81: 637-659.

Broadie, M. and Kaya, O. 2006. Exact simulation of stochastic volatility and
other Affine jump diffusion processes. Operations research, 54(2): 217-231.

Cai, N., Chen, N., and Wan, X. 2009. Pricing double-barrier options under a
exible jump diffusion model. Operations Research Letters, 37(3): 163-167.

Calcagnile, L. M., Bormetti, G., Treccani, M., Marmi, S., and Lillo, F. 2018. Col-
lective synchronization and high frequency systemic instabilities in financial

markets. Quantitative Finance, 18(2): 237-247.

223



Carr, P., Geman, H., Madan, D. B., and Yor, M. 2002. The new structure of
asset returns: An empirical investigation. The Journal of Business, T5(2):

305-332.

Carr, P. and Wu, L. 2003. What type of process underlies options? a simple
robust test. The Journal of Finance, 58(6): 2581-2610.

Chen, R., Li, Z., Zeng, L., Yu, L., Qi, L., and Liu, J. L. 2017. Option pricing
under the double exponential jump-diffusion model with stochastic volatility

and interest rate. Journal of Management Science and Engineering, 2(4):

252-289.

Claeskens, G. and Van Keilegom, I. 2003. Bootstrap confidence bands for regres-
sion curves and their derivatives. The Annals of Statistics, 31(6): 1852-1884.

Cont, R. and Tankov, P. 2004. Nonparametric calibration of jump-diffusion option

pricing models. Journal of computational finance, 7: 1-49.

Crosby, J., Le Saux, N., and Mijatovic, A. 2010. Approximating Lévy processes
with a view to option pricing. International Journal of Theoretical and Ap-

plied Finance, 13(1): 63-91.

Culot, M., Goffin, V., Lawford, S., de Menten, S., and Smeers, Y. 2006. An affine
jump diffusion model for electricity. In Seminars, Groupement de Recherche

en Fconomic Quantitative d Aix-Marseille.

Da Fonseca, J. and Ignatieva, K. 2019. Jump activity analysis for affine jump
diffusion models: Evidence from the commodity market. Journal of Banking

and Finance, 99: 45-62.

Dong, X., Li, C., and Yoon, S. M. 2020. Exogenous shocks, dynamic correlations,
and portfolio risk management for the Asian emerging and other global de-

veloped and emerging stock markets. Applied Economics, 52(43): 4745-4764.

Duffie, D. and Pan, J. 1997. An overview of value at risk. Journal of derivatives,

4(3): 7-49.

Duffie, D., Pan, J., and Singleton, K. 2000. Transform analysis and asset pricing
for affine jump-diffusion models. Econometrica, 68(6): 1343-1376.

224



Durrett, R. 2019. Probability: theory and examples, volume 49. Cambridge uni-

versity press, New York.

Eberlein, E. and Keller, U. 1995. Hyperbolic distributions in finance. Bernoulli,
1(3): 281-299.

Ekhaguere, G. O. S. 2009. Unpublished Lecture notes in Financial Mathematics
MAT 753 University of Ibadan, Ibadan Nigeria.

Eraker, B., Johannes, M., and Polson, N. 2003. The impact of jumps in volatility
and returns. The Journal of Finance, 58(3): 1269-1300.

Fama, E. F. 1965. The behaviour of stock market prices. J.Bus, 38: 34-105.
Fama, E. F. 1995. Random walks in stock market prices. J.Bus, 38: 55-59.

Fan, J. and Wang, Y. 2007. Multi-scale jump and volatility analysis for high-
frequency financial data. Journal of the American Statistical Association,

102(480): 1349-1362.

Feller, W. 1951. The asymptotic distribution of the range of sums of independent
random variables. The Annals of Mathematical Statistics, 13(56): 427-432.

Forextime Stock trading platform, 2020. https//-www.forextime.com Retrieved:
February 21, 2020.

Geske, R. 1977. The valuation of corporate liabilities as compound options. Jour-

nal of Financial and quantitative Analysis, 12(4): 541-552.

Gioa, A. and Vieu, P. 2016. An introduction to recent advances in high/infinite
dimensional statistics. Journal of Multivariate Analysis, 146(89): 1-6.

Gkillas, K., Bouri, E., Gupta, R., and Roubaud, D. 2020a. Spillovers in higher
order moments of crude oil, gold, and bitcoin. The Quarterly Review of

Economics and Finance, 51(12): 109-127.

Gkillas, K., Gupta, R., Lau, C. K. M., and Suleman, M. T. 2020b. Jumps beyond
the realms of cricket: India’s performance in one day internationals and stock

market movements. Journal of Applied Statistics, 47(6): 1109-1127.

225



Glasserman, P. and Kim, K. 2009. Saddlepoint approximations for affine jump

diffusion models. Journal of Economic Dynamics and Control, 33(1):15-36.

Gugole, N., 2016. Merton jump-diffusion model versus the black and scholes
approach for the log-returns and volatility smile fitting. International Journal

of Pure and Applied Mathematics, 109(3): 719-736..

Hanson, F. B. and Westman, J. J. 2002. Stochastic analysis of jump-diffusion
models for financial log-return processes. In Stochastic theory and control,

pages 169-183. Springer.

Hanson, F. B., Westman, J. J., and Zhu, Z. 2004a. Market parameters for stock
jump diffusion models. In Mathematics of Finance: Proceedings of an AMS-
IMS-SIAM Joint Summer Research Conference on Mathematics of Finance,
page 155.

Hanson, F. B., Westman, J. J., and Zhu, Z. 2004b. Multinomial maximum likeli-
hood estimation of market parameters for stock jump-diffusion models. Con-

temporary Mathematics, (251): 155-169.

He, S.,Wang, J., and Yan, J. 2018. Semimartingale theory and stochastic calculus.
Routledge, Taylor and Francis Group, England, UK.

Hillman, T., Zhang, N., and Jin, Z. 2018. Real-option valuation in a finite time,
incomplete market with jump diffusion and investor-utility inflation. Risks,

6(2): 51-63.

Hsieh, D. A. 1991. Chaos and nonlinear dynamics: application to financial mar-

kets. The journal of finance, 46(5): 1839-1877.

Huang, X. and Tauchen, G. 2005. The relative contribution of jumps to total price

variation. Unpublished Paper: Department of Economics, Duke University.

Huang, X. and Tauchen, G. 2010. The relative contribution of jumps to total

price variance. Journal of financial econometrics, 3(4): 456-499.

Jacod, J. 2008. Asymptotic properties of realized power variations and related

functionals of semimartingales. Stochastic processes and their applications,

118(4): 517-559.

226



Jacod, J. and Shiryaev, A. 2013. Limit theorems for stochastic processes, volume

288. Springer Science Business Media.

Jacod, J. and Shiryaev, A. N. 2003. Skorokhod topology and convergence of pro-

cesses. In Limit theorems for stochastic processes, pages 324-388. Springer.

Jin, J., Han, L., Wu, L., and Zeng, H. 2020. The hedging effectiveness of global
sectors in emerging and developed stock markets. International Review of

Economics and Finance, 66: 92-117.

Jing, B., Kong, X., and Liu, Z. 2012. Modelling high frequency data by pure jump
processes. The Annals of Statistics, 40(2): 759-784.

Karlin, S. and McGregor, J. 1959. Coincidence probabilities. Pacific Journal of
Mathematics, 9(4): 1141-1164.

Kinnebrock, S. and Podolskij, M. 2008. A note on the central limit theorem
for bipower variation of general functions. Stochastic processes and their

applications, 118(6): 1056-1070.

Koo, J. Y. 1997. Spline estimation of discontinuous regression functions. Journal

of Computational and Graphical Statistics, 6(3): 266-284.

Kotz, S., Kozubowski, T., and Podgorski, K. 2012. The Laplace distribution and
generalizations: a revisit with applications to communications, economics,

engineering, and finance. Springer Science Business Media.

Kou, S. G. 2000. A jump diffusion model for option pricing with three properties:
leptokurtic feature, volatility smile, and analytical tractability. In Proceed-
ings of the IEEE/IAFE/INFORMS 2000 44" Conference on Computational
Intelligence for Financial Engineering (CIFEr)(Cat. No. 00TH8520), pages
129-131. IEEE.

Kou, S. G. 2002. A jump-diffusion model for option pricing. Management science,

48(8): 1086-1101.

Kozubowski, T. J. and Podgorski, K. 2000. Asymmetric laplace distributions.
Mathematical Scientist, 25(1): 37-46.

227



Kyprianou, A. E. 2006. Introductory lectures on fluctuations of Lévy processes

with applications. Springer Science Business Media.

Lamberton, D. and Lapeyre, B. 2011. Introduction to stochastic calculus applied
to finance. Second Edition, Chapman and Hall/CRC Financial Mathematics
Series, ISBN 9781584886266.

Lau, K. J., Goh, Y. K., and Lai, A. C. 2019. An empirical study on asymmetric
jump diffusion for option and annuity pricing. PloS one, 14(5): €0216529.

Lee, S. S. and Mykland, P. A. 2007. Jumps in financial markets: A new non-
parametric test and jump dynamics. The Review of Financial Studies, 21(6):

2535-2563.

Liu, Y., Jiang, 1., and Hsu, W. 2018. Compound option pricing under a double ex-
ponential jump-diffusion model. The North American Journal of Economics

and Finance, 43: 30-53.

Ma, S. and Yang, .. 2011. A jump-detecting procedure based on spline estimation.
Journal of Nonparametric Statistics, 23(1): 67-81.

Madan, D. B. and Seneta, E. 1990. The variance gamma (vg) model for share
market returns. Journal of Business, 63(4): 511-524.

Madan, D. B., Carr, P. P., and Chang, E. C. 1998. The variance gamma process
and option pricing. Review of Finance, 2(1): 79-105.

Merton, R. C. 1976. Option pricing when underlying stock returns are discontin-

uous. Journal of Financial Economics, 3(1-2): 125-144.

Merton, R. C. 1980. On estimating the expected return on the market: An

exploratory investigation. Journal of Financial economics, 8(4): 323-361.

Nelson, D. B. 1992. Filtering and forecasting with misspecified ARCH models
getting the right variance with the wrong model. Journal of Econometrics,

52(1-2): 61-90.

NGSEINDX:IND-Nigerian Stock Exchange All Share Index, 2020. www.nse.com.ng/
products/indices. Retrieved: February 21, 2020.

228



Nomikos, N. K. and Soldatos, O. 2008. Using affine jump diffusion models for
modelling and pricing electricity derivatives. Applied Mathematical Finance,

15(1): 41-71.

Oksendal, B. K. and Sulem, A. 2005. Applied stochastic control of jump diffusions,

volume 498. Springer.

Osborne, M. F. M. 1952. Rational Theory of Warrant, Pricing Industrial Man-
agement Review. J.Bus, 6: 13-32.

Owoloko, E. A., and Okeke, M. C. 2014. Investigating the Imperfection of the
B-S Model: A Case Study of an Emerging Stock Market. British Journal of
Applied Science and Technology, 4(29): 4191-4200.

Park, C. and Kim, W. C. 2006. Wavelet estimation of a regression function with
a sharp change point in a random design. Journal of statistical planning and

inference, 136(7): 2381-2394.

Park, C. W. and Kim, W. C. 2004. Estimation of a regression function with a
sharp change point using boundary wavelets. Statistics probability letters,

66(4): 435-448.

Poterba, J. M. and Summers, L. H. 1986. Reporting errors and labor market
dynamics. Econometrica: Journal of the Econometric Society, pages 1319-

1338.

Protter, P. E. 2005. Stochastic differential equations. In Stochastic integration
and differential equations, pages 249-361. Springer. framework. Economics

Bulletin, 36(3): 1315-1324.

Samuelson, P. 1965. Economics Theorem and Mathematics, An Appraisal. Cowles

Foundation Paper, and Reprinted: American Economic Review, 42: 56-69.

Sato, K. 1999. Lévy processes and infinitely divisible distributions. Cambridge

University press, New York

Schoutens, W. 2003. Lévy Processes in Finance; Pricing Financial Derivatives.

John Wiley and Sons Ltd, pages 34-105.

229



Schoutens, W. and Cariboni, J. 2010. Lévy processes in credit risk, volume 519

John Wiley Sons.

Sezgin-Alp, O. 2016. Double exponential jump diffusion model: An empirical
assessment for the Turkish stock market. Research Journal of Finance and

Accounting, 3(10): 176-187.

Shreve, S. E. 2004. Stochastic calculus for finance: Continuous-time models, vol-

ume 11. Springer Science Business Media.

Synowiec, D. 2008. Jump diffusion models with constant parameters for financial
log-return processes. Computers Mathematics with Applications, 56(8): 2120-
2127.

Tauchen, G. and Zhou, H. 2011. Realized jumps on financial markets and pre-
dicting credit spreads. Journal of Econometrics, 160(1): 102-118.

Taylor, S. J. and Xu, X. 1997. The incremental volatility information in one
million foreign exchange quotations. Journal of Empirical Finance 4(2): 317-

340.

Trautmann, S. and Beinent, M. 1994. Stock price jumps and their impact on

option valuation. Johannes Gutenberg University.

Ugbebor, O. O. (2009). Unpublished lecture notes in probability theory MAT
780, University of Ibadan, Ibadan Nigeria.

Van Keilegom, I. (2004). A note on the nonparametric estimation of the bivariate
distribution under dependent censoring. Journal of Nonparametric Statistics,

16(3-4): 659-670.

Vestbekken, J. K. and Engebretsen, B. 2016. A Merton approach to predicting
defaults amongst public RMS in Norway. Master’s thesis, BI Norwegian

Business School.

Wang, J. and Yang, L. 2009. Polynomial spline confidence bands for regression
curves. Statistica Sinica, pages 325-342.

230



Wang, Y. 1995. Jump and sharp cusp detection by wavelets. Biometrika. 82.
385-397. Mathematical Reviews (Math Sci Net): MR1354236 Digital Object
Identifier:doi, 10.

Xia, Y. 1998. Bias-corrected confidence bands in nonparametric regression. Jour-
nal of the Royal Statistical Society: Series B (Statistical Methodology), 60(4):
797-811.

Xu, W., Liu, G., and Li, H. 2016. A novel jump diffusion model based on SGT
distribution and its applications. Economic Modelling, 59: 74-92.

Xue, Y., Gencay, R., and Fagan, S. 2014. Jump detection with wavelets for high-
frequency financial time series. Quantitative Finance, 14(8): 1427-1444.

Yan, G. and Hanson, F. B. 2006. Option pricing for a stochastic-volatility jump
diffusion model with log-uniform jump-amplitudes. In 2006 American Con-

trol Conference, pages 6 pp. IEEE.

Yang, Z. and Aldous, D. 2015. Geometric Brownian motion model in financial

market. Working Paper, University of California, Berkeley.

Yaya, O. S., Shittu, O. I., Ayoola, F. J., and Olutayo, D. G. 2018. Median
realized variation as a robust volatility measure for estimating heterogeneous

autoregressive model in the presence of asymmetry, jumps and structural

breaks. Nigerian Journal of Security Markets, 2(3): 12-28.

Yaya, O. S. 2013. Nigerian stock index: A search for optimal GARCH model
using high frequency data. CBN Journal of Applied Statistics, 4(2): 69-85.

Ysusi, C. 2006. Detecting jumps in high-frequency financial series using multi-

power variation. Banco de Mexico, pages 2006-10.

Ysusi, C. 2010. Consumer price behaviour in Mexico underation targeting: A

microdata approach. Technical report, Working Papers.

Yusof, N. M. and Jaffar, M. M. 2017. KMV-Merton model-based forecasting
of default probabilities: A case study of Malaysian airline system Berhad.
Journal of Engineering and Applied Sciences, 12(17): 4297-4300.

231



Zhang, L., Zhang, W., Xu, W., and Xiao, W. 2012. The double exponential
jump diffusion model for pricing European options under fuzzy environments.

Economic Modelling, 29(3): 780-786.

Zhou, B. 1996. High-frequency data and volatility in foreign-exchange rates. Jour-
nal of Business Economic Statistics, 14(1): 45-52.

Zhou, C. 1997. A jump-diffusion approach to modeling credit risk and valuing
defaultable securities. Awvailable at SSRN 39800.

Zhou, C. 2001. The term structure of credit spreads with jump risk. Journal of
Banking Finance, 25(11): 2015-2040.

Zhu, 7. and Hanson, F. B. 2005. A monte-carlo option-pricing algorithm for log
uniform jump-diffusion model. In Proceedings of the 44th IEEE Conference
on Decision and Control, pages 5221-5226. IEEE.

232



