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Abstract

The concept of stability in differential equations is of immense importance par-
ticularly for determination of properties of solutions of nonlinear equations which
cannot be readily solved to obtain closed analytic solutions. Stability in the sense
of Hyers-Ulam(H-U) and Hyers-Ulam-Rassias(H-U-R) has been considered for lin-
ear Ordinary Differential Equations(ODE) due to their solutions which are easily
determined. However, cases of nonlinear ODE of second and third orders have
received little attention. This research was therefore designed to establish the sta-

bility of nonlinear second and third order in the sense of H-U and H-U-R.

Variants of the perturbed second order ODE of the form

u’(t) + f(t,u(t), v (t)) = P(t,u(t),u(t)) and third order ODE of the form

u” () + f(t,u(t),u'(t),u"(t)) = P(t,u(t),u'(t)) were reduced to their equivalent in-
tegral equations, where ¢ is an independent real variable; f, P, and u are continuous
functions of their argument. Extension of Gronwall-Bellman-Bihari(G-B-B) type
inequalities having the same number of integrals as the equivalent integral equa-
tions were developed. These integral inequalities were used to prove the existence
of H-U and H-U-R stability. They were also used to estimate the H-U and H-U-R

constants for each of the variants of the equations.

The newly developed G-B-B type inequalities of nonlinear integrals obtained were:
w(t) < o+ L [L f(s)u(s)ds + 1 F(s)r(s)(J p(r)e(u(r))dr)ds

and u(t) < ug + Tfti r(s)B(s)ds + L ftz h(s)wu(s))ds

where f, v, p, w, [ and h are continuous functions and 7T, L and uq are positive
constants. The nonlinear second order ODE were found to possess H-U stability

and H-U constants

Koy = L(1+ 50% + |q(&, u(&), w'(€), v (§))] + Ip(ulp), v/ (p))[27H (1) + ne™)



and Ky = (355 + 525)07 Q1) + 2gn@ (FH(F(1) + Zgm) FH(F(1) +m2g),
respectively, where ¢,p,Q, Q71 F, F~! @, h are functions of their argument and
A& p, M,n and m are constants. The newly developed G-B-B type inequality for
two nonlinear integrals u(t) < p(t) + T ftl; r(s)B(s)ds + L ftto h(s)w(u(s))ds. where
p(t) a monotonic, nonnegative, continuous function, with this nonlinear second or-
der ODE were found to possess H-U-R stability and the H-U-R constants

Coppy = QUL +mn+n*)w(FYF(1) +1)F 1 (F(1)+1) and

Copp =T HT() + my™y(FH(F(1) + 1)) F1(F(1) + ) where

[, T~! and 7 are functions of their argument and 7, [ are constants. The new G-B-B
type inequality for three nonlinear integrals was:

u(t) < D+ Tfti r(s)B(u(s))ds + B ftz h(s)w(u(s))ds + L ftz g(s)v(u(s))ds, where
B and D are positive constants. The nonlinear third order ODE were found
to possess H-U stability with H-U constants given by Ky = ZE2FP-1(F(1) +
d(\)26(SX))SX, where S = QH(Q(1) + n2y(X))X and X = F~Y(F(1) +m%)
and Ky = LWL D=1 (1) 4 Oyqr (0 H(Q(1) + Cymg(H))Q Q1) + Can)))

28|w’ (€)]
- — 2|u/ (n)|A 2
(1) + Camg)H, where H = F(F(1) + Can), Ca = 3555, €y = ey
and Cy = %, 0,1 constants and g, 7, ¢ are functions of their argument. The

newly developed G-B-B type inequality with the three nonlinear integrals :

u(t) < p(t)+T [i r(s)B(u(s))ds + B [} h(s)w(u(s))ds+L [, g(s)y(u(s))ds, where
p(t) a monotonic, nonnegative, nondecreasing and continuous function. The non-
linear third order ODE were also found to possess H-U-R stability with H-U-R
constants

Coy = FT71(T(1) + Loy (Q71(Q(1) + Lpsa(Y)y)Q 1 Q1) + Lpga(Y))Y, where
Y = F‘l(F(l)—i—gpl) and C,,, = %Q_l(Q(l)—l—%w(F‘l(F(l)—i—w)))F_l(F(l)%—

n
—dQZO‘)) with p1, p2 and ps are constants.

A generalisation of the existing results on Hyers-Ulam and Hyers-Ulam-Rassias
stability to nonlinear ordinary differential equations was achieved. This can also
be used to achieve the stability of the other differential equations.

Key Words: Hyers-Ulam-Rassias stability, Integral equations, Perturbed second
order nonlinear differential equation, Perturbed third order nonlinear differential
equation.

Words count:498.
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Notations

Unless or otherwise stated first, second and third order derivatives of u(t) with

regard to the variable ¢ is represented by u/(t), u”(t) and u”(t) respectively. Let R,

R, and I denote the intervals (—oo,00), 0 <t < oo and (0 < t < b). R denotes

set of real numbers. For u(t) € R, |u(t)| is an absolute value u(t).

List of Special Symbols

The symbols list below are followed by a brief statement of their meaning;

C(Ry) space of continuously function,

CHI,R,) space of continuously one df,

C?*(I,R,) space of continuously twice df,

C3(I,R,) space of continuously thrice df.

and

€ belong to, <, <, >, >

lu(t)|  absolute value of u(t),

<M

lim limit,

— converges to, 3

i integral sign, exp or e
= equivalent to, 3

R" n-Euclidean space, | X ||

00 Infinity, C(LR;)
G-B-B Gronwall-Bellman-Bihari, H-U
H-U-R Hyers-Ulam-Rassias, DE
ODE  Ordinary Differential Equation df

m.c nondecreasing and continuous m.n
R.H.S Right Hand Side L.H.S

inequality signs,

summation sign,

for all,

such that,

exponential function,

there exists

is an Euclidean norm of, X,
space of continuous function
Hyers-Ulam

differential equation
differential function
monotonic nondecreasing

Left Hand Side
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CHAPTER ONE

INTRODUCTION

1.0 Introduction

The introduction is discussed under the following sections, namely, background
of the study, preliminaries on basic concepts, statement of the problem, aim and
specific objectives of the study, justification for the study and the outline of the

whole work.

1.1 Background of the Study

The importance of inequalities has long been recognized in the field of mathe-
matics. The mathematical foundations of the theory of inequalities were established
during the 18th and 19th century. This had played vital role in mathematical mod-
els of most dynamic processes in engineering, physical and biological sciences which
often conveniently expressed in the form of linear or nonlinear ordinary Differential
equations (DEs). Behaviour of such solutions of the systems are easily considered
by the use of Gronwall-Bellman inequality or its extensions. Integral inequali-
ties have application to questions of stability, uniqueness of solutions, dichotomy,
asymptotic behaviour of solutions of differential equations.

Researchers that worked on integral inequalities and their applications include;
Gronwall (1919), Bellman (1943), Bihari (1956), Azebelev and Tsalyuk (1962),
Willet (1965), Willet and Wong (1967), Lakshimikantham and Leela (1969), Deo
and Murdeshewar (1972), Dhongade and Deo (1973), Pachpatte (1973), Pachpatte
(1974),Deo and Murdeshewar (1972), Beesack (1976), Agarwal and Thandapani
(1981), Young (1982), Dannan (1985), Dannan (1986), Young (1985), Popenda
(1986), Tsalyuk (1988), Pinto(1990), Oguntuase(2000), Abdelain(2011) and a host
of others.

This thesis is an investigation of stability that involves second and third order

nonlinear ordinary differential equations through Hyers-Ulam (H-U) and Hyers-



Ulam-Rassias (H-U-R) stabilities which are not common in the literature. This
study rests on the extensions of Grownwall-Bellman-Bihari(G-B-B) type inequali-
ties.

Hyers-Ulam stability started with the problem of functional equation which
began with the question concerning stability of group homomorphism proposed by
Ulam (1940) in Ulam(1960) during a talk before a Mathematics Club of the Univer-
sity of Wincosin. In 1941, Hyers (1941) gave a partial solution of Ulam’s problem
for the case of approximate additive mappings in the context of Banach spaces and
called the result H-U stability. Some years later precisely in 1978, Rassias (1978)
generalised the result of Hyers. The phenomenon of stability that was introduced
by Rassias is called the Hyers-Ulam-Rassias stability (or Generalised H-U Stabil-
ity). Thereafter, many authors have studied the stability problems of functional
equations which include: Aoki(1950), Bourgin (1951), Hyers et al.(1998), Jun and
Lee(1999), Park,(2002), Forti(2007), Jung(2011) and a host of others.

Researchers such as: Obloza(1993), Obloza(1997), Alsina and Ger(1998) were
first set of group who considered H-U stability of linear ordinary differential equa-
tions. Besides, several researchers have looked into the H-U stability of the various
linear differential equation of first order Takahasi et al.(2002), Miura et al.(2007),
Jung(2004), Jung(2005), Jung(2006), Wang, Zhou and Sun(2008), Popa and Rasa
(2011), Onitsuka and Shoji(2017) and a host of others. While the following re-
searchers Li and Shen (2009), Jung(2010), Li(2010), Li and Shen(2010), Javadian
et al.(2011), Gavruta, Jung and Li(2011), Xue (2014) , Ghaemi et al.(2012) and
host of others, investigated Hyers-Ulam and Hyers-Ulam-Rassias stability of differ-
ential equations which are linear.

Recently, H-U and H-U-R of third and fourth order linear differential equations
were investigated by the following researchers Abdollahpour and Najati (2012),
Abdollahpour et al.(2012), Tuns and Bicer(2013), Tripathy and Satapathy (2014),
Murali and Ponmanaselvan (2018a), Murali and Ponmanaselvan (2018). A few
of the researchers such as Rus(2009), Rus(2010), Gachpazan and Baghani(2010),
Qarawani(2012a), Huang et al.(2015), Ravi et al.(2016), Bicer and Tunc(2018)
and a host of others, have been able to investigate stability of second order non-
linear ordinary differential equations in the sense of H-U stability using different

approaches. Only Algifiary and Jung(2014) discussed Hyers-Ulam of nonlinear dif-



ferential equations using Gronwall lemma. The aforementioned researchers were
unable to discuss the Hyers-Ulam and Hyers-Ulam-Rassias stability of perturbed
nonlinear second and third order ordinary differential equations by the use of G-B-B

type inequalities which is the main problem tackled in this thesis.
1.2  Definition of Terms

This section is divided into two, the first part deals with definitions of some

basic concepts. Second part deals with some basic theorems and lemmas.
1.2.1 Definition of Some Basic Concepts

This subsection contains definition of some basic concepts that are required for
developing the extensions of G-B-B type inequalities, H-U and H-U-R stability of
second and third order nonlinear differential equation.

Definition 1.1:

A function w : Ry — Ry is said to belong to class W if

(i) @w(u) > 0 is nondecreasing and continuous for u > 0

(ii) %w(u) <w (%) , n > 0 is a monotonic, nondecreasing and continuous func-
tion on R.

(iii)there exist a function ¢, continuous on [0,00) with w(au) < ¢(a)w(u) for
a>0

Definition 1.2:

A function f(t) defined on a domain I = (0 <t < b).

(i) Is said to be submultiplicative if

f(tl X tg) < f(tl) X f(tg) \V/tl, ty € I (1].)
(ii) Is said to be subadditive if
f(tl + t2) < f(tl) -+ f(tg) th, ty € 1. (12)

1.2.2 Useful Basic Theorem and Lemma

Basic theorem and lemma which are needed in this work are stated as follows;
Theorem 1.1 (Generalised First Mean Value Theorem)
Murray(1974), Stephenson(1973):
If f(t) and ¢(t) are continuous in [tg,t] C I and f(¢) does not change sign in the
interval, then there is a point £ € [tg, t] such that



/() $)ds = g(€ /f

Lemma 1.1 Ince(1926):
Let f(t) be an integrable function then the n-successive integration of

f over the interval [ty,t] is given by

/t:.../t:f(s)dé’": (n_ll)!/t:(t—s)"lf(s)ds. (1.3)

1.3 Statement of the Problem

It is amazing that many of the researchers who investigated H-U and H-U-
R stability gave maximum attention to first, second, third, fourth and nth order
of linear ordinary differential equations while few of them gave little attention to
nonlinear differential equation using the methods that are only limited to ordinary
differential equation such as
u’(t) = f(t,u(t)).
This means that H-U and H-U-R stability of perturbed nonlinear ordinary differ-
ential equations of the form
u(t) + [t u(t),w'(t) = P(t,u(t), u'(t))
and

u(t) + f(tu(t),u'(t), u(t) = P(t,u(t), u'(t))

, and their variants through G-B-B are not paid attention to, which are the focused

of this thesis.

1.4 Aims and Objectives of the Study

The aim of this research work is to examine the Hyers-Ulam and Hyers-Ulam-
Rassias stability of perturbed nonlinear second and third order ordinary differential
equations. The specific objectives of this research work include the following :

(a) to develop the different extensions of Gronwall-Bellman-Bihari type inequality
consisting of one, two and three nonlinear integral terms.

(b) to illustrate the application of integral inequalities for investigating
Hyers-Ulam and Hyers-Ulam-Rassias stability.

(c) to convert all the nonlinear second and third order differential equations
consider to integral inequalities

(d) to investigate the stability in term of Hyers-Ulam and Hyers-Ulam-Rassias of



second and third order nonlinear differential equations with forcing terms.
(e) to obtain the positive Hyers-Ulam and Hyers-Ulam-Rassias constants of every

nonlinear second and third order differential equations considered.
1.5  Justification of the Study

Stability played crucial role in the field of mathematics, especially in nonlinear
differential equations. Hence, different methods have been be employed in phys-
ical and biological sciences, engineering and any other relevant areas to consider
stability of the behaviour of solutions of linear and nonlinear ordinary differential
equations. However, the study of stability of certain classes of nonlinear second and
third order ordinary differential equations in the sense of Hyers-Ulam and Hyers-
Ulam-Rassias stabilities through Gronwall-Bellman-Bihari type inequality has not
been extensively studied.

For this cause, this research work is developed to study the stability of certain
classes of nonlinear second and third order ordinary differential equations in the
sense of Hyers-Ulam and Hyers-Ulam-Rassias stabilities by converting them to
integral inequalities and later use the Gronwall-Bellman-Bihari type inequality, to

the best of our knowledge this has not been reported in the literature.

1.6 Motivation for the study

This study is motivated by the work of Algfiary and Jung (2014), who consid-
ered Hyers-Ulam stability of linear and nonlinear second order differential equations
through Gronwall’s lemma which is not sufficient to determine the Hyers-Ulam and
Hyers-Ulam-Rassias stabilities of the extension of nonlinear second order differen-
tial equations considered by Algfiary and Jung (2014) and Qarawani (2012a). Also,
through the work of Algfiary and jung(2014), this research work has extended the
scope of the study of Hyers-Ulam and Hyers-Ulam-Rassias stabilities to damped,
lienard, forcing terms and Euler type of third order nonlinear differential equa-
tions. Therefore, the major tool employs in this study to establish Hyers-Ulam
and Hyers-Ulam-Rassias stabilities of certain classes of nonlinear second and third

order ordinary differential equations is Gronwall-Bellman-Bihari type inequality.



1.7 Outline

Here, we give a brief outline of how this research work is arranged. Chapter
one, contains background of the study, preliminaries and basic concepts, state-
ment of the problem, aims and specific objectives of the study, justification for
the study and outline. Chapter two, contains a review of literature consulted in
this research work. Chapter three, contains the methodology adopted in obtaining
the results of this work. That is the development of the integral inequalities with
one, two and three integral terms. Chapter four, contains Hyers-Ulam and Hyers-
Ulam-Rassias stability of perturbed nonlinear second and third order differential
equations. Chapter five, contains Hyers-Ulam and Hyers-Ulam-Rassias stabilities
of perturbed nonlinear third order differential equations. Chapter siz, contains

summary, conclusion and recommendation, and further research.



CHAPTER TWO

LITERATURE REVIEW

2.0 Introduction

The mathematical foundation of the theory of inequalities were established by
the following Mathematicians who saw the need. Gronwall (1919) established a
result termed as Gronwall inequality or Gronwall Lemma. Reid (1930) developed
an integral inequality similar to Gronwall inequality. Quade (1942) gave an integral
inequality which was an extension of Gronwall inequality. Bellman (1943) improved
on the result of Gronwall while Bihari (1956)extended the Bellman’s inequality to
nonlinear form. Thus, several researchers extended the result of Bihari to G-B-B
inequalities.

Ulam (1940) in Ulam(1960) started his study on Stability at the University
of Wincosin, which was extended by Hyers(1941) and the result was called Hyers-
Ulam stability. Further extension of their result was achieved by Rassias (1978)
and the result was called H-U-R stability. Thereafter, various extensions of their

results were discovered by many researchers.
2.1 Gronwall-Bellman-Bihari Type Inequalities

In this section, the work of Gronwall, Bellman, Bihari and
other researchers on integral inequalities are reviewed.
Lemma 2.1 Gronwall (1919)
Let f(t) and u(t) be nonnegative continuous functions on
I = [to, 00) for which the inequality
<c+/f s)ds, tp <t < o0 (2.1)

holds, where ¢ is a nonnegative constant. Then

u(t) < cexp (/ f(s )ds) ,a<t<oo. (2.2)

t
The following inotegral inequalities were developed from Gronwall’s lemma:



Theorem 2.1 Reid (1930)
Let u(t) and f(¢) be nonnegative continuous functions on (I, R, ), and suppose
u(t) <c+ /tf(s)u(s)]ds| tel (2.3)
where t €1 ;)nd ¢ is a constant. Then

<c(/f |ds|> tel (2.4)
Corollary 2.1 Quade (1942)
Let f(t) be a continuous function for t > «, and suppose
u(t) < ae™ " [bu(s) + c|ds t > tg (2.5)
where t > tg,a,c and v # t are constants. Then
zdt)gcw“*W“*m)+——{}Zﬂ.—e“*”“*mnt;zta (2.6)
Lemma 2.2 Bellman (1943)
Let u(t) and f(t) be positive continuous functions on (I, Ry). Let N > 0 and

M > 0 be constants then the inequality

()<N+M/f s)ds, tel (2.7)
implies that .
u(t) < Nexp (M/ f(s)ds) , tel (2.8)

Lemma 2.3 Bellm;n(1953)
Let u( ) and f(t) be positive continuous functions on (I, R ), suppose
) < u(ty) / f(s)u(s)ds, t,to el (2.9)

Then for t5 <t < b

u(to) exp( /f ds)<u()<ut0 exp(/f ) (2.10)
Lemma 2.4 Bihari(1956)
Suppose u(t), f(t) be positive continuous functions defined on tg < t < b(< 00)
and N > 0, M > 0, further let w(u) be a nonnegative, nondecreasing continuous

function for u > 0, if the mequality

()<N+%{/f u(s))ds, tg <t <b (2.11)
holds, then
uwgﬂ*( —Hw/f ),%gtgyga (2.12)
where
Q(u):/ui, 0<wuy<u (2.13)
uo @ (1)

In the case @(0) > 0 or Q(0+) is finite, one may take uy = 0, and Q! is the inverse
function of Q2 and ¢ must be in the subinterval [to, b'] of [ty, b] such that

Q(N) + M/tt f(s)ds € Dom(Q2™1)



Theorem 2.2 Bellman and Cook (1963)
Let n(t) be positive, monotonic, nondecreasing function and u(t) > 0, f(¢) > 0
If all these functions are continuous and if
/ F(s)u(s)ds, to<t<b, (2.14)

then

u(t) < n(t) exp(/f ds>. to<t<.b (2.15)
Theorem 2.3 Willett (1965)
Suppose
u(t) < wi(t) + w(t) /tv(s)u(s)ds tel (2.16)
where vw, vw,, and J& are locally integrable on I. Then
u(t) < wi(t) + w(t) (exp /t vw) (/t 'Uw*> tel (2.17)
Theorem 2.4 Willett (1965) v
Suppose that

) <wo(t) + Zwl / vi(s)u(s)ds tel, (2.18)

where v;w;(i = 1 2,...,n, 7 =0,1...,n)and vu(i = 1,2,3,.....,n) are locally
integrable on I. Then
u(t) < Epwo (2.19)
where E;(i = 0,1,2......n) is defined inductively as the composition of i+1 functional
operators,that is F; = D;D;_4...D,,
Dyw =w
t t
Diw=w+ (E;_1w;) <exp/ UjEj_lwids) / vjwds j =1,2,.n). (2.20)
Chu and Metcalf presented ttohe following inté%;ral inequality which improved on the
results of Jones(1964), Willett(1965) and the similar results in Condington and
Levinson (1955)
Theorem 2.5 Chu and Metcalf (1967)
Let the functions u and f be continuous on the interval [0,1] : let the function K
be continuous and nonnegatlve on the region 0 < s <t < 1. If
/ K(t,s)u(s)ds, te]0,1], (2.21)

then

) < J0+ [ HO95G)s e (2.22)
where H(t,s) 2 Yoo Ki(t,s), 0 < s <t <1, is the resolvent kernel and the
K;(i=12,.... ) are the iterated kernels of K.

Gollwitzer (1969) considered the following two functional inequalities as improve-



ment on the results of previous researchers.

) < 50+ 906 ([ Guopnes) n<e<ess (2.23)

to

)2 0 - 06" ([ Glatnpisiis) twzo<i<o 220
where the u, f, ¢ and ftLO are nonnegative and continuous on the interval [t, b].
The function G(u) is continuous and strictly increasing for v > 0, G(0) = 0,
lim, o G(u) = oo and G~! denotes the inverse function of G. Deo and Murdeshwar

(1970) developed the following integral inequalities with their estimate bounds:

wi(t) < k; + M, / w(u(s))ds, tel0,a] (2.25)
) > ki — M, / ds, te[0,a] (2.26)
fuit)) < ki + M Fz(S) (u(s))ds, t€0,0] (2.27)

to
where u;, F; are nonnegative continuous functions on

Ry and f(0) = wo, f(o0) =00

Deo and Murdeshwar obtained the upper and lower bounds for unknown function
u(t) in the following integral inequalities:

Theorem 2.6 Deo and Murdeshwar (1971)

(i) u, n and F are positive continuous functions on I,

(ii) @ a positive, continuous, subadditive and nondecreasing function on I

(iii)1) : T — I a non-decreasing continuous function on and

i) ) < 0(0)+ 0 ([ F)m(uls)is) ¢ (t.c0),

then, for t € 1 "

wy<nt)+o (6|6 ([ Fomtunas) + [ Fias)) (229)

where

Y ds
G(u) = /uo =) 0 < uy < u, (2.29)

G~! is the inverse function of G and t is in the subinterval (0, ] of I so that

¢ ¢
G </ F(s)w(n(s))ds) +/ F(s)ds € Dom(G™1)
The(;orem 2.7 Deo and Muf‘?ieshwar (1971)

If in addition to the assumptions(i),(ii) and (iii) of Theorem 2.6 let w be an even

function on (0o, 0), let

(i) u(t) > n(t) — o ( /0 F(s)w(u(s))ds) |t (0,00), then, for 0 < too

u(t) > n(t) — v (G—l [G < /0 t F(s)w(n(s))ds) + /O t F(s)dsD (2.30)
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where the function G is defined as equation(2.29)
Theorem 2.8 Dhongade and Deo(1973)
Let (i) u(t),r(t),g(t) : (0,00) = (0,00) are continuous on (0, c0)
(ii) @w(u) is a nonnegative, monotonic nondecreasing, continuous, submultiplicative
function for v > 0
if
¢ ¢
u(t) <k —i—/ r(s)u(s)ds —i—/ g(s)w(u(s))ds, 0<t< o0 (2.31)
0 0

for k > 0, is a constant, then
t
u(t) exp <—/ r(s)ds>
0

<o (Q(k:) + /Otg(s)w (exp /Osr(é)d5> ds) 0<t<b

where Q(u) is defined in(2.13) and Q7! is the inverse of 2 and ¢ is in the subinterval
(0,b) of (0,00) so that

t s
Q(k) +/ g(s)w (exp/ r(é)dé) ds € Dom(271) (2.33)
0 0
Theorem 2.9 Dhongade and Deo (1973) Let

(2.32)

iu(t),r(t) : (0,00) = (0,00) and continuous on (0, 00),
iweVv

iii » > 0 be monotonic, nondecreasing and continuous on (0, co)

if

u(t) < n(t) + /tf(s)w(u(s))ds, 0<t< oo, (2.34)

then ’

u(t) < n(t)Q! (Q(l) - /tf(s)ds> 0<t<b, (2.35)
where (0,b) C (0, oo)o, where Q(u) is defined in (2.13) and Q7! is the inverse

of  and ¢ is in the subinterval (0, ) is so chosen that

Q1) + /tf(s)ds € Dom(271)

If the COIOIStaIlt k > 0 is replaced by a continuous function y(t) in equation (2.31),

the function y(¢) in equation (2.31) is continuous and additive.

Theorem 2.10 Dhongade and Deo (1973)

Let in addition to assumptions (i),(ii) of Theorem 2.7, the function w be subaddi-

tive, the function y(t) > 0, ¥ (t) > 0 be nondecreasing in ¢ and continuous on R*

fort >0

u(t) < y(t) + /0 t F(s)u(s)ds + o ( /0 t g(s)w(u(s))ds) 0<t< oo (2.36)

11



then

u(t) exp (— /0 t f(s)ds)
< y(t) + [G—l (G ( / g(s)w (y(s) e [ f(é)dé) ds) (2.37)
—I—/Otg(s)w <exp /Osf(é)dé) ds)} 0<t<b

where G(u) is defined as equation (2.29) and G~! is the inverse of G and ¢ is the

subinterval (0, c0) so that

G ( /0 () (y(s) exp /0 s f(5)d5) ds)
+/0tg(s)w (exp /Os f(6)d5> ds € Dom(G™)

The next theorem provides a nonlinear generalisation of the Bihari lemma.
Theorem 2.11 Dhongade and Deo (1973)
Let condition (i),(ii) of Theorem 2.8 hold, and w € ¥,

)<k —|—/ f(s ))ds + /Otg( Jow(u(s))ds, 0<t<oo (2.38)

for k > 0, a constant, then
U Q Q)+ s)ds
(t)< ( M) /0 fs) ) >

t S (2.39)
<r! [F(k:) —I—/ g(s)w {Q_l (Q(l) +/ f(5)d5)} ds] to<t<b
where Q(u) is def(ined in equation (2.13), (}7 is defined as
F(u):/u:%, 0 <ug <u, (2.40)
and Q=1 F~! are inverses of €, F respectively and t is the subinterval (0,b) of
) such that
/ f(s)ds Dom(G™),

F(k:) —I—/ g(s)w [Q_ < / f(o dé)} ds € Dom(F™)

. If the (?onstant k > 0 in equation (2.38) is replaced by a monotonically nonde-
creasing function y(t), we require w to be subadditive.

Theorem 2.12 Dehongade and Deo (1973)

If, in addition to the assumption of Theorem 2.11, w is subadditive, and the func-

tion y( >0, ¥(t) > 0 be nondecreasmg, continuous on (0, 00), and if

/ F()B(u(s))ds + v (/Ot (s)w(u(s))ds), O<t<oo  (241)
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then

u(t) <Q‘1 (9(1) + /0 t f(s)ds) 1)
< y(t) + {G—l (G ( /t:g<s>w (y<s>.9—1 (9(1) v f f(5)d5)) ds) (2.42)
+/0tg(s>w (ﬂ‘l (9(1) +/08f(5)d5>) czs)] 0<t<b

where  is defined as equation (2.13) and G is defined in equation (2.29) where
Q=1 G~! have the same meaning as in Theorem 2.9 and t is in subinterval (0, b] so

that
t
+/ f(s)ds € Dom(271)
0
and

o[ gls) (907 (2w + [ s0)as) ) as)

—i—/tg(s)w (Ql (Q(l) + /S f(é)dé)) ds € Dom(G™1)

In 10973, Pachpatte develope?i the following integral inequalities as generalisation
of Bellman(1953).

Theorem 2.13 Pachpatte (1973)

Let u(t), f(t) and g(t) be real-valued nonnegative continuous functions defined
on I, for which the inequality

(t) <wp+ /tf (s)u(s)ds +/ f(s (/ )u(r)dr) ds, tel (2.43)

holds, where 1 is a nonnegative constant. Then

u(t) < ug (1—|—/ f(s)exp (/ (f(1)+g(r ))dT) ds) tel (2.44)
Theorem 2.14 Pachpatte(1973)
Let u(t), f(t) and g¢g(t) be real-valued nonnegative continuous functions defined
on I, for which the 1nequality

) < ug +/ f(s)u(s)ds + /tf( ) (/05 g(T)up(T)dT) ds, tel (2.45)

holds, where u, is a nonnegative constant and 0 < p < 1. Then

w/f o ([ 00

.[ué_p—l—(l—p)/og()exp( a-p [ o dn)df}dsWGI

Let ug in Theorem 2.13 be replaced Wlth a positive, monotonic, nondecreasing

(2.46)

S

continuous function n(t) defined on I.
Theorem 2.15 Pachpatte (1973)
Let u(t), f(t) and g¢g(t) be real-valued nonnegative continuous functions defined

on I, and n(t) be a positive, monotonic, nondecreasing continuous function defined

13



on I, for which the 1nequahty

/ (s ds+/tf( )(/OSQ(T)U(T)dT> ds, tel (2.47)

holds. Then .

u(t) < n(t) (1 +/ f(s)exp (/S (f(1)+g(7)) dT) ds) tel (2.48)
Pachpatte applied0 Theorem 2.105 to establish the following integral inequalities
which consist of nonlinear term(s)

Theorem 2.16 Pachpatte (1975a)

Let u(t), f(t), h(t) and g¢(t) be real-valued nonnegative continuous functions
defined on I, w(u) be a positive, continuous, monotonic, nondecreasing and sub-

multiplicative function for u > 0 w(O =0 and suppose further that the inequality

<w+/f

+/otf(8) </sg<7)“<7)d7) d3+/0 h(s)w(u(s))ds, tel

0
is satisfied for all ¢ € I, where ug is a positive constant. Then

u(t) < Q7 [Q(uo)

+ [ worm (1+ [ s ([ w+ o) ) ) s (2.50)
[1+/f e ([ <f<r>+g<r>>df)ds}, 0<t<b

where € is defined as equation (2.13) and Q7! is the inverse function of Q, and ¢ is

(2.49)

in the subinterval [0, b] of T so that

Qo) + /Oth(s)w (1 + /0 F(F)uexp (/OT(f(k) +g(k))dk:) dT) ds € dom (01

Pachpatte gave more general form of Theorem 2.15

Theorem 2.17 Pachpatte (1975b)

Let w(t), f(t), h(t) and g(t) be real-valued nonnegative continuous functions
defined on I, w(u) be a positive, continuous, monotonic, nondecreasing, subadditive
and submultiplicative function for v > 0 w(0) = 0; the function y(t) > 0, ¥ (t) >0

be nondecreasing in ¢ and continuous on I, ¥(0) = 0 and suppose further that the

0+ /0 " H(s)uls)ds
+ [ 16 ([ trtrrir) as-vo ([ nopmtutsnas) eer

inequality

(2.51)
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is satisfied for all all ¢ € I. Then

| ult) < [ + ¢(G e ([
< (o) (1+ [ Sf(T)eXp(/o (1) + g)ai ) ar ) ) s
[ (12 [ oo ([ s otinas) ] ]
{1+/f eXp(/ (F(r) + (ﬂ)m)%}, 0<t<b.

where G(u) is defined as equation (2.29) and G™! is the inverse function of G, and

(2.52)

t is in the subinterval [0, b] of I so that

G(/sh( ( (1+/ f(r exp(/ (f(k)+g(k))dk)d7))d8)
+/ (1 +/ f(7)exp (/ (f(k) +g(kz))dk> dr) ds € dom(G™1)

Theorem 2.18 Pachpatte (1975b)
Let u(t) g(t) be real valued positive continuous function defined on I, n(t) be a
positive, monotonic, nondecreasing continuous function defined on I, and w € W,

for which the inequality

u(t) < n(t) + /Otg(s) <u(s) + /Osg(T)w(u(T))dT> ds, tel (2.53)
holds.Then . .

u(t) < n(t) <1 +/0 g(s)H™! (H(l) +/0 g(T)dT) ds) t € [0,b] (2.54)
V;}Zzl;e: /u“ #;(3)’ 0<uy<u (2.55)

and H~! is the inverse of H, and ¢ is in the subinterval [0,b] of I so that

H(1) + /tg(s)ds € Dom(H ™)

Pachpattg applied Theorem 2.18 to establish the following integral inequalities:
Theorem 2.19 Pachpatte (1975b)

Let u(t), g¢(t) and h(t) be real valued positive continuous function defined on I :
wy € ¥ and w is the same function in Theorem 2.16, and suppose further that the
inequality.

u(t) < up + /Otg(S) (U(S) + /OSQ(T)W(”(T))dT)) s (2.56)

+/0 h(s)w(u(s))ds, tel

15



holds for all ¢ € I, where ug a positive constant. Then

u(t) < Q71 Q(u)

+ /0 sh(s)w (1 + /0 Sg(r)ﬂf*1 (H(l) + /0 Tg(k:>dk) dT) dS] (2.57)

| {1 —I—/Otg(s)H_l (H(l) +/Osg(7')d7') ds} 0<t<b

Where H and  are defined as equations (2.55) and (2.13) respectively. Further
more H ! and Q! are the inverses of H and 2 respectively and ¢ is the subinterval
such of I that
H(1) + /tg(s)ds € Dom(h™)

0

and
S

Q(ug) +/ h(s)w (1 + /Sg(T)H_1 (H(l) + /T g(k)dk:) dT) ds € Dom(271)
Theorerrf 2.20 Pachpatt(e];(1975b) ’

Let u(t), g¢(t) and h(t) be real valued positive continuous function defined on
I: w € V¥ and w is the same function in Theorem 2.19,the function y(¢) > 0,

¥ (t) > 0 be nondecreasing in ¢ and continuous on I, ¥)(0) = 0 and suppose that

the inequality

u(t) < y(t) + /Otg(S) (U(S) +/089<T)w(“(7))d7)) s (2.58)

+1 (/ h(S)w(u(s))ds) , tel
holds for all ¢ € I. Then ’
u(t) < [y(t) +¢ (G

{G (/Oth(sw (y(s) (1 T /059(7) x H! (H(l) . /OTg(k;)dk) dT)))
+/OS h(s)w (1 + /OSg(T)H_1 (H(l) n /OT g(k)dk:) d7> ds])} (2.59)
X {1 +/0t9(S)H—1 (H(l) +/Osg(7)d7) d3:| 0<t<b

Where H and ( are as equations (2.55) and (2.13) respectively. Further more H~*
and Q1 are the inverses of H and €) respectively. For ¢ is in the subinterval I such
that

H(1l)+ /tg(s)ds € Dom(h™)

and "

Qup) + /5 h(s)w (1 + /Sg( YH! (H(l) + /OT (k)dk) dT) ds € Dom(Q™1)

Pachpatte (1975¢) developed the following integral inequalities:

/ £(s w(u /0 g(T)w(u(T))dT)ds el (2.60)

where u( ) and ¢(t) be real nonnegative continuous function defined on R,
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n(t) be a positive, monotonic, nondecreasing continuous function defined on R
and w € ¥

0+ | o) (u6)+ [ atrmtuirar ) a

t

+/ h(s)a(u(s))ds tel

0
where u(t), f(t), g(t) and h(t) be real nonnegative continuous function defined

(2.61)

on R, n(t) be a positive, monotonic, nondecreasing continuous function defined
on Ry, w € ¥ : a(u) be a positive, continuous, monotonic, nondecreasing and
submultiplicative function for u > 0.

- o) (v6)+ [ atmtutryar ) a

t

+h(t)y (/ h(s)a(s,u(s))ds) tel

0
where u(t), f(t), g(t), h(t)and n(t) be real nonnegative continuous function de-

(2.62)

fined on R, n(t) be a positive, monotonic, nondecreasing continuous function
defined on R, @ € ¥ : a(t,u) be a nonnegative, continuous, monotonic, non-
decreasing in u, u > 0,for each fixed ¢t € I; the function n(t) > 0, 1(¢) > 0 be
nondecreasing in ¢ and continuous on I, ¢ (0) = 0.

u(t) < n(t)w™! {/tf(s)w(u(s))ds + /tf(s) (/S g(T)w(u(T))dT) ds} (2.63)
where u(t), f(¢) agd g(t) be real Value(g nonnega%ive continuous functions on R :
n(t) be a positive, monotonic, nondecreasing continuous function defined on R.;
w(u) be a positive, continuous, monotonic nondecreasing, subadditive and submul-
tiplicative function for u > 0, w(0) = 0, and @' denote the inverse function of

w.

) <ni | [ rtutonas + [ 16 ([ srmtutryar) as

+/0 h(s)a(u(s))ds tel

) <ntz | [ somtutonas+ [ 166 ([ stmmtatmar) as

wtte ([ aoats a)as) rer
) <o)+ [ () (v [Cro ([ f(k)w(u(k))dk) ir)ds (200
ut)guo—l—/otf(s)w <u( / (/ F(k dk) dr) ds

/ g((s)als,u(s))ds tel

0

(2.64)

(2.65)

(2.67)
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Theorem 2.21 Pachpatte (1975¢)

(2.68)

Let u(t), f(t), and g(t) be a real-valued nonnegative continuous function defined on
R, and n(t) be a positive, monotonic, nondecreasing continuous function defined
on R, for which the inequality
u(t) < n(t) + g(t) (/t f(s)u(s)ds) , tel (2.69)
holds. Then ’

u(t) < n(t) {1 gt (/ £(s) exp (/Sg(T)f(T)dT> dsﬂ Cted (2.70)
Theorem 2.22 Pachpatte (1975¢)
Let u(t), f(t), g(t) and h(t) be a real-valued nonnegative continuous function
defined on R, and n(t) be a positive, monotonic, nondecreasing continuous func-
tion defined on R, let @w(u) be a positive continuous,monotonic, nondecreasing
and submultiplicative function for v > 0, w(0) = 0, and suppose further that
inequality . .
u(t) < wup+ g(t) (/ f(s)u(s)ds) +/ h(s)w(u(s))ds, tel (2.71)
is satisfied for all ¢ OE I, where v is a gositive constant. Then

u(t) < Q1 [Q(uo) +/Dth(s)

o (1 +g(s) ( /0 T F(r) exp ( /O " (k) f(k)dk:) d7)> ds} (2.72)
X {1 +g() (/Otf(s)exp (/Osg(T)f(T)d7‘> ds)} , tel

where € is defined in equation(2.13) and 7! is the inverse function of €, and ¢ is
in the subinterval [0,b] of I so that

Q(u0)+/th(s)><w (1 + g(s) </$ f(7)exp (/T g(k:)f(k;)dk:) dT)) ds € Dom(271)
Theorergl 2.23 Pachpatte (197500) ’

Let u(t), f(t), g(t) and h(t) be a real-valued nonnegative continuous function
defined on R, and n(t) be a positive, monotonic, nondecreasing continuous func-
tion defined on R, let w(u) be a positive continuous,monotonic, nondecreasing
and submultiplicative and subadditive function for u > 0, w(0) = 0, let p(¢t) > 0,
¥(t) > 0 be nondecreasing in ¢ and continuous on R, ¢(0) = 0 : and suppose

further that the inequality t
utt) < pl0) +al0) [ £oputs1as) 40 ([ nrmiuoas). (2.73)
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is satisfied for all ¢ € I. Then

< o +v (6 o ([ his)

X T (p(s) [1 + g(s) (/05 f(1)exp (/jg(kz)f(k)dk:) dT)}) ds)
+/Oth(s)w (1 +g(s) (/Osf(f) exp (/jg(k)f(k)dk) dT)) ds] dsﬂ
. {1 e </Otf(s)exp </0tg(7)f(7)d7) ds)] L tel

where G(u) is defined in equation(2.29) and G~! is the inverse function of €, and
t €10,b] C I so that

G (/Oth(s) X @ (p(s) {1 +g(s) (/O £() exp (/ng(k)f(k)dk) dT)D ds)
+/0th(s)w (1 +g(s) (/Osf(f) exp (/ng(k)f(k:)dk:) d7)> ds € Dom(™")

Theorem 2.24 Pachpatte(1975c¢)

(2.74)

Let u(t), f(t), g(t) h(t) and ¢(t) be a real-valued nonnegative continuous function
defined on R, let w(t, u) be a positive, monotonic, continuous, nondecreasing in
u, u > 0 for each fixed ¢ € I; let the functions p(t) > 0, 1(t) > 0 be nonincreasing

in t and continuous on R, w(0) = 0; and suppose further that the inequality
t

utt) < p(0)+960) [ Futspts) + ey (/Oth<s>w<u<s>>ds), tel (275)

is satisfied for all ¢ € I. Then

u(t) < k(t) [p(t) + h(t)(rt))], tel (2.76)
where

k(D) = 1+ g(t) ( /0 £(s) exp ( /0 s9(r) f<7>d7> ds) (2.77)
and r(t) is the maximal solution of

r'(t) = q()@ (¢, k() [p(t) + h(®)Y(r(®)]), 7(0) =0 (2.78)

existing on R, . Pachpatte provided bounds for the following nonlinear inequalities,

the detail is in Pachpatte(1975d)

u(t) <n(t) + o [Qﬁ (/Otf(s)w(u(s))ds)] , tel (2.79)
where ¢ Et\I/ and defined
P(u) = /0 N —l—d;( 7 u > ug >0, (2.80)

From integral mequahty (2.11) the author developed

u(t) <wug+w- [ (/f )} /t:g(s)w(u(s))ds, tel (2.81)

where ug is a positive constant.

w <o+ o [ t f(s)w(u(s»dsﬂ o tg(s)w(u(s))ds) el
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(2.82)

where ¥ (t) > 0 and p(t) > 0, @/)
wy <o+ [o ([ 19 )} rne ([ aomtuisnis). @8
where h( ) be real-valued positive continuous function defined on R and with ¢,

w € ¥ defined as

> ) 2.84
/w1+gz5 u > ug >0 (2.84)
Chandra and Dav1s(1976) studied the linear integral inequalities such as

t
u(t) < alt) + G(#) / H(s)u(s)ds to <t (2.85)

t,
where G(t), H(t) be continuous, nonnegative matrices for ¢, < t Pachpatte(1976)

gave four main theorems about Gronwall’s inequality as follow:
1

u(t) < n(t) + g(t) ( /0 t h(s)ua(s)ds> Cotel (2.86)
where 1 < o < 00 . t
u(t) < ug+ g(t) (/Ot h(s)ua(s)ds) ) +/0 p(s)w(u(s))ds, tel (2.87)

where ug is positive constant

u(t) < f(t) + g(t) ( /O t h(s)ua(s)ds) : + 6 ( /0 t p(s)w(u(s))ds) . tel  (2.88)
utt) < £+ ([ t e (s)ds) +ato)o ([ tp(s)w(u(s))ds) NCED

Dehongade and Deo(1976) considered the inequality dealing with generalisation of

Bihari’s integral inequality in the form

u(t) < FH+3 / ha(s)mi(u(s))ds & €T (2.90)
i=1 70
where
“ods
Qp(u) = —, 0<wup,u>0 (2.91)
U wk(s)
and @ € V. Agarwal and Thandapani(1981) gave the following integral inequalities
of the form
u(t) < p(t) + q(t)Xr_ E.(t,u) (2.92)
The inequality (2.92) is considered when p(t) is not nondecreasing and when it is
nondecreasing.
u(t) < p(t) + X7, 9.(8) En(t, u) (2.93)

where g;(t) > 1(i = 1,2, ....... n) and the inequality (2.93) is not nondecreasing and

when it is nondecreasing.

u(t) < p(t) + q(t) 272, Qr(t, u) (2.94)
where

Q.(t,u) = E.(t,u) + e (t,u)
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Other integral inequalities considered by Agarwa and Thandapani(1981) are given

below:

u(t) <w(t) + /t K(t,s)u(s)ds (2.95)
where the funct?on K (t, s) is continuous, differentiable with respect tot on Ry xR .
Further more K(¢,t) > 0, 8K(gf,s) > 0 but K(t,s) or 0Kt 5) is not necessarily

ot
separable as considered by Willett(1965) In the next integral inequality, K (t,s) <

> gr(t)h,(s) is considered as follow:

u(t) < wit) + zn: () / o(s)u(s)ds (2.96)
where: ! :
(1) w(t) is nondecreasing
(ii) g-(t) > 1 (i =1,2,......,n) and are nondecreasing for i > 2.
The authors also considered the following nonlinear generalisation of Gronwall type
inequalities of the form
u(t) < p(t) [uo + X7 B (¢, u)] (2.97)
where
t t

Brt) = [ fattuds(t) [ falta)uls (b

t

T

ot (1)t oty

agd kij(i = 1,2,..,n, j = 1,2,..n) are nonnegative real numbers and vy > 0.
The further consideration of nonlinear generalisation of integral inequality yield
the following: .

) < pl0) + GO Bt 0) + B,,0) [ ol lu(s))ds. (2.98)
The next linear integral inequalities conside?red is given as:

) < p(0) + 4O B 0 +9(0) [ 1a(t) [ ot

tm—1

B (£ ) () ) At oy .l

(2.99)

Akinyele(1984) gave the0 following integral inequalities which extended the results
of Yeh and shih (1982) and Pachpatte(1975)

Theorem 2.25 Akinyele(1984)

Let u(t), f(t) and g(t) be real nonnegative continuous functions on R and n(¢)
be a positive ;nondecreasing continuous function on R, . Suppose ¢ and p € ¥ and
q(t) > 1 is a real valued continuous function defined on R,. Let the functional
inequality

ult) < 900+ 4() | / Fputotonds + [ 166 ([ stwrutotanae) as| 2100

to to
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hold for t € R,. with ¢t > t;. Then for all ¢ € R, with ¢t > 0

u(t) < g(t)n(t) x exp (/t {f(S)Q(O(S))n(0(7380<S))( )Q(p(S))n(p(S))}ds) (2.101)

{1+/f

com [ { Heloteiniote) + sl pnirie) . ds]

n(o(z))
Theorem 2.26 Akinyele(1984)

Let u(t), f(t), g(t), q(t), o(t), and p(t) be as in Theorem 2.25. Let h(t) be a

and

(2.102)

real valued nonnegative continuous defined on Ry C R", and H(u) be a positive ,
continuous,monotonic, nondecreasing and submultiplicative function for u > 0 and

H(O) =0. If for t € Ry with ¢ > ¢, and DyH (u(t)) >0 for k =2,3...n

t) < ug+q(t [/ f(s ds+/ f(s )(/t:g(x)U(a(x))dx) ds]

) (2.103)
" / h(s)w (u(p(s))ds

hen
t u(t) < g(t)exp ( / tq(a(S)){f(ar) " g<x>}dx) < [0 ()

. L e (2.104)
t / h(s)w [q<p<s>> X exp ( / q<a<x>>{f<t> +g<x>}dx>] d)]
and

)< E(t [1 +/ f(s ) X exp (/t: q(a(x)){f(x) + g(x)}dx)] (2.105)
where

- <q<p<y>>{1 ¥ /:(y) f(S)q(a(S))A(S)ds}> dy]

with )

A0 = exp ([ atotn{ 165) + o) pas)

where (2 is deé%ed in equation (2.13)

Dannan(1985) developed the following integral inequalities by using multiplier func-
tions ¢ and h(t)

Theorem 2.27 Dannan (1985)

Assume that u(t) and f(t) are positive continuous functions on R w(u) € ¥ with
corresponding multiplier function ¢ and h(t) > 0 is monotonic, nondecreasing and

continuous on R .
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If

t) + /tf(s)w(u(s))ds, tel (2.106)
then

u(t) < h(t)Q [ /f s},ogtgb (2.107)

where ) is defined as equation( 2 13) Q1 is the inverse of Q and (0,b) is the

subinterval for wh1ch
/ f(s d € Dom(Q71).
Corollary 2.2 Dannan (1985)
Let u, f,w,h,Q all be as in Theorem 2.26 and suppose b(t) is nonnegative, continuous

and nondecreasing on R, . if

Mﬂgh@}+dﬂ/dﬂ@ww@»$,tel (2.108)
then "

< o o+ o) [ s8],
where 2 is defined as equatio(r)l (2.13), (f_l as inverse of 2 and [0, to] is subinterval

for which

—Mm/f O 4 ¢ Dom().
Dannan (1985) extended the Theorem 2.26 to the following theorem:
Theorem 2.28 Dannan (1985)

0<t<bh (2.109)

Let u(t), f(t) be positive continuous functions on Ry and w(u) € H with corre-
spondlng multlpher function ¢, for which the inequality

<w+/f @+/ @(Kﬂﬂmmmwgw,mf(mm)

holds, where 1y > 0 is constant. Then

u(t) < ugA()E)Q 1 [Q(1)

Fug B(t) /f “OA (g))ds] for 0 <t <b,

(2.111)

where

E(t) = exp (/0 9(8)(187)

/t g(s)ds
A(t) OET ;

Q(u)is defined in equation (2.13). Q! is the inverse of Q and ¢ is in the subinterval
[0 to] so that

) +ug tE(t) / f(s Als E(S))ds € Dom(27h).
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Theorem 2.29 Dannan (1986)
Let u(t), f(t), g(t), p(t) and k(t) be real valued positive functions defined on
R, let w(u) € ¥ with corresponding multiplier function ¢ and let k(t) also be a

monotonic, nondecreasmg function, for which the inequality

u(t) < k(t) + p(t /f ds+/tg() (u(s))ds, tel. (2.112)
Then ’
L1
u(t) < k(t)r(t)Q [Q(l) +/0 mg(s)qﬁ(k(s))ﬂr(s))ds} (2.113)

for t € [0,b] where
t)y=1+p(t {/exp(/ d@)ds}, tel (2.114)
where  is defined as equation (2.13) and Q7! is the inverse function of €, and

t €10,b] C I so that

01+ [ a6 () € Dom(@”)
Theorem 2.30 Dannan (1986)
Let u(t), a(t), k(t) and h(t) be real valued nonnegative continuous functions de-
fined on I = [0,/). Let g(u) € M with corresponding function ¢ on an interval
R, such that u(J) C R; and a(J) C Ry. Suppose also that the function h is
monotonic, nondecreasing on an interval K such 0 € K, h(K) C Ry. Then
u(t) < a(t) + h [ / t k(s)g(u(s))ds} (2.115)
implies ’

w2t (6 v+ [t o
for 0 <t < [y, where G(u) is defined as equation (2.29) for 8, = min(uy, ua, us3)
with

u = sup{u e J:a(t)+h </Otk(s)g(u(s))ds) ER,, 0<t< u}

us = sup{u eJ: /u:k(s) {gb(a(s)) + goh (/Otk(ﬁ)g(u(ﬁ))de)} ds € K}

Uz = sup{u eJ: /u k(s)ds + G (/T k(s)qb(u(s))ds) €eGK), 0<t<T< u}
Pinto 1990 considerqéod integral inequ(z)ﬂities with several nonlinear terms.
Theorem 2.31 Pinto(1990)

Suppose the following two hypotheses

(Hy) The functions w;, 1 =1, 2, 3, ........ ,n are continuous and nondecreasing on

R, and positive on R such that w; o ws ox w3 o ...... X @y. (Hs) The functions

u, {A\}? | are continuous and nonnegative on I — [a,b] and ¢ is a positive constant.
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u(t) <c+ /t Ai(s)wi(u(s))ds, tel (2.117)

i=1 Yo

u(t) < Q1 {Qn(cnl) + /t )\n(s)ds] (2.118)
for t € [to, b1] where € istodeﬁned in equation (2.91) and €2;! is the inverse of the
of €.

The constants ¢, are given by c¢g = ¢ and

cr = [Qler1) + [|M|n] k=1,2....... ,n—1

The number b; C I is the largest number such that

b *  ds

Wi = [ elslas < [T ket
to Clk—1 wk<8)

Theorem 2.32 Pinto (1990)

Assume that v and A\;, i =1,2,...... ,n are continuous and nonnegative functions
on [tg,bl,c0; € W, i =1,2......... ,n with corresponding multiplier functions r; i =
1,2,...... such that @ o< wy x w3 x ...... X @,. and c is a positive constant. if

uft) <c+/ ds—l—Z/ Nds, tel (2.119)

then for all t € [ty, b1]

u(t) < E(t).Q;" {Qn(cnl) —i—/t )\n(s).%ds] : (2.120)

where the notations are the same as in Theorem 2.31 by replacing A; by \;r;(E)/E
with E(t) = exp (ft Ao(s ds)
Theorem 2.33 Pinto (1990)
Let u, A\;, w; i =1,2,...... ,n be as in Theorem 2.31 and suppose that w; € ¥, i =
1,20, ,n with corresponding multiplier functions r; ¢ = 1,2, ...... and h > 0 is

a continuous function on [tg, b]. if

u(t) < h(t) + i/t Ai(s)wi(u(s))ds, t € [to,b] (2.121)
then for all ¢ Ez[to, ljl]

u(t) < h(t)Q;! {Qn(cn_l) + /t )\n(s)rn(h(s))ds} : (2.122)
where the notations are the stoame as in Theorem 2.31 by replacing A\; by A;.r;(h)
and ¢g = 1.

Corollary 2.3 Pinto (1990) Let u, \;, w; i =1,2,...... ,n and h be as in Theorem
2.33 and suppose that f(t);, i = 1,2......... ,n are nonnegative, continuous and

nondecreasing functions on [to, b]. if

+Zfz / Y@ (u(s))ds, t € [to,b] (2.123)
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then for all t € [ty, b1]

u(t) < hB)Q | Q(cnr) + fult) /t )\n(s)rn(h(s))ds} , (2.124)
where the notations are the same zios in Theorem 2.31 by replacing

i by f(b;).Niri(h) 1 <i<nandcy=1.

Corollary 2.4 Pinto (1990)

Let u, \;, w;r;, i=1,2,...... ,n be as in Theorem 2.33 and f(t);, i = 1,2.......... N0
as in Corollary 2.5. Suppose that h and f are continuous and positive function on

[to, b] such that f o h. if

u(t)gh(t)+f(t)2fi(t)/t Ni(s)wi(u(s))ds, t € [to, 0] (2.125)
then for all £ € [fo, bi]

h(t) -1 '
ult) < 10 [uten) [ M B/ 0)05] (2.126)

where the notations are the same as in Theorem 2.31 by replacing \; by

fb) Niri(f)ri(h/f) 1 =1,2......;n and ¢y = 1. Pinto (1990) established his result
for n =1 only

Theorem 2.34 Pinto (1990)

Let u, \j;, 1 =1,2,3, w; i=1,2,3, and ¢ be as in Theorem 2.31. If
t

u(t) < o+ / A (s) o (uls))ds + / o < / S Ag(f)wg(um)m) ds, tel (2.127)

to to to
then, for ¢ € [ty, b1],
t
u(t) < Q3! |:Qg(C2) —|—/ )\3(8)d8:| (2.128)

t,
where the notations are the same as in Theorem 2.31. Lipovan (2000) generalised

the Gronwall inequality as follow:
Theorem 2.35 Lipovan (2000)
Let u, f € C(I,R,). Suppose w € C(R;,R;) be nondecreasing with w(u) > 0

on R, and o € C'(I, R, be nondecreasing with «(t) <t on L. If
a(t)
u(t) < wp+ f(s)w(u(s))ds 0 <t <b (2.129)
(0)
where ug is a nonnegative constant, then for 0 <t < t;

u(t) < Q71 (Q(uo) + " f(s)ds) (2.130)
where () is defined in ez(ti);tion (2.13) and t; € (0,b) is chosen so that

Qug) + " f(s)ds € Dom(Q2™1)

for all ¢ lyiari(gj;) in the interval [ty, t1]. Oguntuase (2000) obtained bounds to the linear

Gronwall-Bellman-Bihari type integral inequalities for a more general kernel k(t, s)

and a product kernel.
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Theorem 2.36 Oguntuase(2000)

Let k(t, s) be a good kernel, u(t) is a real valued nonnegative continuous function
on R, and ¢g(t) be a positive, nondecreasing continuous function on R, . Suppose
that the followirig inequality.

u(t) < g(t) —I—/ k(t, s)u(s)ds (2.131)
holds for all £ € 1 with ¢ > to, then

u(t) < g(t) [1 +/ k(s,s)exp (/S k(0, 5)d(5) ds} (2.132)
Oguntuase obtainté)d bounds to thtg following integral inequalities

Theorem 2.37 Oguntuase (2001)

Let u(t) and f(t) be nonnegative continuous functions in a real interval I. Suppose
that k(t,s) and its partial derivative k;(¢, s) exist and are continuous function for

every t, s € I. Suppose k(t,s) > 0, k(t,s) <0 and that inequality

u(t) <c+ tf(s)u(s)ds + /t f(s) ( SK(S,T)U(T)dT) ds tel (2.133)
holds where tg ista nonnegati\fg constantto. Then
u(t) <c {1 +/ f(s)exp (f(r)+ K(r,7)dr) ds} (2.134)

As a direct consequence of Theorem 2.37, in which k(t, s) = h(t)g(s). The following
integral inequalities stated thus;

Corollary 2.5 Oguntuase (2001)

If //(t) <0 and ¢ > 0 is a constant, then

) < c+/ £(s ds+/t0 £(s)h(s) (/t:g(f)u(f)df) ds teT (2.135)

1mphes

u(t) < {1 +/ f(s)exp (f(r)+ h(1)g(T)dT) ds] (2.136)
Theorem 2.3§0 Oguntuase (2001)
Let u(t) and f(t) be nonnegative continuous functions in a real interval I. Suppose
that k(t, s) and its partial derivative k;(¢, s) exist and are continuous functions for

every t,s € I. Suppose k(t,s) > 0, k:(t,s) < 0 and that inequality

t t s
ut) <c+ [ f(s)u ()ds+/f()( K(s,m)uP(t )d7‘>ds tel (2.137)
t
holds, Where 0 <p<1landec 0> 0 are constants Then for t € 1,

<c+/f exp(/f dT)
cl_p+(1—p)/totk(77)exp< (1-p /f da) ”ds]

(2.138)
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Theorem 2.39 Oguntuase (2001) If 2'(t) < 0 and ¢ > 0 is a constant, then

u(t) < c+ t f(s)u(s)ds + t f(s)h(s) (/tsg(T)up<T>dT> ds tel (2.139)

holds, where 0 <p<l1l, g=1-—p>0andc>0 are constants. Then for t €I,

oz [ e (f )

t p
st [ ansoeo (<00 [ 10) o]
t t
In 2014 Akhan established new explicit bounds on the following integral inequali-

(2.140)

ties.

Theorem 2.40 Khan(2014)

Let u(t), f(t) and g(t) be nonnegative continuous functions defined for I = [0.00).
Let K(t) > 1 defined for K(t) > 1 and also £’(t) be nonnegative continuous func-
tions defined for K(t) > 1 if

/ f(s ds+/tf( ) (/Osg(ﬁ)u(@)dO) ds,Vt € (I) (2.141)

then . \
utt) <60+ 10) [ e (k) - k) + [ (s00)
0 0 (2.142)
+¢(0))do)ds Vvt el
Theorem 2.41 Khan (2014)
Let u(t), f(t) and g(t), k:( ) and k'(t) be defined in Theorem 2.40. If
/ (s
t . (2.143)
+ / 1(s) < £(7) < / g(a)u@)da) dT) ds, vt € (I)
0 0
then .
+ [ 161
. . 0 (2.144)
—i—k‘(O)/ f(7)exp (k‘(T) — k(0) +/ (f(9) +g(8))d8> dT} ds Vtel
0 0
In 2015, Wang obtained a result for the following integral inequality
al(t)
<K+ Z /a N Hiy () Gus max u(€)ds, (2.145)
to <t<T.
In 2019, Hussain, Sadia and Aslam established the following integral inequalities
t t
u? < alt) + b(t)/ ul(s)ds + g(t)/ (t —s)* tui(s)ds (2.146)
0 0
where a(t),b(t), g(t) and u(t) be nonnegative on I = [0,7), T' < +oo a € (0, 1).
t t
uP? < alt) + b(t)/ ul(s)ds + g(t)/ (t —8)* 1 L(s,ul(s))ds (2.147)
0 0

for thisp > 1

Tian and Fan(2020) considered the new nonlinear integral inequalities in the fol-
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lowing form:
a(t) s P

u(t) < al(t) —l—/ b(s) (um(s) +/ c(f)u"({)d&) ds (2.148)
0 0

where m,n,p are nonnegative constants satisfying 0 < m,n < 1, p > 1. « is

nondecreasing with « € C'(Ry,R4), a(t) <t, a(0) = 0,u,a,b,c € C(Ry,R.)
p

a(t) s
uwl(t) < alt) +/ b(s) (um(s) +/ c(ﬁ)u”(ﬁ)pc%) ds (2.149)
0 0
with ¢ > m > 0,¢g > n > 0, p > 0,a(t) is nondecreasing with a € C*(R,,R;)
a(t) <t, a(0) =0,u,a,b,c € C(Ry,Ry)

2.2 Hyers-Ulam and Hyers-Ulam-Rassias Stability
of Linear Ordinary Differential Equations

Mathematical models of most dynamic processes in engineering, physical and
biological sciences are conveniently expressed in the form of linear and nonlinear
ordinary differential equations. In recent years numerous methods have been devel-
oped to tackle the qualitative behaviour of solutions of ordinary differential equa-
tions. A.M. Lyapunov introduced a method, which was called the second or direct
method,which was used to establish stability theorems, this was made known in a
memoir published in Russian in 1892. The method gained tremendous popularity
among many authors. Years later, precisely in 1940, the stability problem of func-
tional equations with the question concerning stability of group homomorphisms
proposed by Ulam(1940)in Ulam(1960) came into existence through a wide-rage
talk before the Mathematics Club of the University of Wisconsin in which he dis-
cussed a number of important unsolved problems. Among these was the question
concerning the stability of homomorphisms. On stability of functional equation,
Ulam proposed the following problem: "Give condition in order for a linear map-
ping near an approximately linear mapping to exist". This problem was also put in
the sense: "For what metric group G is necessarily near to a strict automorphism?"
In 1941, Hyers(1941) solved the problem of Ulam for additive functions defined on
Banach spaces thus: If X and Y are real Banach spaces and ¢ < 0. Then for every

function f : X — Y satisfying

1f(z+y) — f@) = f@l < e, forall 7, y,€ X, (2.150)
there exists a unique additive function A : X — Y with the property
[f(z) = Az)]| < e (2.151)
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for all z € X. The result by Hyers is called the Hyers-Ulam stability of the additive
Cauchy equation

Fo+y) = F@) + (). (2.152)
After a decade Aoki(1950) generalised the result given by Hyers and made the result
of Aoki an extension of Hyers'result. Bourgin(1951) worked on the extension of
Hyers’ result and had a publication tittle " Classes of transformations and bordering
transformations". In 1978, Rassias(1978) introduced a new functional inequality
called Cauchy-Rassias inequality and also succeeded in extending the result of
Hyers, by weakening the condition for the Cauchy differences to unbounded map

as follows: "If there exists € > 0 and 0 < p < 1 such that

1f(z+y) = fl@) = W) < elllz]” + [lylI") (2.153)

for allz,y € X, then there exist a unique additive mapping A : X — Y such that
2

| f(x) — A(z)]] < B 62p’ ||]|” for every x € X. (2.154)

The result of Rassias was called Hyers-Ulam-Rassias stability. In 1991, Gajda(1991)
solved the problem for 1 < p, the result established stated as thus, let X and Y be
two (real) norm linear spaces and assumed that Y is complete. Let f: X — Y be

a mapping for which there exist two constants € € [0,00) and p € (R — {1}) such

that
1f(z+y) = flx) = W)l < ell=l” + [ly]") (2.155)
for all x,y € X. Then, there exists a unique additive mapping 7" : X — Y such
that
1f(z) = T (@)l < o= (2.156)
for all z € X, where

2e ¢ 1
s_) i or p<

2e ¢ 1

5 g for P >

for each x € X the transformation 7" such that x — f(z) is continuous, then the
mapping 7' is linear. The result of Rassias is true for 1 < p; Gajda gave an example
to show that the above result failed to hold for p = 1. Rassias and Semrl (1992) gave
an example to show that Hyers-Ulam stability does not occur for approximately lin-
ear mapping and also investigated the behaviour of such mapping by expressing the
results in two directions, in the first result the researchers investigated the behav-
ior of approximately linear mappings between Euclidean spaces and in the second

result, they investigated the behavior of mappings that are approximately linear in
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the sense of inequality. After Hyers, many Mathematicians had extended the sta-
bility of functional equations extensively. These researchers include Forti (1995),
Jung(1996), Hyers, Isac and Rassias (1998), Lee and Jun(1999), Rassias (2000),
Jung( 2001), Park (2002), Miura, Takahasi and Choda(2001), Gavruta(1994), Jun
and Lee(2004), Park, Cho and Han( 2007), Jung(2011) and a host of others. A gen-
eralisation of Ulam’s problem recently proposed by replacing functional equations
with the differential equation;

a(f (), u(t), v (t), ... u™(t)) =0 (2.157)
and stated that (2.157) has Hyers-Ulam stability if for a given ¢ > 0 and a function
u(t) such that

la(f (), ut),u (), ... u™ ()] < e (2.158)
there exists a solution of ug(t) of the differential equation (2.157) satisfying

ult) — ()] < K(e)

and

Pi% K(e)=0

If € and K (¢) is replaced by ¢(t) and 7(t), where ¢, n are appropriate functions not
depending on u(t) and ug(t) explicitly, then the corresponding differential equation
has the generalised Hyers-Ulam-Rassias stability.

Obloza(1993) and Obloza(1997) investigated Hyers-Ulams stability of the lin-
ear differential equation. Thereafter, Alsina and Ger(1998) handled the Hyers-
Ulam stability of the linear differential equation
u'(t) = u(t) (2.159)
It was stated that If a differentiable function wu(t) is a solution of the inequality
/(1) — u(t)] < e
for any t € (to,00), then there exits a positive constant ¢ such that
|u(t) — cexp(t)] < 3e
for all t € (a, 00). The above results by Obloza, Alsina and Ger on linear differential
equations were extended by several authors. These authors include: Miura, Taka-
hasi and Choda(2001), Miura (2002) and Takahasi, Miura and Miyajima (2002)
generalised the result of Alsina and Ger by considering Hyers-Ulam stability of the
differential equation
u'(t) = du(t). (2.160)
Jung(2007) investigated the generalised Hyers-Ulam stability or Hyers-Ulam-Rassias
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stability of the first order linear differential equation(2.160). Miura, Miyajima
and Takahasi [Miuraet al(2003) investigated the Hyers-Ulam stability of equation
(2.160) as
u'(t) + g(t)ut) =0 (2.161)
where A is replaced with a continuous function g(¢),. While Jung (2004) proved
the equation(2.159)in the form
e(t)u' (t) = u(t). (2.162)
Thereafter, Takahasi, Takagi, Miura and Miyajima (2004), Miura,Hirasawa, Taka-
hasi (2004) and Jung (2006) discussed the Hyers-Ulam stability of the nonhomo-
geneous linear differential equation of first order
W' () + p(tyu(t) + q(t) = 0. (2.163)
This is improved result of Jung(2004) and Miuraet al(2003). Wang, Zhou and
Sun(2008) considered the Hyers-Ulam stability of
Aty (8) — pltyu(t) — r(t) =0 (2.164)
which is an extension of equation(2.163). In another development Jung(2005) con-
sidered the generalised Hyers-Ulam stability of the following nonhomogeneous lin-
ear differential equations.
tu'(t) + au(t) + Btz = 0, (2.165)
the result obtained from equation (2.164) assisted the researcher to investigate
further the Hyers-Ulam stability of second order linear differential equation
u”(t) + atu/(t) + Bu(t) = 0. (2.166)
Years later, Onitsuka and Shoji(2017) investigated Hyers-Ulam stability of the
first order linear differential equation
u'(t) — au(t) =0 (2.167)
where a is a non-zero real number. Li and Shen (2009) investigated the Hyers-Ulam
stability of differential equation of second order
u'(t) + pt)d' (t) +r(t) =0 (2.168)
under some special conditions. The group of these researchers remarked that if f is
an approximate solution of the equation(2.168), then there exists an exact solution
of the equation near f. Gavruta, Jung and Li, (2011)discussed Hyers-Ulam stability
of linear differential equation of second order of the form

u"(t) + B(t)u(t) =0 (2.169)
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with the boundary conditions

u(ty) = u'(ty) = 0.

or with initial condition

u(to) = u'(ty) = 0.

Li and Shen(2010) investigated the Hyers-Ulam stability of the following linear

differential equations of second order;

u”’(t) + au'(t) + Bu(t) =0 (2.170)
and
u"(t) + au'(t) + Pu(t) = f(t). (2.171)

by applied the condition that the characteristics equation has two different positive
roots. The equation considered by Li and Shen generalised the equation considered
by Gavruta, Jung and Li(2011). Xue(2014) made an improvement on the result
of Li and Shen(2010) by investigating the Hyers-Ulam stability of equation (2.170)
and (2.171), by not considering the nature of their characteristic roots either the
roots are real or complex. The results obtained improved and extended the results
of Li and Shen. Li(2010) was motivated by the result of the following researchers
Takahas, Miura and Miyajim(2002) and Wang,Zhuo and sun (2008) which enabled
Li to consider the stability in the sense of Hyers-Ulam stability of second order
linear differential equation

u”(t) = Nu. (2.172)
Jung (2005) considered the Hyers-Ulam stability of the second order Euler equation
of the form

2 (t) + atu/ (t) + Bu(t) = 0, (2.173)
this equation is sometimes called the Cauchy equation. Jung(2010) solved the

nonhomogeneous differential equation of the form
oo

y'(t) + 2ty — 2ny = Z apmt™

m=0

where n is a nonnegative integer, and apply this result to the proof of a local
Hyers-Ulam stability of the differential equation

y"(t) + 2ty — 2ny =0

in a special class of analytic function. In [Javadian et al,2010] the stability of an
extension of the equation(2.168) was considered as equation

() + p(E) (1) + a(t)u(t) = £(1 (2.174)
by considering its generalised Hyers-Ulam stability with the condition that there
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exits a nonzero u; : I — u in C?(I) such that

ul + p(t)uy + q(t)u; =0 (2.175)
has its solutions in an open interval. Furthermore, Popa and Rasa(2011) obtained
some results on generalised Hyers-Ulam stability of the linear differential equation
u(t) = Atu(t) = f(t) tel (2.176)
in a Banach spaces. Gavruta, Jun and Li (2011) investigated Hyers-Ulam stability
of the linear differential equations

v+ B(t)u=0 (2.177)
with boundary conditions and initial conditions. Abdollahpour et al(2012) proved
the Hyers-Ulam stability of the perfect linear differential equation of the form

fFOu" () + () (t) + f2(t)u(t) = Q(t) (2.178)
by transforming the equation (2.178) to a perfect differential equation written as
d

L/ @E @) + () = f(@®)u®)] = Q) (2.179)

after the transformation, Hyers-Ulam stability of the perfect equation obtained.
Further development, Li and Huang(2013) proved the Hyers-Ulam stability of linear

second order differential equations

u’(t) + o/ (t) + Bu(t) =0 (2.180)
and
u’(t) + o (t) + Bu(t) = f(¢) (2.181)

in complex Banach spaces. Modebei et al, (2014) investigated generalised Hyers-
Ulam stability of second order ordinary differential nonhomogeneous equation
u’(t) + B(t)u(t) = f(t) (2.182)
with initial condition

u(ty) = u'(to) =0

where u(t) € C?[ty,b], B € Clto, b]. Javadian et al(2011) investigated the generalised
Hyers-Ulam stability of differential equations of the form

' (8) + p(t0 ()a(t)u = f(2), (2.183)
the author made the equation different from Li and Huang by introducing the
continuous function p(t). Jung, Kim and Rassias(2008) proved the Hyers-Ulam
stability of a special type of systems of Euler differential equations of first order.
Jung and Lee (2007) investigated Hyers-Ulam-Rassias stability of linear differential
of second order In June 2015, Mohapatra(2015) proved the Hyers-Ulam stability
and Hyer-Ulam-Aoki-Rassias or simply Hyers-Ulam-Rassias stability of the n-th
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order ordinary linear differential equation with smooth coefficients on compact
and semi-bounded intervals using successive integration by part. Furthermore, the
following author Li and Shen(2009) discussed much on Hyers-Ulam stability of
nonhomogeneous linear differential equations of second order.

In another development, Tunc and Bicer(2013) discussed the stability in the
sense of Hyers-Ulam stability of nonhomogeneous Euler equations of third and

fourth order:

30" (t) + at®u” (t) + Btu” (t) + yu(t) = F(t) (2.184)
and
th" (1) + an t3u” () + Bt (t) + it (t) + Cul(t) = G(t) (2.185)

using transformation method. Murali and PonmanaSelvan(2018a) Investigated the
Hyers-Ulam stability of the homogeneous linear differential equation of third order
W"(8) + (1) + BN () + (1(1) — p()u(t) = 0 (2.186)
with initial conditions

u(ty) = u'(to) = u"(tg) =0

and boundary conditions with the help of Taylor’s series Formula. Tripathy and
Satapathy(2014) investigated the generalised Hyers-Ulam stability of third order
Euler’s differential equations of the form

" (t) + at*u" () + Bt (t) + yu(t) =0 (2.187)
on any open interval. Murali and Ponmana(2018b) investigated the Hyers-Ulam-

Rassias stability of the homogenous and nonhomogeneous linear differential equa-

tion
u" () + a(t)u(t) =0 (2.188)
and
u"'(t) + a(t)u(t) = ¢(t) (2.189)

by approximation method of solution. Abdollahpour et al(2012) investigated the
Hyers-Ulam stability of the perfect linear differential equation

F@u"(t) + fr()' () + f2(t)u(t) = Q(t) (2.190)
by setting
fa(t) = fi(t) = [ (1) (2.191)

which the authors used to transform the equation (2.191) for easy investigation of

stability via Hyers-Ulam stability. Abdollahpour and Najati(2011) proved that the
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third order differential equation

u" (t) + au” (t) + Bu'(t) + yu(t) = f(t)

has the Hyers-Ulam stability. In the following year, Abdollahpour and Najati(2012)
investigated the Hyers-Ulam stability of the linear differential equation

u"(t) — fO)u"(t) + /() — f(t)u(t) = H(t) (2.192)
which extended the linear differential equation considered in 2011 by making the

following transformations
t
o) =0+ o). £10) = [ (535 )
to

A(t) = %F(t) _ @) /1t %dt

for all t € [to, b]

Finally, Lee and Jun(2016)considered the generalisation of Hyers-Ulam-Rassias
stability of Jensen equation. Li, Zada and Faisal(2016) investigated the Hyers-Ulam
stability of nth order linear differential equations with non constant coefficients, the
author proved that Hyers-Ulam stability by using open mapping theorem. The au-
thor further investigated generalised Hyers-Ulam stability of the same nth order

linear differential equations.

2.3 Hyers-Ulam and Hyers-Ulam-Rassias Stability
of Nonlinear Ordinary Differential Equations

Large number of authors studied Hyers-Ulam and Hyers-Ulam-Rassias stability
of linear differential equations compared to nonlinear differential equations. In this
section the results of some few authors who studied the Hyers-Ulam and Hyers-
Ulam-Rassias stability of nonlinear differential equations are reviewed. Rus(2009)
presented four types of Ulam stability for ordinary differential equations, they are:
Hyers-Ulam stability, general Hyers-Ulam stability, Hyers-Ulam-Rassias stability
and generalised Hyers-Ulam-Rassias stability. Rus (2009) gave the following the

following equation and inequalities:

u'(t) = f(t,u(t)) forall t € [to,b), (2.193)
|u'(t) — f(t,u(t))| < @(t) forallt € [to,b), (2.194)
[u'(t) — f(t,u(t))] < e forallt e [ty,b), (2.195)
and

[/ (t) — f(t,u(t))] < ep(t) forallt € [tg,b). (2.196)
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Rus(200) gave also the following definitions:

Definition 1.1

The equation (2.193) is Hyers-Ulam stable if there exists a real number ¢; > 0 such
that for each € > 0 and for each solution u(t) € C'([a,b), B) of equation (2.193)
there exists a solution uy(t) € C*([a, ), B) of equation (2.194) with

lu(t) —uo(t)| < Cre, Vt € [a,b)

Definition 1.2

The equation (2.193) is generalised Hyers-Ulam stable if there exists 6 € C(R,R),0,(0) =
0, such that for each solution u(t) € C*([a,b), B of equation (2.195) there exists a
solution u(t) € C*([a, ), B) of equation (2.193) with

|u(t) —uo(t)] < By(e), Vi€ [a,b)

Definition 1.3

The equation (2.193) is Hyers-Ulam-Rassias stable with respect to ¢ if there exists
C}t, > 0 such that for each € > 0 and for each solution u(t) € C*'([a,b),B) of
equation (2.196) there exists a solution u(t) € C'([a,b),B) of equation (2.193)
with

[ult) = wolt)] < Crpep(t), VEE [a,)

Definition 1.4

The equation (2.193) is generalised Hyers-Ulam-Rassias stable with respect to ¢ if
there exists C'y,, > 0 such that for each solution u(t) € C*([a,b),B) of equation
(2.196) there exists a solution ug(t) € C*([a,b), B) of equation (2.193) with

ult) = uo(8)] < Crpplt). Ve € [a,b).

Rus(2010) used these definitions to investigate the stability of the nonlinear differ-
ential equation

u'(t) = Au(t)) + f(t,u(t)), teIcCR. (2.197)
Qarqwani(2012a) investigated the stability of a generalised nonlinear second order
differential equation

u'(t) — F(t,u(t)) =0 (2.198)
with the initial condition

u(ty) =u'(to) =0

by making use of Gronwall lemma. In addition, the author proved the Hyers-Ulam

stability of a special case of equation (2.198) called Emden-Fowler type equation
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of the form
u”(t) — h(t) Ju|” sgnu =0 (2.199)
with initial conditions
u(to) = u'(ty) = 0.

Qarawani(2012b), further the investigation of Hyers-Ulam stability of nonlin-
ear differential equation
W+ p(Od + q(t)u = h(t) |ul® T POt g gy B e (0,1) (2.200)
with the initial conditions
u(to) = u'(ty) = 0.
Qarawani(2013) improved on the earlier result by considering Hyers-Ulam stability
of nonlinear differential equation
u = f(t,ut), (), " (t) - -uD) (2.201)
with initial conditions
u(to) = ug, v/ (to) = uy - -+, u" V(ty) = up_y = 0.
In Qarawani(2014) stability of nonlinear differential equations of first order in the

sense of Hyers-Ulam-Rassias stability was considered using equation

u +p(t)u = G(t,u) (2.202)
with initial condition

u(to) =up =0

. The author also considered the Hyers-Ulam-Rassias stability of Bernoulli’s equa-
tion

u' + p(t)u = q(t)u”. (2.203)

Algifiary and Jung(2014) used Grownwall inequality to investigate the Hyers-Ulam
stability of second order differential equations

u’(t) + F(t,u(t)) = 0. (2.204)
Huanget al(2015) investigated the Hyers-Ulam stability of nonlinear differential
equations of the form

u"(t) = F (t,u(t),u/(t), - ,u" V(1) (2.205)
by applying Lipschitz condition and fixed point method. In 2016, Li et al(2016)
established Hyers-Ulam stability of

> i (0) = alt) (2.206)
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and the geileralised Hyers-Ulam stability of

ul () + Y Quoi(t)u" () = f(t) (2.207)
by using Zl?;sic theory of differential equation. Raviet al(2016) investigated the
Hyers-Ulam stability of a general n'® order nonlinear differential equation of the
form

ul™ — F(t,u(t)) =0 (2.208)
with the initial condition

u(to) = g, v (to) = uy -, u™ V(tg) = up_y =0,

the author also proved the Hyers-Ulam stability of the Emden-Fowler type of non-
linear differential equation of n* order

u™(t) — h(t) Ju(t)|* sgnu(t) = 0. (2.209)
Recently, Bicer and Tunc(2018) investigated the Hyers-Ulam stability of second
order nonlinear differential equation with multiple variable time lags of the form

u + F(t, u(t))% + H(t,u(t)) = 0. (2.210)

dt?
by using fixed point theorem.
In this research work, our results on Hyers-Ulam and Hyers-Ulam-Rassias

stability will extend all the results of aforementioned authors.
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CHAPTER THREE

METHODOLOGY

3.0 Introduction

The origin of integral inequalities to be used here could be traced to the Gronwall
inequality which is embraced by many researchers. This also opened the usefulness
of integral inequalities to the world of mathematicians. The development of the
integral inequalities are considered under the following headings:

Integral inequality with one nonlinear term
Integral inequality with two nonlinear terms

Integral inequality with three nonlinear terms

3.0.1 Integral Inequality with One Nonlinear Term

This section is devoted to consider the development of integral inequalities with

two terms of integrals, one containing a linear term and the other a nonlinear term.
Theorem 3.1:
Suppose u(t) and f(t) are nonnegative, and continuous functions on R . Suppose
that K(t,s) and its partial derivative K(t,s) exist and are continuous for every
t,s € T and K(t,s) < 0. Moreover, let w € C(R,Ry) be nondecreasing with
w(u) > 0 on R, for which the inequality

t t s
u(t) <wug+ L [ f(s)u(s)ds +/ f(s) < K (s, T)w(u(T))dT) ds (3.1)
t t t
holds, where ug and L are p051t1\(;e constants then,

u(t)gﬂ—1< Ug +L/ f(s (uOQ /Q da) ds) (3.2)

where,

Q(t) —expl / F(s)ds, (3.3)
) is defined as equat10n(2 13) and t; € [tg, 00) is chosen so that

( Uo +L/ (s (qu / Qla da) ds) € Dom(Q)
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for all ¢ lying in the subinterval [tg,#;] of I. Q™! is the inverse of the function €,.

Note Q! is also a nondecreasing function.

Proof:
Since uy > 0 and denote the r.h.s of inequality (3.1) by z(t);
= uy + L/ f(s)u(s)ds + /tf( ) ( SK(S T)’W(U(T))dT) ds. (3.4)
From equation 53 4) and mequahty (3.1) \f\(;e have
u(t) < z(t), 2(to) = uo (3:5)
Differentiate (3.4) with restpect to ¢ yields
Z(t) = Lf()u(t) + f(t )/ K(t, m)w(u(r))dr (3.6)

Using (3.5) in (3.6) the result is
Z'(t) < Lf(t) ( )+ f(t /KtT ))dT).

It is clear that

(1) < LIOMO), (37)
where .

M(t) = 2(t) + / K(t, 1) (+(r))dr (3.9)
Differentiate (Béo) we have

M(t) = () + K(t, ) / K () (=(7))dr

Since K (t,s) and its partlal derivative Kt(t s) exist and are continuous with

Ki(t,s) <0, the result is

M'(t) < 2'(t) + P(t), (3.9)
where
P(t) = K(t,t)w(z(t)), t € [to, o). (3.10)
Let T € [tg, 00) be any arbitrary number such that
M'(t) < Lf(t)M(t) + P(T) forall to <t < T (3.11)
Solving the first order differential inequality (3.11)by using integrating factor de-
fined as

= exp(— / f(s)ds), (3.12)

the result yields

M(T) < ug exp(L / f(s)ds) + P(T) ( / (exp / f(r dT)dS). (3.13)

Substituting M (T") in equation (3.7) ylelds

2(T) < LA(T) (uo exp(L /t f(s)ds) + P(T) /: <exp(L /: f(r)dr)) ds)

(3.14)
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Let P(T) > 1, then t
J(T) < LP(T)f(T) (uoeXp(L / F(s)ds) + /t (exp / f(r dT) > (3.15)

By equation (2.13), letting zy = z(to) t =T, then

% < LI(O)K (1) <w)@<> / Qs )ds)

Q(t) is defined in equation (3.3), integrating equation(3.15) from ty to t we get
t
2(t) < Q71 (Q(U(]) + L/ f(s)K (s, s (qu / Q(a da) ds)

Since u(t) < z(t), we arrltgfe at the result (

Theorem 3.2:

Let all the conditions of Theorem 3.1 remain valid and let n(t) be nonnegative,
nondecreasing, monotonic continuous function on R+, then the inequality

u(t) <n(t)+ L tf(s)u(s)ds +/ </ K(s,7)w ))d7'> ds (3.16)
holds, L a posmnﬁe constant, then

u(t) < n(t)- ( )+ L/ £(s (Q@) + SQ(a)da) d5,> (3.17)
where (u) is defined in (2. 13 ), t1 € [to, 00) is choseﬁ) so that

CURyy e (Q( )+ [ Qeyia)ds) € Domis),

for allt € [ty,t1] C 1. Q71 a nondecreasmg function and the inverse of the function
Q.

Proof:

Since n(t) is positive, monotonic, nondecreasing continuous function on R,.By

puttlng 2(t) = (tg in equatlon (3.16) we have

1+L/f / (/KST (Eg)df)ds (3.18)

Let z(t) = n(t)

() <141 f()()ds+/ </KST ))dT)ds (3.19)

By applying the Theorem 3.1 we obtain

2(t) < Q71 <Q(1) + L f(s) (s,s) <Q(s) + S Q(a)da) ds) :
Substituting z(t) in thet(;mbove equation, then, vx;g arrive at inequality (3.19)
Remark 3.1:

The results obtained, extended the result obtained by Oguntuase (2001) and Pach-

patte (1975a).

, equation (3 18) is written as

Consequence of Theorems 3.1 and Theorem 3.2 is given as thus:
Theorem 3.3:
Let K(t,s) = r(t)p(s), where r(t) and p(s) are continuous on R, and 7/(t) <
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0, p/(t) <0 and uy > 0 a constant. Then, the inequality (3.3) in Theorem 3.1

reduce to

u(t) <wup+ L s)ds +/ f(s (/ p(T)w (u(T))dT) ds (3.20)
by Theorem 3. 2 we have
u(t) < Q1 [Q(uo) + L ) f(s)r(s) |:UQQ / QT d7':| ds] , (3.21)
if we choose 151 € I so that .
Q(ug) + L : f(s)r(s)p(s) [UOQ(S) + 5 Q(T)dT} ds € Dom(Q™1) (3.22)

for all ¢ lying in the interval [ty,#;] C I, where Q7! be the inverse of Q. Where
Q(u) and Q(t) are defined in (2.13) and (3.3) respectively.

Proof:

Define the functlon v(t

v(t) =ug+ L s)ds —i—/ f(s </ (T )w(u(T))dT) ds (3.23)
It is clear that from equation (3. 23 ) we have

u(t) <wv(t), v(ty) = uo (3.24)

Differentiate (3.23) we obtain

J(t) = LEE(E) + F(0)r() / p(r)@(u(r))dr.

t
Using inequality (3.24) we artive at

10 < L) [o00) +160) [ syl dr (529
Inequality (3.25) reduces to

V'(t) < Lf(t)M(t), (3.26)
where M (t) is defined as

M(t) = (t)+7’(t)P(t)/ w(v(r))dr, (3.27)

Differentiate (3 27) respect to t we nave

M'(t) = /w ))dT + p(t) /w

+r(t)p(t)w(v(r)).
Since r/(t) < 0, and p/'(t) < 0 we get

M'(t) =o' (t) + r(t)p(t)(v(t)). (3.28)
Since M (t) is nondecreasing and nonnegative function on R, ,without loss of gen-

erality, from inequality (3.27) we obtain

v(t) < M(t) (3.29)
Using (3.29) in (3.28) to have
M'(t) < Lf(t)M(t) + R(t) (3.30)
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where

R(t) = r(t)p(t)ow(v(t)) (3.31)
Now, let T' € I be any arbitrary number let R(7) > 1, then equation (3.30) becomes
M'(t) < Lf(t)M(t) + R(T) (3.32)

Using integrating factor defined in equation (3.12),we get

M(T) < ug exp(L / " f(s)ds) + R(T) ( /: <eXp(L /: f<7)d7)) ds) O (3.33)

t
Substituting M () in (3.30), we obtain

4(0) < L) (mes(s /tOTf(s)dS) +R(T) / (o0t /:fwf)) i)

(3.34)
Let R(T) > 1, then

V(1) < LR(t )f()(uoexp / F(s)ds) + /: (exp(L /t: f(T)dT))dS.) (3.35)

If t =T, equation (3.35) becomes

(0 < LR [1000)+ [ Qs (3:30
By equation(3.31) with equation(2.13), we obtain
B < Ly {qu / Qs ds} (3.37)
Integrating (3.37) from ¢, to t,
o) < [2u) + [ ot 0o+ [ @i a (3.38)
Using this in (3.24), we arrive at the inequality (3 21).
Theorem 3.4:

Let all the conditions of Theorem 3.1 remain valid and let n(t) be nonnegative,
nondecreasing, monotonic continuous function on R+, the inequality

u(t) <n(t)+ L tf(s)u(s)ds —i—/ (/ K(s,7)w ))dT) ds (3.39)
holds, L is a posii:ive constant, then

u(t) < n(t)Q_l (Q(l) + L/tf(s)K(s,s) (Q(s) + SQ(a)da) ds) (3.40)
where Q(u) is defined in (2. 103), ty € [to,00) is Choseﬁ) so that

( ) + L/ f(s (Q(s) + sQ(a)da) ds> € Dom(271)

for all t € [to,t;] C I. Q7! a nondecreasing function and the inverse of the function
Q.

Proof:

Since n(t) is positive, monotonic, nondecreasing continuous function on R. Then

equatlon (3.11) become

<14 L/ £(s ds + /:f(s) (/t K(s,7)w (%) dT) ds  (3.41)
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u(t)

Let z(t) = —=, equation (3.18) reduce to

n(t)
z2(t) <1+ L tf(s)z(s)ds + /t f(s) </s K(s,7)w(z(7))d7'> ds (3.42)
By applying thleorem 3.1 we hgve °
2(t) < Q71 <Q(l) + L tf(s)K(s, s) <Q(S) + S Q(a)da) ds)
Substituting z(t) in thet(ébove equation, then, vx;é) arrive at inequality (3.21)
Remark 3.2:
If r(t) = 1, w(u) = u, and L = 1 in Theorem 3.1, the result obtained is the
same as in Pachpatte Pachpatte(1975a). Furthermore, these results also extended

Pachpatte(1975a) and Oguntuase(2001). Let R(u) be defined as

" ds
Theorem 3.5:

Let u(t), r(t) be nonnegative, nondecreasing and continuous functions on C(I, R )

and r'(t) < 0. SuPpose t
u(t) < uo + N /t F(s)uls)ds + M /t F(s)r(s) < /t:g(T)w(u(T))dT—i— -
/S g(T)(u(T))dT) ds, |

to

holds, where N, M are positive constants, then,
t

u(t) <R (?R(uo) + C/ f(s)r(s)g(s)ds) (3.45)
for C = NM > 0, where Z)O > 0 and R(u) is given as (3.43). For t; € I chosen such
that .

(Rt + € [ £ (91s)ds) € Dom(r)

for all ¢ lying tlon the interval [tg,t;] € I. 7' is the inverse of R.

Proof Define

2(t) = ug + N/t: f(s)u(s)ds + M/t: f(s)r(s) (/tOSQ(T)w(“(T»dT (3.46)
+ [ stntutryar) as |

to

then
u(t) < z(t), z(t) = ug (3.47)
Differentiating (3.46) to get

+(0) = M0t + 1000 ([ atrrmuirar + [ gtru(rar).

t
Applying equation(3.47) to have ’

(1) < NFW)(0) + M) ( [ o) (et + =) df) .

to
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Simplify further to obtain

2'(t) < Cf(t) ( (/ Z(T))dT)) , (3.48)

where C' = NM. Inequality (3.48) reduce to

Z(t) < Cft)m(t) (3.49)
where .

m(t) = 2(t) + r(t) ( /t () (@(2(7) + 2(7)) dT) | (3.50)
Without loss of gener;hty

() < m(?) (3.51)

Differentiating the equation (3.50)
(

) =0 +1'0) ([ a0 (@

Put 7/(t) <0, by inequalities (3.49
(

(7)) + 2(7 ))dT) +r()(gO)w(2(t) + 2(1)).
) and (3.51), we have

m/(t) < Cf(t)m(t) + r(t)g(t) (w(m(r)) + m(t)) (3.52)
Let f(t) > 1, r(t) > 1 and ¢(t) > 1, to have
< CH g 359

2m(t) + W(m(T))

By equation(3.43), we arrive at

()<Ql( uo—l—C’/f( ()5) (3.54)
Using inequality (3.51)
2(t) < Q71 <Q(u0) + C/ f(s)’r(s)g(s)ds) (3.55)

By inequality (3.47), we tE(L)H”iVG at the result.

Let ug in Theorem 3.5 be replaced with function L(¢) a nondecreasing, nonnegative,
monotonic continuous function on R, . Then the next result follows:

Theorem 3.6:

Let wu(t), r(t), L(t) be nonnegative, nondecreasing and continuous functions on

C(I,R;) and 7'(t) < 0. Suppose w € V. If

u(t) < L(t) + N / F(s)u(s)ds + M / F()r(s) ( / o) (u(r))dr+
fo o fo (3.56)

| atntutrir) as
holds, then the estimate of u(t) is given as '
u(t) < L(H)Q™ (Q(l) +C t f(s)r(s)g(s)ds) (3.57)

where L(t), nondecreasing, nonnegative monotonic function on R, and the $(u)
is defined in (3.43)
t; € I chosen such that

(R +c /t:f(s)r(s)g(s)ds> & Dom(3™).
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for all ¢ lying in the interval [ty,#;] € I. R~ is the inverse of R.
Proof:

Since L(t) is nondecreasing, nonnegative, monotonic function and w € W, then

) ds + M/t:f(s)r(s) (/t:g(f)w (%) dr+
[ o0 (55 o) o

1nequahty (3.56) reduce to

0 [ (28

(3.58)
Let inequality (3.58) be
Pt)<1+N [ f(s)P(s)ds+ M [ f(s)r( g(T ))dT+
fiocn e,
g(T)P(T)dT | ds.
Where
u(®) _
oo = " (3.60)

The inequality (3.59) satisfies the same condition with the inequality (3.44). Then
by applying Theorem 3 5, we obtain

(1) <R ( W+ [ fers)g <s>ds) (3.61)

to
Replacing P(t) with (3.60), we arrive at the result of the theorem.
3.0.2 Integral Inequality with Two Nonlinear Terms

This section begins with the consideration of integral inequalities derived from
Dehongade and Deo (1973) results.
Theorem 3.7:
Suppose u(t), r(t), h(t) € C(I,Ry) and w(u), B(u) € ¥ be nonnegative, monotonic,

nondecreasing, continuous and w(u) be a submultiplicative function for u > 0. Let

u(t) < E—I—T/ r(s)B(u(s ))ds—l—L/t h(s)w(u(s))ds (3.62)
for £/, T and L are positive ConstauntsO then

u(t) < Q7 (Q(E) + L/t h(s)w (F~' (F(1) + B(s))) ds) (3.63)
F7H(F(1) + B(t)),

where [(u) ZE w(u),
B(t) = T/ r(s)ds, (3.64)

to
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Q is defined in equation (2.13) and F'(u) is defined in equation (2.40) Where F'~1,
Q1 are the inverses of F, € respectively and ¢ is in the subinterval (0,0) € I,
F(1) + B(t) € Dom(F™")

and

Q(F) + L/t h(s)w (F~' (F(1) 4+ B(s))) ds € Dom(Q")

Proof: °

Define .

q(t) = FE + L/ h(s)w(u(s))ds t el (3.65)
We write inqugxlity (3.62) as

u(t) < q(t) + T/t r(s)B(u(s))ds tel. (3.66)
q(t) is nonnegati:foe,nondecreasing, monotonic and continuous function on R, . By
Theorem 2.9 and inequality (2.40), we obtain

u(t) < qt)F ' (F(1) + B(t)), tel (3.67)
Since w is submultiplicative, we have

u(t) < =(g(®F " (F() + B(1), (el

It clear that

u(t) < wlo(®)= (F~ (F(1) + B(). tel

It follows that

%W < Lh(t)w (F~" (F(1) + B(1))) (3.68)
By(2.13) we obtain
q(t) < Q! (Q(E) + L/t h(s)w (F~'(F(1) + B(s))) ds) (3.69)

Substituting for ¢(¢) in (%.67), this concludes the proof.
corollary 3.1

Suppose p(t) is a nonnegative, monotonic, nondecreasing continuous function on

R.. Let
u(t) < p(t) + T/ r(s)B(u(s))ds + L/ h(s)w(u(s))ds (3.70)

to to
for T and L are positive constants, then

ult) < p(H)2! (Q(l) + L/t h(s)yw (F~ (F(1) (3.71)

+B(s)))ds) FY (F(1) + B(t)) tel
where B(t), Q(u) and F(u) are defined as in (3.64), (2.13) and (2.40) respectively.

Proof:

Since p(t) is nonnegative, monotonic, nondecreasing on R, with w, § € ¥ and
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then, we write (3 70) as

u(t) u(s) : u(s)

S/\\))(Ez'<1—|—7’/t0 r(s)s <F> ds—i—L/O h(s)w <p_s)> ds (3.72)
etting

% = z(t) (3.73)

Using(3.83) in g3.72), we obtain t

2(t) <1+ T/ r(s)z(s)ds + L/ h(s)w(z(s))ds (3.74)

t t
Applying Theorem 3.7 to inequaﬁty (3.74) for = 1, we arrive at
t
2(t) < Q71 <Q(1) + L/ h(s)w (F~' (F(1) + B(s))) ds)
to

F Y (F1)+B(t) tel
Substituting for z(¢) in inequality (3.75),this concludes the proof.

(3.75)

In the next theorems, we consider three terms of integrals where only one is linear
and the other two are nonlinear.

Theorem 3.8:

Let u(t),r(t),g(t),l(t) : I — Ry be continuous and w(u), f(u) € ¥ be nondecreas-

ing, nonnegative and u > 0, $(u) a submultiplicative. If

u(t) < wg+ A/ r(s)u(s)ds + B/ g(s)w(u(s))ds + C/ [(s)B(u(s))ds tel

v v ! (3.76)
holds. Then
ult) < 1< o) + C / s)ds) ABQ() (3.77)
where
Ay =0 1(9( )48 [ 961w (@ >>ds) (3.78)

t
Q(t) is defined in (3.5), 82(7") is defined as (2.13) and F(u) is defined in equation
(2.40),

P (o + 5 /t:gm)w Q@) da) Q(s)) € Dom(F)
and

(Q(l) - B/tsg(a)w (Q()) da) € Dom(Q7)
Proof: ’
Define

n(t) = ug + C’/ [(s)B(u(s))ds (3.79)

t
we re-write (3.78) as

u(t) < n(t) + A/t r(s)u(s)ds + B/t g(s)w(u(s))ds (3.80)
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For n(t) is a nondecreasing, nonnegative and monotonic function.

It follows that

% <1+ A/t:r(s) (%) ds + B/t:g(s)w (%) ds (3.81)
By Theorem 2.8, we obtain .
) <09 (20)+ 8 [ o= Q) ds) Q) (382

0
Since ( is submultiplicative, we obtain

Bu(0) < S(a)s (9 (000) + 5 [ st=@o) ) Q) (353)

By applying the equation(2.40),we obtain
n(t) < F! (F(uo)) + C/ I(s)B (71 (Q1)+
. o (3.84)
B [ o= (@la))da) Q) ds )

Replacing n(t) in equation (3.82) with (3.84).

t

This concludes the proof.

Theorem 3.9:

Suppose u(t), r(t), g(t), I(t) € Ry are continuous function. Further more,y(t) be
nondecreasing, monotonic, continuous function on R, and w(u), B(u) belong to

the class W for u > 0. Let S(u) be a submultiplicative. The inequality

u(t) < x(t) + A/ r(s)u(s)ds + B/ g(s)w(u(s))ds + C/ [(s)B(u(s))ds t €1
"’ "’ ) (3.85)

holds. Then .

) < X (1) +C [ 168 AEQ) ds ) ABQ() (3.0

Where A(t) and Q(t) are defined in equations (3.78)and (3.5) respectively, also

Q(u) and F(r) are defined in (2.13) and (2.40) respectively. where

F(1)+ C/ 1(s)B (A(s)Q(s)) ds € Dom(F 1)

to
and

(Q(l) + B/ g(a)w (Q(a))da) € Dom(Q71)
t
Proof: ’
Since x(t) is nondecreasing,nonnegative monotonic function and f.w € ¥ from

(3.85), we have

% <1+ A/t:r(s)%ds + B/t:g(s)w (%) ds+

C’/t:l(s)ﬁ (%) ds tel 5
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Let

% () (3.88)

Inequality (3.85) is written as

n(t) <1+ A/ttr(s)n(s)ds + B/ttg(s)w (n(s)) ds + C’/ttl(s)ﬁ (n(s))ds tel
(3.89)

Application of Theorem 3.8 on inequality (3.87) gives
t

0() < P! (F(l) e [ 1540 ds> AQ() (3.90)
Replacing the 7(t) in eqf;ation(3.88). This concludes the proof of the theorem.
Theorem 3.10:

Suppose that u(t), f(t) and b(t) are nonnegative and continuous functions on R .
Let K(t,s) and its partial derivative K;(t,s) exists and be continuous for every

t,s € I and Ki(t,s) <0 . Moreover, let w, 8 € C(R4,R,) be nondecreasing with

w(u), f(u) >0, and &w € 1, are submultiplicative. The inequality

()<u0+L/f ds+/ (/KST ))dr)ds

+ / b(s)B(u(s))ds

to

(3.91)

holds, for ug and L are positive constants then,

u(t) < F1 (F(uo) —|—/t b(s)B(N(s))ds) N(t) (3.92)
where ’

N(t)=Q"* (Q(uo) + L/ f(s)K(s,s) (UOQ(S) +/ Q(oz)doz) ds) (3.93)
Q(t) is defined by (3.5), d%u) and F'(u) is defined byt0(2.13) and(2.40) respectively.
Choosing t; € [tg, 00) so that

F(ugp) +/t b(s)B(N(s))ds € Dom(F™")
and ’

(Q(uo) + L tf(s)K(s,s) (UOQ(S) + S Q(a)da) ds) € Dom(271)

for all ¢ lyingtoin the subinterval [to, 1] éof I. Q7! and F~! are the inverses of the
functions 2 and F' respectively.

Proof:

Define

t

n(t) = ug +/ b(s)B(s)ds (3.94)
to

where n(ty) = up, then we have

)< n(t)+L / F(s)u(s)ds + /:f(s) ( /t:K(s,T)w(u(T))dT) ds (3.95)
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Applying Theorem 3.8 to inequality (3.95), it yields

u(t) < n(t)N(t) (3.96)
Since ( is submultiplicative, it follows that
b(t) 5 (u(t))

Bn(®) < b(t)B(N (1)) (3.97)
By equation (2.40), we get
n(t) < F! (F(n(to)) +/ b(s)ﬁ(N(s))ds) (3.98)

Substituting this into (3.9%), we arrive at the result.

The next theorem is given with uy = p(t) a nondecreasing, nonnegative, monotonic
continuous function on R ,.

Theorem 3.11:

Let all the conditions of Theorem 3.10 remained valid. Let 3, w € W, the inequality

£) < p(t +L/f ds+/ (/Km ))dr)ds

T / b(s)B(u(s))ds

to

(3.99)

holds, then

u(t) < p(t)F~* <F(1) + /tb(s)B(N(s)ds) N(t) (3.100)
where Q(t) and N(t) are (i?aﬁned in equations (3.5) and (3.93) respectively, Q(r) is
by (2.13) and F'(u) is defined by (2.40). Choosing t; € [ty,o0) so that

F(1)+ /t b(s)B(N(s)ds € Dom(F™)

to
and

(Q(l) +L tf(s)K(s,s) (Q(s) + SQ(a)da) ds) € Dom(Q7)

for all ¢ lyilrlé0 in the subinterval [to,;i] of I. Q7! and F~! are the inverses of the
functions 2 and F' respectively.

Proof:

Since p(t) is nondecreasing, monotonic and nonnegative and B, wV then

p( /f

(3.101)
t s @ )
+/t f(s)K(s,s) (/ dT) ds+ (p(s))d
By application of Theo:em 3.10, let w(t) = ’ (t) we obtain
wt) < F! (F(l) +/ b(s)B(N(s ))ds) N(t) (3.102)

t
Substituting w(t), we arrive at the result (3.100).
Let K(t,s) = h(t)q(s) where the functions h(t) and b(s) are continuous on R, we

have the following results.
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Theorem 3.12:
Let u(t),b(t),q(t), h(t), f(t) : I — Ry and A/(t) <0 and Let w, 8 € C(R4,Ry) be
nondecreasing and monotonic function with 3, @ belong to class ¥ and let 5(u)

be a submultiplicative. If

ult) < uo + L /t:f(S)u(S)dS ' / o) [ atermtutryr) a

t (3.103)
—i—/t b(s)B(u(s))ds
holds. Then, . ’
u(t) < M(t)F* (F(uo) +/t b(s)ﬁ(M(s))ds) : (3.104)
Q(u) is defined in (2.13) and F is defined in (2.40).
Defined .
M(t)=Q* (Q(l) + L t f(s)h(s)q(s) (Q(S) + t Q(a)da) ds) (3.105)

and Q(t) in equation(3.5). Where F~! and Q™! are the inverse functions of F' and

Q) respectively and ¢ is the subinterval [tg,¢;] C I such that
F(ug) + /t b(s)B(M(s))ds € Dom(F ™)

and tot

Q1) + L/ f(s)h(s)q(s) (Q(S) + /S Q(a)da) ds € (DomQ™1)
Proof: v v

Define function C(t) as

C(t) = ug + /tt b(s)B(u(s))ds (3.106)
Using this in (%.103), we get

u(t) < O + L tt F(s)u(s)ds + / ") ( / S q(T)w(u(T))dT) ds (3.107)
Applying Theorem 3.2 to inequalitgof (3.107) ,towe have

u(t) < C(t)M(t) (3.108)
Since ( is submultiplicative, it follows that

Blu(t)) < B(C(1))B(M(s)) (3.109)
By equation (2.40), we have the following

Cct)<F! (F(uo) + /t b(s)ﬁ(M(s))ds) : (3.110)

By (3.108) and (3.110), we arrive at equation(3.104).
Let the function v(¢) € C(I,Ry) be a monotonic,

nondecreasing and nonnegative. The following theorem is given as thus:
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Theorem 3.13:
Let u(t), f(t), h(t), q(t),~(t) € C(I,R;) remain the same as in Theorem 3.12. Let

u(t) < (1 +L/f u(s)ds + /t F(s)h (/ q(r)w(u(r))dT)ds

n / b(s)B(u(s))ds

to

(3.111)

By Theorem 3.12, it Implies that

u(t) < yE)M(t)F~ (F(l) + /t b(s)ﬁ(M(s))ds) (3.112)
where Q(t) and M(t) are tgleﬁned in equations (3.5) and (3.105)respectively,

Q(u) and F(u) are defined in (2.13) and (2.40) respectively. for F~! and Q! are

the inverse functions of F' and ) respectively and ¢ is the subinterval [tg,¢;] C I

such that .
F(1) +/ b(s)B(M(s))ds € Dom(F ™)

to
and

t s s
Q1) +/ (f(s)h(s)g(s) exp (/ f(T)dT) +/ Q(a)da) ds € (DomQ™)
to to to
Proof:
Since () is nondecreasing, monotonic,nonnegative function on R and g, w € V.

Then

H<1+ /t:f(s)ﬂs)ds + [ some ( [ atwrtetear) as

t (3.113)
S RCLEO)S
where r(t) = 3(—2 Therefore, by application of Theorem 3.12 we obtain
r(t) < M()F! (F(l) +/ b(s)ﬂ(M(s))ds) (3.114)

By replacing r(t) in (3.1145000ncludes the proof.

The following integrals are the extensions of Theorem 3.3.
Theorem 3.14:

Let u(t),r(t) € C;(I,RJF) and 7'(t) < 0. If

)<+ N [ soputslds +1 [ ) ([ omtutryin
o . o o (3.115)
+/t g(T)(u(T))dT) ds —I—/t b(s)B(u(s))ds
holds, where M and N are gositive constants, then ’

u(t) < P! (F(uo) +/ b(s)B(W (s )ds) W (t) (3.116)
Define

W(t) = ( +C/f ) (3.117)
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where ug > 0 and the definition of $(u) is given in (3.43) and t; € I is chosen such
that

( ) / f(s ) € Dom(R™).

and

Flu) + [ #s)307(s))ds € Dom(i™)

for all ¢ lyti(ilg in the interval [to,t;] € I. 71, H~! are the inverses of R and F.
Proof:

Define

n(t) = ug + /t b(s)B(u(s))ds. (3.118)
Inequality (3.t1015) is written as

ult) < n(t) + N / F(s)u(s)ds + M / f(s)r(s) ( / o) (u(r))dr
o o to (3.119)

v sgm(u(r))df) s,

to
where n(t) is nondecreasing, nonnegative, monotonic continuous function on R.

By Theorem 3.3, we obtain

u(t) < n(t)W(t) (3.120)
By submultiplicative property of , we have

) < n(e)a (1 (%) + ¢ [ foratas) ) 3.121)
By equation(3.43),we arrivs at

n(t) < F! (F(n(to)) —i—/ b(s)ﬁ(W(s))ds) : (3.122)

Substituting this in (3.1263, we have the result. This concludes the proof.

Let m(t) be nonnegative, nondecreasing and monotonic continuous function on R,
Theorem 3.15:

Let u(t), r(t), ()EC(IR+ ) and r(t) < 0.1

u(t) < m(t +N/f ds+/f (s) (/ §(r)m(u(r))dr

+ ) ds + )5 (u(s))ds

to

(3.123)

holds, then
t
u(t) < m(t)F! (F(l) +/ b(s)ﬁ(W(s))ds) W(t) (3.124)
t
where R(u) and W(t) are defined in equations (3.50) and (3.127) respectively, t; € I

is chosen such that

( ) /f )eDom@R .
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and t

F(up) +/ b(s)B(W(s))ds € Dom(F~1)

for all ¢ lyt'ong in the interval [tg,t;] € I. R, F~! are the inverses of R and F.
Proof:

Dividing both sides of (3.123) by m(t), we get

A <1+ / Feprte) [ o=+ [ aln)s(r)ar ) ds

o (3.125)
+/to b(s)B(z(s))ds
Where
A(t) = % (3.126)
By applying the T heorfzm 3.14 gives
A(t) < F! <F(1) + /t b(s)ﬁ(W(s))ds) W) (3.127)

Substituting for z(¢) by using equation(3.126)
3.0.3 Integral Inequality with Three Nonlinear Terms

In this section, we consider the development of integral inequalities with three
nonlinear terms which are the special case of integral inequalities developed by
Dehongade and Deo (1976), Agarwal and Thandapain (1981) and Pinto (1990).
Most of the results in the previous sections are needed in this section.

Theorem 3.16:

Let u(t),r(t),h(t),g(t) € C(I,R;) and w, f,7 € ¥ be nonnegative, monotonic,
nondecreasing continuous functions. Let v be a submultiplicative for u > 0.

If

u(t) < K + A/ r(s)B(u(s))ds + B/ h(s)w(u(s))ds+
fo fo (3.128)

L / 9(s)7(u(s))ds

to
for K, A, B and L are positive constants and ¢ € I, then

u(t) < T [T(K) +L / t 9(s) {Q‘l (9(1) +B / ha)m (T(a) da> T(s)} ds}

to to

o' (Q(l) + B/t h(s)w (T'(s)) ds) T(t)
(3.129)
where T'(t) is defined as

() = F! (F(l) LA / tr(s)ds) , (3.130)

to
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2, and F' are defined in (2.13),(2.40) .

T(r)= /t s O0<rog<r (3.131)
1 V(8)

and H71, Q71 and Y~! are the inverses of H, €, G respectively ¢ is in the

subinterval (9, b) € (I). So that .

G(K)+ L /t a(s)y [Ql (Q(l) +B / h(a)w (T()) da) T@)} ds € Dom(T~!

to
Proof:

Define .

n(t) = K + L/ g(s)y(u(s))ds (3.132)
we re-write (31?’)01 as t

u(t) < n(t) + A / () 8(u(s))ds + B [ his)em(u(s))ds (3.133)

Since, n(t) is monotonic, nondecreasing on R

Applying Corollary 3.1, we obtain

u(t) < n(tH)Q™* (Q(l) + B/ h(s)w (T(s)) ds) T(t) (3.134)
Hence, K .

y(u(t)) <~ ln(t)Ql <Q(1) + B/ h(s)w (T'(s)) ds) T(t)] (3.135)
By submultiplicative property of Vto(u), we get

7 (u(t)) 1 '

Y ) <% {Q (Q(l) + B/to h(s)w (T(s)) ds) T(t)} (3.136)

By equation (3.131), we arrive at
n(t) < T 1Y (n(ty))

+L [ Q1) + B h(a)w (T(a))da) T(s)] ds} (3457)

Substltutmg for n(t) in (3. 134 we arrive at the result

Theorem 3.17:

Let u(t),r(t), h(t), g(t), 5(t) and b(t) be as in Theorem 3.16 and w(u), f(u),y(u) €

¥ be nonnegative,monotonic, nondecreasing continuous functions. Let v(u) be a

submultiplicative for u > 0. If

u(t) < B() + A /t r(s)3(u(s))ds + B /t h(s)w(u(s))ds+

t (3.138)
L[ asntu(s)ds
for K, A, B and L are positive ctonstants, tflen
ult) < B0 [T + L [ gtsiy [
(9(1) +B /t " h(a)w (T(a) da) T(s)} ds} (3.139)

Q! (Q(l) +B /t: h(s)w (T(s)) ds) T(t),
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where Q, T, and F are defined in (2.13),(3.131) and (2.40)respectively,

for F=1, Q! and Y~! are the inverses of F, Q and Y respectively such that ¢
is in the subinterval (0,b) € (Ry). So that
T(1) + L/tg(s)fy {Q_l (Q(l) + B/s h(a)w (T'()) da) T(s)} ds € Dom(Y™1)
Proof: v v
Since ((t) a monotonic, nondecreasing and nonnegative continuous function on

R, then Inequality (3.139) reduce to

@ t'r'g @S t SW@S
mﬂ§1+AA)(ﬁ%@9d+BZUK)(M$M -
+L[g@w§%m8

It follows that

2(t) <1+ A/t r(s)f(z(s))ds + B/ h(s)w(z(s))ds

o (3.141)
+L[g@wamw
Where ’
u(t)

Applying the Theorem 3.16 and putting K = 1, we arrive at

2(t) <Y1 [G(l) + L/tg(s)fy [Q‘l (9(1) + B/s h(a)w (T(a)) da> T(s)] ds]

to to
¢
Q! (Q(l) + B/ h(s)w (T'(s)) ds) T(t)
to
(3.142)
Now if z(t) is replaced in (3.142), we arrive at (3.139).

The next chapter consists of application of integral inequalities.
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CHAPTER FOUR

MAIN RESULTS

4.1 Hyers-Ulam Stability of Perturbed and Nonperturbed Nonlinear
second Order Differential Equations

4.1.1 Introduction

Here, we provide results which satisfy the objectives in chapter 1 of this work.
Some researchers refer to Hyers-Ulam stability as a special case of Hyers-Ulam-
Rassias stability. This shows that Hyers-Ulam-Rassias stability is more advanced
than Hyers-Ulam stability in scope. The major tools used are the inequalities
developed in chapter three. The method will be to reduce all perturbed and non-

perturbed nonlinear second order DE to equivalent integral forms.
4.1.2 Hyers-Ulam Stability of «"(t) + f(t,u(t)) = P(t,u(t))

We begin this section by considering Hyers-Ulam stability of a perturbed non-
linear second order differential equation is given as
u'(t) + f(t,u(t)) = P(t, u(t)) (4.1)
with initial conditions u(ty) = u/(tg) = 0, where P(¢,0) =0, f, P € C(I x R,R).
Definition 4.1:
Equation (4.1) is Hyers-Ulam stable with initial data if for every € > 0, constant
K > 0 and ¢ € I sufficiently large there exists a solution u(t) € C*(I, R, ) satisfying
W+ F(tu(t) — P(tu(®)] < e (4:2)
such that
|u(t) = uo(t)| < Ke,
where ug(t) € C*(I,R,) is the solution of nonlinear differential equation(4.1) and
K is the Hyers-Ulam constant.
Theorem 4.1:
Let

[P, u(t))] < a(®)(lu)]) (4.3)
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and

£t ()] < h(t)w(u(t)) (4.4
where (u), w(u) are nonnegative, nondecreasing, continuous functions, suppose
f, w € ¥, and the functions «(t), h(t) are continuous functions on R, then,
equation (4.1) is stable in the sense of Hyers-Ulam, if the following additional
conditions hold:

4 |f/(t,u(t))| > 1 for all t > t,.

e PO — att uto) o),
are satisfied.
Proof:
Multiplying inequality (4.2) by |u/()| to get

—elu'(t)] < o' (R)u"(t) + f (¢ u(®))' (t) — Pt u(t))u'(t) < el (2)] (4.5)
for all t > ty. Integrating each term from %y to t and applying Lemma 1.1 | we

obtaln

—e/ /(s)|ds < u /fsu )ds—/:P(s,u(s))u'(s)ds

. (4.6)
6/ |u'(s)|ds.
For ¢ > to, let v
/ \u’(s)lds < L, equation (4.6) becomes
—eL < u / f(s,u(s))u'(s)ds — /tP(s u(s))u'(s)ds < eL (4.7)
Integratmg by part, let fu (t u( ) <0. We get
plecuO)u(t) < ep = @+ [ L s s
(4.8)

+/ P(s,u(s))u'(s)ds
t
Application of condition ¢y yields ’

1 t
Ftule)ult) < L - 307 + [ aftu(s) () (s, u(s))ds
2 to
t (4.9)
+/ P(s,u(s))u'(s)ds.
t
Taking the absolute value, using conditioon c¢1 and Theorem 1.1 ,there exists & €
[to, t] such that
1
u(t)] < €L+ i () + la(6, u(e), |/ 7 (s, u(s))lds
(4.10)
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Setting |v/(t)] < A, where A > 0, by hypothesis of the Theorem 4.1 and €L > 0, we

get
|u(?)]
RSO <1+ q(&u(é),u I/cb ( 1)\2>>ds+

/ o) ( L+ 1/\2)> o
Using the Theorem 3.7, we obtain

|<>|<e(L+ A?)Q (9<>+A / a(s)e (- (P(1) + (), u(e), ' (€))]

IRG jis) ) as) £ (P +la((©),0 |/¢ i),

(4.12)

(4.11)

Setting limt_mo/ a(s)ds = m < oo, hmt_m/ ¢(s)ds = n < oo. Using this in
t
equation(4.12) ’

u(t)] < e (L + %/\2) Q1 (Q(1) + mAw (F~1 (F(1)

(4.13)
+nlg(&,u(€), W' (©))N)) F~1 (F(1) + nlq((€), u(&), w'())])-
Therefore,
lu(t) — up(t)] < Ju(t)| < e (L + %V) Q7' (1) + mAw (F~H (F(1) 1
) +nlg((£), u(8), w/(€)))) F1 (F(1) + nlg((§), u(&), v/(§))])

K = (L + ;)\2 Q71 (Q(1) + mAw (F~H (F(1) w1
+nlg((€), u(8), w/()))) F1 (F(1) + nlg((§), u(8), u(€), w'(£)]).
Thus (4.15) reduce to
lu(t) — up(t)| < Ke.
Hence, equation(4.1) is Hyers-Ulam stable.
This ends the proof.
Special case of equation (4.1) is given as
u’(t) + c(t) f(u(t)) + ul(t) = hu"(t). (4.16)

Theorem 4.2:

Suppose u(t) is twice differentiable continuous function on R . Let h(t), a(t) €
C(Ry) and suppose f(u) belongs to class W. Then equation (4.16) with initial
condition u(ty) = u'(tg) = 0 is said to be Hyers-Ulam stable with Hyers-Ulam

constant

K= (L + Lnh(§) + %AQ) Q7 Q1) +m)). (4.17)
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Proof:

From (4.2), we have

—e < u"(t) 4+ c(t) f(u(t)) +u(t) — hu™(t) <e.

Multiplying through by (),

—e < u"(t)u, (t) + c(t) f(u(®)u'(t) + u(t)u'(t) — u'(t)hu™(t) < e.
Integrating from t, to ¢, using initial conditions, we obtain

S0 () [ els)u(s)ds + Gut) ~ w0 [ o sy

¢
< e/ u'(s)ds.
to

where

u(t)
Glu(t)) = / sds
u(to)
By Theorem 1.1, there exists g < & <t such that
t

1 / 2 /
S OF+ ) [

to

Re-arrange the inequality (4.21) to have

Glu(t) < e [ w(s)s = 500 = ut) [ clo)f(us)s
() [ ol (s)as.

Taking the absolute value to obtain

GQu()] < ¢ [ [w(s)lds+ 51 EF + @] | o) (u))is

L (Bh(E) / j/(3)]ds,

t
setting / |u'(s)|ds < L, where L > 0, it clear that
to

t

G(u(t)] < el + %U’(tf + |/ (t)] /t c(s)f(lu(s))ds + Lu™(t)|h(S)]
Setting |u(t)] < |G(u(t))|, |u™(t)| < n and

|/ ()| < A, where A > 0, we have t

u(t)] < €L+ Lnfh(©)] + 22+ X / e(5)(u(s)])ds.

Let € (L + Ln|h(§)| + 5A*) = E, we obtain

01 <1 ooy (22)

By applying Lemma 2.4 we get
¢
lu(t)] < EQ* (Q(l) + )\/ c(s)ds) , to <t

to
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(4.23)

(4.24)

(4.25)



Let limy, o0 /t c(s)ds =m < oo, m > 0, we have

()] < BV Q) 4 mA), t <1 (4.26)
Replacing E we get

lu(t)| < e (L + Lnh(§) + %)\2> QN (Q) +mN), te<t (4.27)
Therefore, equation(4.27) is in the form

u(t) —ulto)| < |u(t)] < Ke.

where K is given as

K= (L + Lnh(&) + %/\2) Q7 (Q1) +m)).

4.1.3 Hyers-Ulam Stability of u"(t) + f(t,u(t),u'(t)) = P(t, u(t))

Now we consider the Hyers-Ulam stability of
u’(t) + f(t,u(t),u'(t) = P(t,u(t)) (4.28)
with initial conditions u(ty) = u'(ty) = 0, where u(t) € C*(R;,R,), I = [0, 0),
P(t,0) =0, Pe COxR,R), f € C(R. x R* R),
Definition 4.2:
Equation (4.28) is Hyers-Ulam stable if for every ¢ > 0, constant K > 0 called
Hyers-Ulam constant and ¢ € I sufficiently large there exists a solution u(t) €
C?(I,R,) satisfying
W+ £t ult), W (1) — Pt u(t))] < e (1.29)
such that
|u(t) — uo(t)| < eK.
where ug(t) € C*(I, R.) is the solution of nonlinear differential equation(4.28) with
initial condition u(ty) = u'(ty) = 0.
Theorem 4.3:
Suppose the function u(t) < f(¢,u(t), w' (t))u(t) and |f(t, u(t),u'(t))| <
h(t)w(Ju(t)])|u'(t)], t |u'(s)|ds < L, where constant L > 0, for h(t), a(t) positive,
nondecreasing contimioous functions on R, and w(u) belongs to class W. Then,

equation (4.29) is stable in the sense of Hyers-Ulam and Hyers-Ulam constant is

given as

K= L0+ 33+ a(p)M) (7 (1) + dNa(6, u(©) (), u"@)) . (4:30)
Proof:

Multiplying (4.29) by |u/(t)| we get

—elu/(t)] < W' ()" (8) + (£, u(t), o' (0)u'(t) — Pt u(t))u'(t) < elu'(t)] (4.31)
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for all t > t,. Integratmg from ty to t, we obtain

t
—e/]u |ds<u +/fsus ), u'(s))u'(s)ds

(4.32)
/ s)ds < e/ [u'(s)|ds
for any t > t. "
Integrating by part and by hypothesw of the Theorem 4.3, we get
f(tu(t), o' (¢))u(t) <6L——u / f'(s,u(s u(s)ds
(4.33)
+/ P(s,u(s))u'(s)ds,
for v
fuls,u(s), u'(s))u'(s) + fi, (s, u(s), u'(s))u"(s) <0, (4.34)
By hypothesis of the Theorem 4.3 we get
u(t) < el — %u'(t)Q + /ttq(s,u(s), u'(s),u"(8))f(s,u(s),u'(s))ds
’ t (4.35)
+/ P(s,u(s))u'(s)ds,
where K
f1E (““zt)“/( z)); ) g(t,ult), (1), (1), (4.36)
for q(t u(t),u'(t),u"(t)) a continuous function on I x R3.
By Theorem 1.1, there exits points f p € [to, t] such that
u(t)] < €L+ SO + (€, u(©), o (€),u' !/Ifsu 5))lds
(4.37)
+|P(p, u(p |/ |u'(s)|ds
Setting |u/(t)] < A and |P(p,u(p))| < alp )|u( )| it follows that
() < L+ %A? + La(p)M + |g(&, u(¢ |/ 5)lds
< eL(1+ %)\2 +a(p)M) + |q(&, u(&), ' (§))] / s)|ds
lu(p)] < M
Suppose that % < u'(t) = z(t), where B = €L 4+ 3A* + La(p)M,, Therefore,

2()] <1+ IQ((S),u(E),U’(f),u”(i))\/ h(s)w(|z(s)])]z(s)|ds. (4.38)

By applying Lemma 2.4, where w(|z(tt)0) < w(|z(t)])|2(t)| and
= 1q((§), u(§), w'(§),u"(§))], we get

(0] <07 (90) + 14w 0. E)] [ ne)as) (439)
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By replacing the z(t) we obtain
Ol < ot (90 + (. w0 ©. @) [ s ) for 121
<07 (1) +lgl€, u€) w(E), u(E)]s) ast - oc

provided limto_m/ h(s)ds =d < oo, d >0

to

Hence,
u(t) —uo(t)] < [u(t)] < Ke
Therefore,
K=IL(1+ %AQ +alp) M)
(271 (1) + dlg(€, u(©), v/ (€), u"())]))
Let |P(t,u(t))] < Alu(t)| where constant A > 0. Then, the following results are
established.
Corollary 4.1:
Let |P(t,u(t))| < Alu(t)|, P(t,0) =0, where A > 0. Let the function f (¢, u(t), ' (t))
be continuous and satisfies the same conditions as in Theorem 3.17. Then, equa-

tion (4.28) is Hyers-Ulam stable if inequality (4.29) is satisfied with Hyers-Ulam

constant

K = L(1+ AM) (27 (9(1) + Mdlg(€, ul(©), ' (€), w”(©))]))- (4.40)
Provided / h(s)ds =d < oo, d >0

Proof: K

Let the proof begins from equation (4.33) and by applying the Theorem 1.1 there
exits points £ € [to, ¢] such that

F(t, ult) u (6)ult) < eL + g€, u(€),u / £(s,u(s), ' (s))ds
(4.41)

+/ P(s,u(s))u'(s)ds
t
Taking the absolute value and Let | f (¢, u(t), U’(t))H’?L(t)‘ > |u(t)], by the hypothesis

of the Corollary we have

(0] < L+ a6 u(© OO [ 15l
(4.42)
v [ W lIu)ds
By Theorem 1.1 there exits points p € [to, t] I t] such that
(0] < L+ a6 u(© OO [ 15l
(4.43)
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We have that .
lu(t)] < €L+LAIU(p)|+ICJ(&U(é),U’(é),U"(f))IIU'(S)I/t h(s)w(|u(s)])d

lu(t)] < eL+ LAM +|q(&,u(§),u/(€),u" (&))||v'(s) ]/th
< L1+ AM) + g€ ul€). ' (€). u" (€)1 (5) / )lds
lu(p)] < M
W@ < A
Hence,
P < 14 e u(e) (), e (1) s (.49
Where B = €L + LAM, setting z = R H.S of (4. 44
Therefore, .
z(t) <1+ q((€), u(§), u ’(6),U”(€))!A/to h(s)w(z(s))ds (4.45)

0 <w(z(t) < w(v(t))
for v(t) = R.H.S of (4.45)

YO (e u@) . (€). u(€)Ah(t)

)
) < Jg(() u(e). w(©). w(©)Ah(r)
Integrating .
Q(v(t)) = Q(v(t)) < |Q((€)>U(§)7U'(f)w(&))l)\/t h(s)ds
since v(tp) = 1 and 27! (u) is an increasing function als? we have
2(t) <o(t) Q7 (9(1)+ |9((€), u(§), u'(§), u" (¢ ))IA/ h(s )dS)

|Ug)| < Q! < (1) + |q((&), ), u u”( |/ s) for t >ty

< o t( (1) + lg(&, u(§), ' (€),u"(§))|Ad) ast — oo
provided limtoﬁoo/ h(s)ds < d < o0

to

that is

u(t)] < ek,

where,

K=L(1+AM) (Q_l (Q(1) + ]q(&,u(ﬁ),u’(ﬁ),u”(ﬁ))|)\d)) forall t > t.
Corollary 4.2:

Let all the conditions of Theorem 4.3 remained valid. Suppose

[f(t;u(t), o' ()] < h(®)|u'(B)] (@(lu(®)]) + 2fu(b)]) (4.46)
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and

|P(t,u(t)] < alt)|u'(£)]"
where @ belongs to the class ¥ and h, « € C(I, R,). Then, equation (4.28) is stable
in the sense of Hyers-Ulam stability with Hyers-Ulam constant

K = L1+ a(£)0") (271 (1) + lq(&, u(), w'(€))|Ad)) - (4.47)
Proof:
Using (4.33) with the Theorem 1.1, there exits points &, p € [to, t] such that
£t ult), ' (8))ut) < €L+ (6 u(©),w' (), u'( / F(s,uls), ' (s))ds
(4.48)

P, u(p)) / /(s)ds.

t
Taking the absolute value, using the hypothesis in Corollary04.1 together with hy-
pothesis in Theorem 4.3 and setting | f (¢, w(t), v’ (t))||u(t)| > |u(t)|, | f (¢, u(t), ' (t))||u(t)] >
u(t)],

< e @) [ as) (= (M) 2 s
where B = €L (1 + a(p)M"), setting z = L.H.S of (4.49).

Therefore,
2(8) < 1+ [q((€), u(€), w/(€), u(€))|A / h(s) (w(2(s)) + 22(s)) ds (4.50)
0 < w(=(t)) < w(o(t)) ' (4.51)
for v(t ))R H.S of (4.51)

V'(t

< g (&, u(€), u'(§), u(€))[Ah(t) (4.52)

Using Lemma 2.4 by defining R(u) as in equation (3.43) we obtain

Ol < R (RO + O N [ h(o)as) for 021

to
< RTR(L) + g€ u(€) w'(€), u(€)IAd) ast = oo
provided limy, o [ h(s)ds < d < oo that is
lu(t)] < eK

to

Furthermore, we have

u(t) —ulto)] < [u(t)] < ek

Where,

K = L1+ a(p)d") (R (R + (€, u(©)u'(€),u"(©))Am) forall ¢ > o,
Corollary 4.3:

Let |P(t,u(t))| < a(t)|u(t)[”, P(t,0) = 0, where a(t) nonnegative, nondecreasing
continuous function and n € N . Let the function f(¢,u(t),u'(t)) be expressed

as in Theorem 4.3. Then, equation (4.28) is Hyers-Ulam stable with Hyers-Ulam
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constant given as

K = (14 a(p)[u(p)l)Q" (1) + la(&, u(€), v/ (€), u”(€)) Am)
Provided / h(s)ds =d <ocod >0

Proof: K

From equation (4.29), we obtain
t

t
u@éhﬁ/ﬁ@wﬂw@ﬁ@wﬂﬂwﬁ+/P@M%WWB
t t
Applying the Theorem 1. 1, that is there exist &, p € fto, t] such that

(0] 2+ a6 (€)', a(E] [ 11506 (6
(4.53)

ﬂﬂm(M/mum.

t

Using the hypothesis of this Corollary and Theorem 4.3, with application of The-
orem 1.1 there exists 7 € [to, ] such that

u(®)] < €L +[q(& u(§), u'(€),u" (&)W ()= (n) !/ s)ds + La(p)lu(p)|". (4.54)
It follows that

(0] < LeC1-+ ol )" + €O OO | 1e)m(lu(s)as
By application of Lemma 2.4 and some hypothesis of this Corollary, we arrived at
[u(t)] < eL(1 + a(p)u(p)[")Q™" (1) + la(§, u(€), v/ (§), u"(€))|Xm)

where [¢/(t)| < A and Hyers-Ulam constant is given as

K = (1+a(p)lu(p)[)Q (1) + lg(&, u(8),v'(§), u"(§))[Am)

This concludes the proof.

In the next theorem, we consider the Hyers-Ulam stability of special case of equa-

tion(4.28) in the form

u(t) + 2f (t)a(u(t))w' (t) + u(t) + P(t,u(t)) = 0. (4.55)
with initial conditions u(ty) = u'(tg) = 0.
Theorem 4.4:

Equation (4.55) is Hyers-Ulam stable if there exists constants K > 0, ¢ > 0 and
the solution u(t) € C*(I,Ry) of

[u"(t) 4+ 2f (&) a(u(®)u'(t) + u(t) + P(t,u(t))] <e (4.56)
such that

u(t) —uo(t)| < Ke

for ug(t) € C*(I, R, ) is a solution of equation (4.55), where

|P(t,u(t))| < a(t)w(|u(t)|) and K is H-U constant given as

K= (L+ %V)Q—l (QQ1) + Njw (F~H (F(1) +2X%1))) F~ (F(1) +2X%)  (4.57)
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Proof:
From (4.56), we obtain
—e <u(t) + 2f (H)oa(u(t))u'(t) + u(t) — Pt u(t)) < e (4.58)
Multiplying through by '(t), we get
—u/(t)e < u()u'(t) + 2 ()a(w(t))u'(H)u'(t) + u(t)u'(1)
—P(t,u(t))u'(t) < u'(t)e

Integrating from t, to ¢,

/t: w(s)eds < /t : u(s)u'(s)ds + / 2 f(s)ar(u(s) (e ()

to

+ /t:u(s)u'(s)ds— /t:P(s,u(s))u'(s)ds

Using equation (4.20) to have

/t: u'(s)eds < /t: u”(s)u'(s)ds + /t 21 (s)eu(u(s))u (s)u'(s)ds

t
t d ’ t
+ [ g0tds = [P u(s)us)as
t
Evaluate the mtegratlorf by applying the initial conditions and using the hypothesis

of Theorem 4.4 We have

Glu(t)] < Le+ 5 +2/j' /(s1))2ds

(4.59)
/ |P(s,u(s))||u'(s)|ds.
Using the hypothesis of the Theorem 4. 4, let [/ ()] < A, A >0, and
G(u(t)) > futt)| t
@l +2>\2/ f(s)a(|u(8>|)ds+/\/ o)y (4.60)
A to A to A

1
for A= (L+ 5)\2)6
Applying Theorem 3.7, we obtain

|u(t)|§(L+%)\2)eS21 (Q(l)—i—)\/t:(x(s)w (F <F +2)\2/ f@s dé))ds)
(o | )

t
Let hmt_m/ f(s)ds =1 < oo, hmt_m/ a(s)ds =j < oo. forl,j >0
to

it follows that

u(t)] < e(L + ;AQ)Q‘1 (Q) + Aj (F7 (F(1) +2)37))) (4.61)
F~1(F(1) +2)%)

u(t) — uo(t)] < [u(t)] < e(L+ QAZ ) Q) + Ajw (F7 (F(1) +2377))) (4.62)

FU(F(1) 4+ 2)%)
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Hence, Hyers-Ulam constant is given as

K= (L+ %)\2)9‘1 (1) + Njw (F~H (F(1) +2X%1))) F~H (F(1) + 2)%))

4.1.4 Hyers-Ulam Stability Nonlinear Differential Equation with Forc-
ing Term

In this subsection, equation
u"(t) + f(t,ut), ' (t)) = P(t,u(t),u'(t)) (4.63)
initial condition wu(ty) = u/(ty) = 0 is considered, where P, f € C(I x R?) is going
to be considered.
Definition 4.3:
The equation (4.63) with the initial conditions u(tg) = u'(ty) = 0 has Hyers-Ulam
stability if there exists a positive constant K with following property. For every
e>0 ueC*Ry),if
[u”(t) + f (&, u(t), o' (1) — Pt u(t), u'(1))] < e (4.64)
then, there exists a solution ug(t) € C*(R,) of the equation (4.63), such that
|u(t) —uo(t)] < Ke
Theorem 4.5:

The equation (4.63) with its initial value is said to be Hyers-Ulam stable if
t

[ tute) o' @)] < £+ £0060) [ ate)matelas). (4.65)

where ¥ and h, f,g € C(I,R,). with Hyerg—Ulam constant

K=L(1+ %AQ + (& u(€), ' (&), u" ()] + [p(ulp), v (p)) N (1) +nQ) (4.66)

Proof:

Multiplying (4.64) by |«/(t)], to get

' (t)]e < /() |u"(8) + f(E, ut), ' (8)[u'(8)] — [ ()Pt ult), u' ()] < | (t)]e.

Integrating from ¢t to ty to obtain

—e/t U/ (s)]ds < %u'(?ﬁ)2 + /tf(s,u(s),u’(s))u’(s)ds
fo . fo . (4.67)

—/ P(u(s),u'(s))u'(s)ds < e [ |u'(s)|ds

to to

Integrating by part and using initial condition and let f(¢,u(t),u/(t))u(t) > u(t),
u(t) < el + %u’(zﬁ)2 + / q(s,u(s),u'(s),u"(s))f(s,u(s),u(s))ds

fo . (4.68)
+/ P(u(s),u'(s))u'(s)ds

to
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where

f'(s, u(s), w'(s))u(s)

= q(t,u, v, u")

f(s,u,u)
By Theorem 1.1 there exist points § p € (to,t) such that
1
ult) S €L+ JUOP + (OO [ 5005 ()

(4.69)
L P(u(p). o (p)) / ((s)ds

Taking the absolute value, setting |u/(¢)| < A and by the hyi)othesis of this Theorem

4.5
<B4 [ gl [ 1m0 ([ an@umiir) s (4.70)
where ’ K ’
—eL<1+ mrq(s, <>, W (€), ()] + p(u(), ()]
MO0 <y [ g™ sy [ i
/ to (4.71)

(Agmwc%ggm)@

By Theorem 3.10, we have

<o (o [ somoue) (ew+ [ o) as). (4.72)

t
where Q(t) is defined 1n0equat10n (3.3).

Setting limto_,oo/ f(s)ds <1< o0, @ =explast— oo, and
to

t
limt_m/ sf(s)h(s)g(s)ds < n < oo, then

to
|“é)|<9 (Q(1) + Qn) (4.73)
Hence,
u(t)] < ek
K = L(1 4+ 50 4 Jql€,ul€), o () u"(€)| + (o), () D2 (1) + Q)
Therefore,
[u(t) — uo()] < Ju(t)] < Ke.
This completes the proof.
In the subsequent theorem, we consider Hyers-Ulam Stability of a perturbed Lien-
ard equation
u” + c(t) f(u(t)u'(t) + a(t)p(u(t) = P(t, u(t), u'(t)) (4.74)
with conditions u(ty) = u'(¢y) = 0, where f,¢ € C(R{,R;), a,c,e C(I, R;).
The following definitions are presented here to assist in the proof of our results.

Definition 4.4:
Equation (4.74) is Hyers-Ulam stable, if there exists a constants K > 0 and ¢ > 0
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such that for u(t) € C*(I, R), satisfying
u” + c(t) f(u(t)u'(t) + a(t)p(u(t) — P, u(t), u'(t)] < e

there exists a solution ug(t) € C*(I, R, ) of the equation (4.74), such that

lu(t) — up(t)| < Ke.
Where K is called Hyers-Ulam constant.
Theorem 4.6:

Let the functions f, ¢, ¢, and P be continuous. Suppose that
t

lim [ c(s)ds =m < o0
t—ro0 to

and

hm/ﬁ Jds =n =< o0

then equat10n(4 74) is Hyers-Ulam stable with the Hyers-Ulam constant

L A2

= (s 2m) " (204 aé) = (7 (P 7

Ft (F(l)
with © defined in (2.13)
Proof:
From the inequality (4.75) and by multiplying by u'(t),
—eu/(t) < w0 (1) + c(t) f(u(t)) (W (£)* + at)p(u(t))u' (1)

—P(t,u(t),u (t)u'(t) < eu'(t)
Integrating (4.79) from ¢, to t, we have
t

S0+ [ el e s+ [ amon s)ds
—/t P(s,u(s),u'(s))u'(s)ds < e/t u'(s)ds

By Theorem 1.1 there exist f € [to, t] such that

S0+ [ e + afe) [ ot
_/t: P(s,u(s), o/ (s))u'(5)ds < €/t0 W' (s)ds

Using
u(t)
O(u(t)) = o ¢(u(s))ds
u(to
Equation (4.81) becomes
t

S0+ [ o) +a) [ F s

_ /t:P(s,u(s),u’(s))u'(s)ds < e/t: ' (s)ds
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Integrating, taking the absolute value of both sides and setting
t
|u'(s)|ds < L,

|u<>|<Aand|P< o) <40) <>|u<>|
b(ult))] < e ( + - (fu(s))\ds
(4.83)
NG / 3(s)pluls))ds
Let |o(u(t)| Z}!g( )|tthen
u(d) < S + /t ) ([u(s))lds + / B(s (4.84)

where

e <A2o€<£> " 2$;5>>

By Theorem 3.10 we have

O <o (o) + 25 [ s (5 () + 25 [ o) ) as)

P <F(1) + % /t: c(s)ds)
(4.85)

Using (4.76) ind (4.7;2), by substituting tl;\g value of S .
n01 < < (5 + 3a) @ (20 2= (7 (04 2@m))) w56,

F! (F(l) + oY m)
L A2

a(§)
kg (0 (o (o 250)
Ft (F(l) + %m)

Therefore,

u(t) = uo(t)] < [u(t)] < Ke.

Now, let us examining

u” + c(t) f(u(t))u'(t) + Bg(u(t)) = P(t, u(t), u'(t)) (4.87)
with initial value u(tg) = u/(tg) = 0, for f € C(R.,R;), g € C(Ry,Ry), c€
C(LRy), for Ry = [tg,00), I = (to,b)(b < ), P € C(Ix R2,R;) and
constant B > 0.

Theorem 4.7:

Let the functions f, ¢, g and P be continuous functions on C' (R ). Equation (4.87)
is said to be stable in the sense of Hyers-Ulam stability if g(u(t)) a nonnegative,
continuous function on (R, ), constant B > 0, |P(t,u(t),u (t))] < Alu(t)||u'(¢)|™,
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forne Z,, A >0 is a constant and inequality

W+ oft) f(u(®)el (1) + By(u(t)) — Pt u(t),u (£))] < e

is satisfied, with Hyers-Ulam constant

K= % (L + LAN"u(€)]) Q! (9(1) + %fm)

Proof:

From inequality

e < u 4 et) Fult)(8) + By(u(t) — P(tult), (1)) < e,

where B a positive constant. Define G(u(t)) as
u(t)

Gy = [ gs)as
u(t
Now integratir(ig from tg to ¢

/c(s)f(u(s))(u’(s))2ds+B/ %G(u(s))ds

to to d

t

t

_ /t (s, uls), u(s)) (s)ds < ¢ / o (s)ds

0 lo
Integratmg, by hypothesis of the Theorem 4.7 and setting, |G(u(t)]

/ |u/(s)|ds < L for constant L > 0.

lu(t)| < —eL—i——/ N[ (s)|)ds + A/ lu(s))| v/ (s)|"ds

t)] < A, for A'> 0 we have

By Theorem 1.1, for ¢y < 5 < t, and |u/
lu(t)| < leL—l— 5LA)\"]u( )|+ )\—2/
Setting

D— %e (L + LAN"|u(©)))

Since f € U, we obtain

(
c(s)f(lu(s)[)ds

A0 <1+ [ oo
o 101

Let w(z(t)) = f(2(t)) By Lemma 2.4 and using (4.76)
1 A2

lu(t)] < EE( LAX"|u(&))) 7t (Q(l) + Em)

Hence,

K = ! (L+ LAN"|lu(&)) Q7 [ Q1) + s
"B B B"

Therefore,

|u(t) — uo(t)] < [u(t)] < Ke

This ends the proof of the Theorem.

+
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4.1.5 Hyers-Ulam Stability of Nonperturbed Differential Equation

In this section we first consider the Hyers-Ulam stability of the nonlinear second
order differential equation
u’(t) + f(t,u(t)) =0 (4.97)
with initial conditions u(ty) = u'(tg) = 0 where P(¢,u(t)) = 0.
Definition 4.5:
The equation(4.97) with its initial conditions has Hyers-Ulam stability if there
exists a positive constant K such that for every solution u(t) € C*(R.) satisfying
W (8) + F(tu(t))] < e (4.98)
for € > 0, then, there exists a solution uy(t) € C*(R.) of the equation (4.97) such
that
[ult) — uo(t)] < Ke
Theorem 4.8:
Suppose inequality (4.98) is satisfied where w € ¥ and Q is defined in(2.13),
equation(4.97) is said to be Hyers-Ulam stable with Hyers-Ulam constant

K= (L4 32) (7 00 + ol )l (€)lm) (4.99)
. Proof:

Multiplying (4.98) by |u/(t)| we obtain

—elu/ ()] < ' (O)u"(t) + £t u(t))u'(t) < el (t)] (4.100)

Integratmg each term from t, to t, then,

/ U/ (s)]ds < u / f(s,u(s))u'(s)ds < e/t |u/(s)]ds, (4.101)

for any t > t,. Integrating by part, setting / |u/(s)|ds < L for L >0
t
and f,(t,u(t)) <0. ’
1
f(tu®)u(t) < eL+ 5u’(t)2

' (4.102)
—l—/t g(s,u(s), ' (s))f(s,u(s))u(s)ds for t > to,
where
W = g(t,u(t),u'(t)) (4.103)
By Theorem 1.1,there exits £ € [to, t] such that
)] < €L 5N + o€l O] [ 1F(svu(s) (4.104)
for |u/(t)| < A, for A > 0, and |f(t,u(t)8]|u(t)] > |u(t)],
if F = e(L+ £A?) > 0, we have
|uI(Ft)|<1+|(( |/¢ w( |)dst>t0 (4.105)

5



Setting v(t) = R.H.S ,(4.105) and since w is nondecreasing,then

o<w(’“f;>') )

Y1) = la(©.ue. ot ()

< 19(8), u(€), w'(§))o(t)m(v(t))

then,

L <lale (@)1t (4.106)
Using equation(2.13), we obtain

B < Jg(e.ue). w©lot) (4.107)
Integrating from t, to ¢ gives t

o) <0 (200 + bt 6, WO | o5 ). (4.108)
Setting limy_, oo fti $(s)ds < m < oo, this leads to

01 < 071 (0(1) + lg(e.u(©). w(©)lm). (1109)
Substituting F

lu(t)| < e(L + %)\2 Q71 (1) + [g(&, u(€),w'(€))|m)) forall ¢ > t,. (4.110)
Hence,

u(t) — wol)] < e

Where

K = (L4 53 (@7 (1) +1g(6, u(©). o (€))m)).
We consider Hyers-Ulam stability of equation
u’(t) + f(t,u(t),u'(t) =0 (4.111)
with the initial conditions u(ty) = u'(ty) = 0.
Definition 4.6:
Nonlinear differential equation (4.111) together with its initial conditions is Hyers-
Ulam stable if there exits any solution u(t) € C*(R.,) satisfying
[ (t) 4+ f(t,u(t),u' ()] <e (4.112)
such that
ult) — uo(t)] < Ke
for e > 0, K > 0 and uo(t) € C*(R,) is any solution satisfying equation(4.111)
Theorem 4.9:
Suppose
[f(t;u(t), u(®))] < h(t)([u(t))]u' ()]
ult) < ftul), o' (£))ult),
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where f(t, u( ),u/(t)) > 1 and

t
: (t(u< 2 t),u i 2)»@) g(t, u(t), u'(), u"(t)),

h a nonnegative, nondecreasing, continuous function on R and g a positive con-

tinuous function on I x R,* and w € ¥, is continuous, nondecreasing in u. Equa-

tion(4.111) is Hyers-Ulam stable with Hyers-Ulam constant

K= (L4 52 (@7 Q1)+l u(€). /(€)' (©)]s) for all ¢ 1o
Proof:

Multiplying(4.112) by |u/(¢)]

e (O] < W) + £t ule), o () (0) < el (8)] Vi > 1o

Integrating each term from ¢, to ¢, then,

t
1
—e/ lu(s)|ds < §UI(t)2+
to

tf(s,u(s),u’(s))u’(s)ds < e/t [u'(s)|ds Vt > tg
Irtl%egrating by part, let K
Fultsu(®), ' (1)) + fur(t, ult), w'(2)) < 0
and/ |u/(s)|ds < L

to

(s, u(s), 1 (5))u(t) < €L+ ol (17 +

L (s uls), ' (s)uls) ,
to f(s, U(S),U/(s)) f(S’ U(8)7u (3))d8

By hypothesis of the Theorem 4.9

u(t) < el + %u’(zﬁ)2 + /t: g(s,u(s),u'(s),u”(s))f(s,u(s),u'(s))ds

By generalised Mean value Theorem 1.1, there exists £ € [to, t] such that
ult) L4 P + a6, 6 [ s

Taking the absolute value and lettlng

|u/ ()| < A, for A >0 together with the hypothesis in the theorem

U t // /
O < 1 bt u@. @@ [ norm S
for T =€ (L + %)\2)

Setting z(t) = ’u,](;)‘ then equation(4.119) becomes

2(t) < 1+ 1g(€, u(e) &)l / )2(s)ds.

7

(4.113)

(4.114)
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Setting v(t)= R.H.S of equation (4.120) since w is nondecreasing and h(t) is positive

continuous function, we have
0<w(z(t)) < w(v(t))
V() = 1g(& u(€), u(€),u"(§)h(t)w(2(1))=(t)
o < [g(& u(§), w'(§), u"(§)|h(t)w (v (t))v(t)
=)0 < !9(5.,U(S);U'(£)7U"(§))|h(t)
By applying equation(2.13) we get

D) < |gi€).u(6). (€).' (€) (1)

Integrating from ¢, to ¢, and since v(tg) = 1 we get

2 < ot) <0 (9(1) +19((©) ) ") | h(s)ds)

Finally from (4.123) and substituting the value of T i
1
[u()] < e(L+ 5% (27 Q1) +19(&, u(€), w'(€), u"()ls)) V¢ > to,

t
provided limtoﬁw/ h(s)ds < s < 0o
t
then ’

(4.121)

(4.122)

(4.123)

(4.124)

K= (L4 (@ Q) ol u(©), /(€)' (©)ls)) forall 1>ty

Hence,
u(t)] < Ke
Therefore,

lu(t) — up(t)| < Ke.

The next theorem deals with the consideration of the Hyers-Ulam stability of equa-

tion

u"(t) + a(t)u'(t) + %u(t) +g(t) f(u(t)) =0

where a,b,g,€ C(I,Ry). and f € C(Ry,R) with f € ¢
Theorem 4.10:

Suppose that u(t) € C*(I,R.) satisfies the differential inequality:

(1) + althu'(8) + —u(t) + g(t) F(u(t))] < e

b(t)
Then, if
L1
(1)/ ——ds<pforp>0, and all t € R,
totb(s)
(ii) / @—1 |u'(s)|ds < m. for m >0
to b(8>

(ili) |u'(¢t)] < A for A > 0.
t

. . 1
(iv) limy_yoo /to %ds =l<ooforl>0
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t
limHoo/ &S)ds:j<ooforj>0
to b(S)

are satisfied, equation (4.126) is Hyers-Ulam stable with the Hyers-Ulam constant

K defined as
= (|E(to)]| + A +p+m)Q 1 (Q1) + jw(expl)) expl
Proof:
Inequality (4.126), implies that
u"(t) + a(t)u'(t) + %W) +9(t)f(ult)) <€
Define
B(t) = Zé’? Fult), u(t) £0, b(0)#£0
It is clear that

E(t) = B(to) + /t td% (“l(s) + u(s)> s,

b(s)
for
E(to) = Zgoo)) + ulto)
s [ 0 595
Since b(t) is an increasing function, dl;(tt) > 0, then

E(t) < E(to) + /t( )+ <<S)))d
4.1

Substituting for «”(t) in (4.133), using(4.125), we have
s

(s
50 < 500 - [ (5 =1) 00+ gageto) + S tuts)
Replacing F(t) in (4.134) with (4.129) and taking the absolute value
ol < 1+ 5+ [ (5= 1) W6+ gl

M u\s L S
1) + 55 )

_|_

1
Using conditions (i-iii) with m <
t
[u(t)] < |E(to)] + A +ep+m +/
t
Setting °

1 g(t)
20 = a(t), b(t) =(t)
and using equation (4.137) in (4.136), we have
()] < |E(to)] + A+ ep+m + / a(s)u(s)lds + / () F(|u(s) ds

to
with

F(lu@®)]) = w(ju(t)]) and e > 1

fu(s)|ds + / %f(lu(s)l)ds
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(4.138) becomes

lu(t)] < C —i—/t a(s)|u(s)|ds —i—/ v(s)w(|u(s)|)ds (4.139)
where ’ K
C=e(|E{ty)|+A+p+m) (4.140)
thus, we have . .
|ug)| <1 —|—/t a(s)@ds —|—/to ’y(s)w(’ug”)ds, (4.141)

by applying Tﬁeorem 2.12 yields

u(t)] < o <Q(1) + /t:y(s)w (exp /t:a@)da) ds)
(exp /t ta(s)ds)
By the condition (iv), we obtain

lu(t)] < CexplQ™ (Q(1) + jw(expl)) (4.143)
Substituting for C' in (4.142) we obtain
lu(t) — uop(t)| < |u(t)| < e(|E(to)] + A+ p+m)expl

0L (1) + jm(expl))
Therefore, equation (4.125) is Hyers-Ulam stable with the Hyers-Ulam constant
K=(E{t)|+A+p+m)Q 1 (Q1) + jw(expl))expl
This concludes the proof.

(4.142)

(4.144)

Next, we consider the Hyers-Ulam stability of a second order differential equation
which is nonlinear in both w(t) and u'(t)

(1) + S(Og (D) () =0, (4.145)
together with initial conditions u(ty) = u/(tg) = 0, where h,¢ € C(I,Ry), g €
C(R4+,R;) and A(u') > 0.

Theorem 4.11:

Let u(t) € C*(I,R.,) satisfies the differential inequality

" (8) + o(t)g(u(t) h(u'(2))] < € (4.146)
for all t € T and for some ¢ > 0, then there exists a solution ug(t) € C*(I,Ry) of
equation(4.145)such that

u(t) — uolt)] < Ke

for

K = 2~ po-t <Q(1) + il) (4.147)

oA oA
with A € ¢, provided the following conditions are satisfied:
(

u(t)
i A(u(t)) = /(t ) g(s)ds < oo
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u(t) s
i P(u(t)) = /t ) mds < 0

iii limy oo [ |@'(s)|ds =1 < o0
t
iv a(t) > 0, "where & > 0

MTET
W TR =9

Proof:
From inequality (4.146), it follows that

u’ (t)u'(t) () u'(t)e
D) +o(H)g(ut))u'(t) < (D)

by conditions (i) and (ii), we get

d d uw'(t)e
P (0) + o) TG ult) < 7

Integrating by part from tg to t

P (1)) — & /¢ ds<e/tt wls) g (4.150)

(4.148)

forall ¢ >ty (4.149)

h(u'(s))

Taking the absolute value of both sides, setting

|P(u'(t) = p(t) A(u(t))] = a(t)|u(t)|u'(1)] (4.151)
for a(t) e C(I,R;)

By inequality (4.151), we have

OO 0] < ¢ [ T as+ [ oeaquio s (1.152)
By conditions (iv), (V)0 and setting |u’ (tﬂ <\, for A >0,
I(ug))l <1+_/ 16/(5) | (I S)I)d& (4.153)
for A € W,A(ju(t)) = @(ju(t))| and
L= %Q (4.154)
By Lemma 2.4 and condition(iii) we obtain
lu(t)] < LO! (Q( )+ &l) (4.155)
Substituting for L using equation (4.154), then inequality (4.155) becomes
€ _

ulo) < 0 (20 + 551) (4156
Since
|u(t) — uto)| < fu(t)]
we have

1
[u(t) — uo(t)] < £Q91< (1) + &z) (4.157)

Hence, equation (4.145) is Hyers-Ulam stable with Hyers-Ulam constant K given

as

Kz%QQ‘l( (1) + &z)
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The Hyers-Ulam stability of the Lienard equation is investigated as thus

W (£) + eft) Fu(O) (1) + a(t)g(u(t)) = 0 (4.158)
with initial value u(ty) = u'(ty) = 0.

Theorem 4.12:

Let all the conditions of Theorem (4.6) remain valid with P(¢, u(t),u/'(t)) = 0.
Equation (4.158) possess Hyers-Ulam stability and Hyers-Ulam constant

K = (%L + %/\2)91 (Q(l) + A;m>
Proof:

Since P(t,u(t),u/'(t)) = 0. and if there exists a solution u(t) € C?*(R,) which

satisfies

(1) + e(t) f (u(t)u'(t) + a(t)g(u(t))] < € (4.159)
, then, from inequality (4.159) it follows that

—e < (t) + () fu(t))u'(t) + a(t)g(u(t)) < e (4.160)

Multiplying inequality (4.160) by w(t), by applying the condition(i) of Theorem

4.10, integrating from ¢y and ¢
t

t t
/ c(s)f(u(s))(u'(s))2d8+/ a(s)diA(u(s))ds < 6/ u'(s)ds (4.161)
¢ § S ¢
In%egrating by part, using a’ &) >0 and a(t) >0 >OO, taking the absolute value

t
and let / |u/(s)|ds < L, for L > 0, |A(u(t))| > |u(t)] we have
to

|u(?)] (lu'(1)])? /t |u(s)|
<14 LAl :
= 1+ 5 ) c(s)f( 2 )ds (4.162)
where
€
J 2
° t
Let |[u/(t)] < A, ’ufD)’ = 2(t), and using Lemma 2.4, for w(z(t)) = f(z(t)),
2t
2(t) < Q71 (Q(l) + %/ c(s)ds) (4.163)
to
t
Setting limt_m/ c(s)ds < m < oo, for m > 0, substituting for z(¢),and P
to
€ \?
where
| A2
K =5L07 Q@)+ 5m (4.165)
Therefore,

Ju(t) = uo(t)] < Ju(t)| < Ke.
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4.2 Hyers-Ulam-Rassias Stability of Perturbed and Nonperturbed
Nonlinear Second Order Differential Equation

4.2.1 Introduction

The goal of this segment is on Generalised Hyers-Ulam stability (also referred
to as Hyers-Ulam-Rassias stability). This is an extension of Hyers-Ulam stabil-
ity considered in the previous section. Here we shall obtain Hyers-Ulam-Rassias

constant denoted by C,,.

4.2.2 Hyers-Ulam-Rassias Stability of Differential Equation u”(t) +
[t ult)) = Pt ult))

The equation
u"(t) + B(t)Q(u(t)) = P(t,u(t)) (4.166)
with initial conditions u(ty) = u/(ty) = 0. is considered in various ways.
Definition 4.7:
Equation (4.166) posses Hyers-Ulam-Rassias stability, if there exists u(t) € C*(R.)
be any solution satisfies inequality
[u”(t) + B()Q(u(t)) — P(t, u(t))] < (1) (4.167)
where ¢(t) a nondecreasing and positive function defined as
¢ : T — R, and there exists solution ug(t) € C?*(Ry) of equation (4.166) such
that
|u(t) — uo(t)| < Cop(t)
holds where C,, is the Hyers-Ulam-Rassias constant.
Theorem 4.13:
In equation (4.166), B(t) a nonnegative, nondecreasing continuous function on R,
Q(u(t)) a positive continuous function also defined for every real positive function
u(t) and given ¢(t) € (I, R4) so that |P(t,u(t))| < é(t)w(|u(t)]), w(u(t)) € V.
Then, equation (4.166) is Hyers-Ulam-Rassias stable with Hyers-Ulam-Rassias con-

stant is given as

C,= (g + %)Q‘l (Q(l) + %y) (4.168)
Proof:

From equation (4.167), we get

—p(t) < u'(t) + B(1)Q(u(t)) — P(t,u(t)) < »(t) (4.169)
Multiplying inequality (4.169) by w/(t),

—p(t) < u()u'(t) + BOQu(®)u'(t) — P(t, u(t))u'(t) < u(t)p(t). (4.170)
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Integrating from t; to ¢t and using the initial value, we have

%(u’(t))2+/to B(S)Q(u(s))u'(s)ds—/to P(s,u(s))u'(s)ds < /to o(s)u'(s)ds (4.171)
Letting "

Au(t)) = t Q(s)ds, (4.172)
then, o .

/tB(s)d%A( (s))ds + —/t P(s, u(s))(s )ds</ (s (s)ds.  (4.173)

Using integration by part with initial value and recall that B(t (t)

(w'(1))?
2

d
a nondecreasing function in ¢, then EB(t) > 0, we obtain

/(1) t t
B < + W) [ po)ds + W ®)] [ IPsue)lds (417
t t
Let B(t) > 6, 6 > 0, |A(u(t))] > [u(t)] and [/(t)] < A, A > 0, and by the
hypothesis of the Theorem 4.13, we arrive at

u(t)] < 5 +3) / Np(s)ds + 5 / o(5)(Ju(s) ) ds (4.175)

Using Theorem 2.9 together with
t t
limHoo/ o(s)ds =y < o0, / Ap(s)ds < (1),
to to

where \ <

; <1fort>ty>0,
— 1o
it is obvious that

o)) < 5 + e (200 +50). (4.176)

This leads to Hyers-Ulam-Rassis constant which is given as:
A1

Co=(G+3) (20+ 3
If |P(t,u(t))| < K'w(|u(t)|), where K’ a positive constant, we have the following
theorem

Theorem 4.14:

Let conditions of Theorem 4.13 remain valid expect that

|P(t,u(t))| < K'w(|u(t)|), K’ is a positive constant. Then, the equation (4.166) is

Hyers-Ulam-Rassias stable and Hyers-Ulam-Rassias constant is given as
A1 K’

C,=(5+2)07" Q1)+ —L (4.177)
2 6 4]

Proof:

Using the inequality (4.170), integrating by part, since B(t) is a nondecreasing

d
function in ¢, d_B (t ) > 0, then equation (4.170) yields

B()|A(u(?))] /|' )e(s) ds+/ 1/ (5)|| P (s, u(s))|ds (4.178)
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Let B(t) > 9, § >0, A(u(t)) > |u(t)|, |v'(t)] <A, A > 0, by the hypothesis of the
Theorem 4.14, leads to

lu(t)| < ()\ 6)/ (s ds+—/ |u' (s s)|)ds (4.179)

By Theorem (2.2), letting / [u/(s)|ds < L, / Ap(s)ds < (1),

to

where \ <

<1fort>ty>0,
— 1o

we have

lA

lu(t)]) < (% + %)Q‘l (9(1) + KTL) (4.180)
/

Co= (5 + 207 (Q( )+

Hyers-Ulam-Rassis stability of nonlinear Euler type equation is considered as our

next result. The equation is given as

(1) + f(u(t) = Pt u(t), ¢>1 (4.181)

wheret €I, fe C(Ry,R;),Pe CIxR,R), Ry =[0,00)

Definition 4.8:

Equation (4.181)is Hyers-Ulam-Rassias stable, if 3 a C, > 0, 2 ¢ : I — R4, a

solution u(t) € C*(I,R,), of the inequality

[0 (t) + f(u(t)) — P(t,u(t))] < ¢(t) (4.182)

for which the solution uy(t) € C*(I, Ry) of equation (4.181) satisfies

[ult) — wolt)] < Cpiplt)

where C,, is H-U-R constant.

Theorem 4.15:

Let the undermentioned conditions be given as:

(i) if (t) € (LRy) then |P(t, u(t))] < o(t)w(Ju(t)]) and / T (s)lds < L

to

(i) limy o0 /t o(s)ds =y < o0

(iii) let A > 0 and A < <lfort>ty>1,

_to
t

so that )\/ p(s)ds < p(t) VYt el

t
equation (4.0181) is Hyers-Ulam-Rassias stable and Hyers-Ulam-Rassias constant is

given as:

Cp = (Ju"(n)|L +1)Q7 (1) + Ay)

Proof:

From equation (4.182),

—p(t) < tu"(t) + fut) — P(t,ut) < o), t>1 (4.183)
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1
Multiply through by /() and take 2 < 1 for t > 1 integrating from ¢ty to t,

applying Lemma 1.1 that is there exists 7 € [to, t] such that

u”"(n) /t: u'(s)ds + /t:f(u(s))u’(s)ds — /tP(s,u(s))ds < /t u'(s)p(s)ds

. to to
Let equation
u

F(u(t)) = X f(s)ds, (4.184)
be applied g(r?)the above equation, taking the absolute value and using |u/(t)| <
A, for A >0

with condition(i) t t

) < (0@IL+ DA [ os)ds 42 [ os)m(uts)ds (4.185)
setting [F(u(t)] > [u(t)] v

By Theorem 2.9 and condition (ii)
¢

u(t)] < (Ju" ()| L + 1)>\/t p(s)dsQ™(Q(1) + Ay) (4.186)
Using condition (iii), ’
[u(t) = uo(t)] < [u(t)] < (Ju"(m)| L+ 1)Q7 (L) + Ay) (1) (4.187)

C, = ("I L + 1) (Q(1) + Ay)

Lastly, if |P(t, u(t))] < K'w([u())

Theorem 4.16:

The equation (4.181) is H-U-R stable if |P(t,u(t))| < K'w(|u(t)|)|, where K’ a
positive constant with other conditions of Theorem 4.15 remain valid. Then, Hyers-
Ulam-Rassias constant of equation (4.181) is given as

Co = (" ()| L+ DO (Q(1) + K'L)

Proof:

Using the inequality (4.185) and taking %2 <lfort>1

u(t)]) < (" ()L + Dl 1) / o(s)ds + K’ / [ (5) o (u(s) )ds (4.188)
setting |F(u(t))| > |u(t)], usingothe conditions of Theorem 4.15 and Theorem 2.9,
we have

u(®)] < ([ ()L + 1)\ / o(5)ds1(Q(1) + K'L). (4.189)
This leads to "

u(t) — uo(t)] < |u(t)] < (Ju"(n)|L+1)Q~" (Q1) + K'L) (1), (4.190)

The Hyers-Ulam-Rassis constant is given as
Cp = (" ()|L + 1)Q~(Q1) + K'L)

This concludes the proof.
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4.2.3 Hyers-Ulam-Rassias Stability of Nonhomogeneous Second Or-
der NonlinearOrdinary Differential Equation

This unit is concerned with examining Hyers-Ulam-Rassias stability of the gen-
eral equation
u’(t) + f(tu(t),u(t) = P(t,u(t),u'(t)) (4.191)
in different forms. The first form is given as
[r(O)(ult))u' ()] + £(t,ut), o' () (t) + at)h(u(t) = P(tu(t),'(t),  (4.192)
with the initial conditions u(tg) = u/(ty) = 0, where o, r,: I — R,
¢:Ry — Ry f,P:Ry xR?— R are continuous functions in their respective
argument.
Definition 4.9:
Given (4.191), we define Hyers-Ulam-Rassias stability as thus, if there exists a
positive constant C,, with the following property: for every solution u(t) € C*(R..),
inequality
|[r(B)p(u(®)' ()] + f(t ul), u' () (t) + a(t)h(u(t)) — P(t,ult), u'(t))|

< p(t)
holds for positive function u and ¢ : I — R, if there exists ug(t) € C*(Ry)

(4.193)

solution of equation (4.191), then

Ju(t) —uo(t)] < Cpp(t)

where C, is neither independent on ((t) nor u(t)

If

Ft,u(t), w'(t)) = P(t,u(t), w'(t))

Theorem 4.17:

Let r(t) be a positive polynomial function on C'(R; ), if
L u(t), w'()] = |P(E u(t), o' ()] < st)w(lu@)]) [u'(2)]
where x a nonnegative, continuous function on R

and @w € ¥ and u > 0.

i let t >ty > 1, so that %/tcp(s)ds < p(t),Vt €1,

to
with Hyers-Ulam-Rassias positive constant

TE

Co=— (4.194)
where )
-0 (Q(l) 4 (A%)mw (E)) (4.195)
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and

E=F" (F(l) + %) (4.196)

Proof:
From inequality (4.193), we get

—(t) < [r(Oo(ult)u' (O)] + f(t,ult), o/ (t)u'(t) + a(t)h(u(t))

(4.197)
—P(t u(t), u'(t)) < p(t).
Integrating (4 197) twice from t( to ¢ using Lemma 1.1, we get
t ¢
/ r(s)o ds+t/fsu )ds—i—t/ a(s)h(u(s))
o o (4.198)

t /t P(s,uls), 1/ (s))ds < t/t:@(s)ds

Usmg equatlon (4.82), we have

/ ds+t/ f(s,u(s )d8+t/t: (s)h(u(s))
—t / P(s, u(s) () < 1 /t:so<s>ds

d
Integrating by part, since r(¢) a nonnegative, nondecreasing, then, —r(¢) > 0 and

dt
there exists a posrmve constant § such that r(¢) > § we obtain

—i—t/ f(s,u( )ds+t/t: (s)h(u(s))
—t /to P(s,u(s),u'(s))ds < t/t:(p(s)ds

1 1
Taking the absolute value and let — < <1fort>1 we get

519 (ult)) S)ds + |fsu )| [ (5)] ds
/ / (4.199)
+/ o(s) Ih(u(s)] + | P(s, u(s), o (5))] ds
Using the condition (i) of the Theorem 4.17, we get
5 1@ (u(t))] < - / o(s)ds + / st (fu(t)]) [/ ()] 1 (5)] ds
" S (4.200)
n / () [R(u(s))] + / w(t)e(fu(t)]) [/ () ds.
Factorised the irfequality (4.200), we get
1 [t 1 [t 1
Bu(t)] < = [ w(s)ds+~ | a(s)h(u(s)]) + (u(s)]
o /to d /to 0 (4.201)

1., t
+5 [ ()] )/ r(s)w(u(s)])ds.
to
Setting |®(u(t)| > |u(t)| and |u'(t)] < A for A > 0,
it follows that

i) < 55 [ et [ () + A [ aspuuoas 4200)
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Applying Corollary 3.1, we get

)] < TOE@O [ ols)ds, (4.203)

where ’

Tt =Q" (Q(l) + A+ /t ﬁ(S)m(E(S))dS) : (4.204)

BE(t)=F""! (F(l) +%/t a(s)ds> (4.205)
At A2 1

and B = 5 A= 5

t
By conditions (ii) of Theorem 4.17, setting  lim; / K(s)ds = m < 0o
to

t
and limt_)oo/ a(s)ds =1 < oo, where [, m > 0, we obtain
to

[u(t)] < —=¢(), (4.206)

T=0" <Q(1) PGt (E)) 7

E=F"(F()+ %) .

Therefore,

Ju(t) = uo(t)] < [u(t)] (4.207)
Hence,

u(t) = wo(t)] < 5o(0) (4.208)
This concludes the proof.

Theorem 4.18:

Let P(t,u(t),u'(t)) and f(t,u(t),u (t)) be continuous functions on (I x R?). Fur-
thermore, if f(t,u(t),u'(t)) # P(t,u(t),u/'(t)) in equation (4.191), if r(¢) posses the
same features as in the Theorem (4.17). Then equation (4.191) is stable in the
sense of Hyers-Ulam-Rassias stability, if

are satisfied with Hyers-Ulam-Rassias constant.

(W) [t u®), ' (1)) < s)w(lu®)]) [/ (@],

(i)’ [P(t, u(t), o' ()] < g(O)y(Ju(t)]) [/ (t)|" where n € N,

are satisfied with Hyers-Ulam-Rassias constant.

1 A"
C, = ST* T(K)+ kay [TE|| TE (4.209)
Proof:

From inequality (4.197) and by applying conditions (7)" and (i7)/ on inequality
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(4.197) we get

el < 55 [ ¢<s>ds+§ / a(s)h(fu(s))

o (4.210)
/ o(uls))) [ (5] ds+5/ W (s)]" ds
Settmg |li( )|t< |D(u(t ))]1 antd |/ (t)] < A, then we have
w(t) < = [ w)ds+ 1 [ alh(u(s)]) + 222 [ wls)@(luls))ds
0 /t g /t 51 /tot (4.211)
w53 [ atontluis

Applying Thetorem 3.17, we get .
lu(t)| < l/ o(s)dsT {T(K) + 1/\”/ g(s)y[T(s)E(s)] ds] T(t)E(t), (4.212)

t(s to 5 to
where
1 t
Tt) =" (Q(l) + 5/\2/ /ﬁ(S)?,TJ(E(S))dS) , (4.213)
to
2
here B in Theorem 3.17 is given as B = %

Using the limits of integral in Theorem 4.17 and
t
letting limtﬂﬁoo/ g(s)ds < k, we obtain

to

lu(t)] < go(t)%’f_l [T(K) + k%y [TE]} TE, (4.214)
we define

<Q +m - E)) , (4.215)

F(1 (4.216)

Hence, ( )
|u(t) — uo(to)] < u(t)] < Cop(t) (4.217)
Therefore,
u(t) — uo(t)] < W)%T-l {T(K) + k%q [TE]} TE (4.218)
where
C,= %T‘l [T(K) + k%ny [TE]] TE
Let us consider equation (4.192) in the form
[r(6)p(u(t)u'(t)] + a(t)h(u(t)) = P(t, u(t), ' (t)) Yt > 0. (4.219)

Theorem 4.19:
Equation (4.219) is Hyers-Ulam-Rassias stable if all conditions in Theorem (4.17)
remain valid with Hyers-Ulam-Rassias constant given as

1

Cp=sHE (4.220)
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where

H=7" (T(l) + mgy (E)) (4.221)
and

l
E=F1'{F(1)+ 5 (4.222)
Proof: ( )

Since f(t,u(t),u'(t)) =0, let |P(t,u(t), ' (t))| < g(t)y(Ju(t)|) |u'(t)|" where n € N,
from equation (4.192) we get

) < 5 [ et 5 [Ca@n(uesas + 530 [ olenuepds (1229

t
Applying Corollary 3.1, we obtain
t

1
u(t)] < 5 / o(s)dsH () E(t) (4.224)
t
where ’
P
H(t)=1" (T(l) + 7/ g(s)y (E(s)) ds) (4.225)
t
and ’
1 t
E(t)=F" (F(l) + 5/ a(s)ds> (4.226)
t
Using the limit of integraol in the proof of Theorems 4.17 and 4.18 we obtain
1
lu(t)| < go(t)gHE (4.227)
Therefore,

u(t) = wo(t)| < u(0)] < ()3 HE

Hence,

u(t) — uo(t)] < go(t)%HE (4.228)
Finally, we consider the case f(t,u(t),u'(t)) = P(t,u(t),u'(t)) = 0 in equation
(4.192), then,

[r(H)e(u(®)u' ()] + a(t)h(u(t)) = 0, (4.229)
Theorem 4.20:

If u(t) € C*(R) is a solution which satisfies the inequality

(BB @) + alh(u(®)] < v, (4.230)
then equation (4.230) is stable in the sense of Hyers-Ulam-Rassias stability, if there
exists a ug(t) € C*(R4) such that

|u(t) = uo(t)] < |u(t)| < Cpp(t)

note uy(t) is a solution of equation (4.230) and C,, is Hyers-Ulam-Rassias constant

given as

C,=07" (Q(l) + é) (4.231)
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Proof:
From inequality (4.231), we get

—p(t) < [rt)p(u(®)u' (1)) + a()h(u(t)) < ¢(t) ' (4. 21 2)
Integrating inequality (4.232) twice from ¢, to t using Lemma 1.1, taking 2 < n <
1 for t > ty > 1 and taking the absolute value, we get
1 /[ 1 /[t
B((®)] < 55 [ le(olds+ 5 [ als)lbla(s)ids, vt = 1 (4.233)
to t
Let |<I>( t)| > |u( )|, then
/ lp(s)|ds + = / a(s)h(|u(s)|)ds (4.234)
to
By applymg Theorem 2.9 we get
t t
u(t)] < 19*1 <Q(1) 41 / a(s)ds) ! / o(s)ds (4.235)
5 Ji t Ji,
1 [

o) < 527 (200 + 5) ol (4.236)

t t
Provided limt_ﬂ)o/ a(s)ds =1 < 0o, and %/ ¢(s)ds < p(t) Therefore,

to to

1 l
ult) ~ o)l < ufo)] £ 527 (200 + 3] (0
Hence,
C, = 1o Q(1)+£
L 4]

Now, the extension of Euler type equation is given as
' (t) + f (@)t () + g(u(t)) = P(t,ult), w'(1)) (4.237)

together with initial conditions u(ty) = u/(tg) = 0 where f,g,R — R and P :
IxR?>—> R

Definition 4.10:

Given C, > 0, let ¢ : I — R, then solution u(t) € C*(I,R), satisfies inequality
[£2u”(8) + f(u()t (1) + g(u(t)) — P(tu(t), v/ (6)] < (1), (4.238)
furthermore if there exists any solution ug(t) € C*(I,R) of equation (4.179) with
the initial conditions u(tg) = u/(ty) = 0 such that

|u(t) = uo(t)] < Cop(t).

where C, a Hyers-Ulam-Rassias constant

Theorem 4.21:

The equation (4.238) together with its initial conditions is H-U-R stable provided:
(i) if there exists ¢(t) € C(I, Ry) such that |P(¢, u(t), v (t))| < o(t)w(Ju(®)])(Ju'(t)])?
(ii) hmt_m/ [u'(s)|ds = L < o0

andlimtﬁoo/ o(s)ds =r < 00
to
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t
(iii) let A > 0 then )\/ p(s)ds < p(t) Vtel
to

1
Where/\gt ; <~ for v > 0 and

— o
t >ty > 1 and Hyers-Ulam-Rassias constant is given as

C, = (%A +1)Q7 (Q) +rNw (FH(F(1) + AL))) F~H (F(1) + AL)
Proof:

From inequality (4.238), we get

—p(t) < BB (1) + f(u(®)d (1) + g(u(t) — Pt u(t), /(1)) < (1)

Multiplying through by «/'(¢) and %2 fort > 1
W () + 5 £l 0 ()2 + () (6) — o Pt u(e), o ()l (1)
1

< Se(t)u'(t)

~+

Integratlng from ¢y to ¢t and using equatlon (4.90)

/f )2ds + — /t%ds

—t% P(s, u(s), ds<—/

¢
Integratfng and using initial Condltlons u(t) =u ( ) = 0, we obtain
1 u'(t) 1
Sl + Y / o () (us))ds + 5 Cu(t)) -
to
1 t 1 t
7 [ Pt v < 5 [ ot (s
to
1, where t > t5 > 1 we obtain
¢
1

Glu(®) < [ ¢(s)u'(s)ds = 5(u'(s))* = U’(t)/t u'(s)f (u(s))ds

-
@D
=
&+ | =
IN

+/ P(s,u(s), u’(s))u’(s)ds

Let |G(u(t))] > |u(t)| and applymg the condition (
t

)] < [ el s)ds + 5 ()P + (e \/ |u I ()

/ o(s)w(|u(t
to
From mequahty (4 245) we have

(0] < () + DI [ oloyis 4 |/|u I (fuls)))ds

/¢>

(4.239)

(4.240)

(4.241)

(4.242)

(4.243)

(4.244)

(4.245)

(4.246)

Application of the Corollary 3.1, using conditions (ii), (iii) and let ]u( )| < A

|u<>—u<to>|sru<>rs<;x+ 1

Q7 (QQ) +rNw (FTH(F(1) + AL))) F~' (F(1) + AL) o(t)
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Furthermore, we investigate

2" (t) + g(u(t)) = P(t,u(t), v'(t)) (4.248)
with initial conditions u(ty) = u'(ty) = 0.

Theorem 4.22:

Let conditions of Theorem 4.21 remain valid, the equation (4.248) with the ini-
tial conditions wu(tg) = u/(tg) = 0 is Hyers-Ulam-Rassias stable with Hyers-Ulam-

Rassias constant given as.

C, = (%A + 1) (Q(1) + AM) (4.249)
Proof:

From inequality (4.238), if f(u(t)tu/(t) = 0, this leads to

—p(t) < " (t) + g(u(t)) — P(t,u(t),u'(t)) < ¢(t) (4.250)

1
Multiply through by u/(t) and 2 for ¢t > 1 yields

W) + gt (1) — 5 P(eu(t). ' ()(h) < L0 (1.251)
Integrating from ¢y to ¢

t 1 t 1 t

u'(s)u'(s)ds + — | glu(s))u'(s)ds — — [ P(s,u(s),u'(s))u'st)ds
/t° : /t° : /t(’ L (4.252)
< / () (5)ds
Simplifying inequality (4.252) we get
1 1/ 1/t
—(u'(s))* + - g(u(s))u'(s)ds — — [ P(s,u(s), u'(s))u'(s)ds
< 7 o(s)u'(s)ds
I I 1 :
5 | 9(u(s)d(s)ds < = [ p(s)u/(s)ds — 5 (u/(5))?
t /to tl/tot 2 (4.254)
+t_2 /to P(s,u(s),u'(s))u'(s)ds

By equation (4.90) and letting tlz < % <1, we get
| d6tutsnds < [ oo (ss - 5l(s)?

; o (4.255)

—l—/t P(s,u(s),u'(s))u'(s)ds
Integrating and using initial conditions of the equation (4.237), we have
! !/ 1 !/ 2 ! / /

G(u(s)) < / p(s)u'(s)ds — §(u (s)) —|—/ P(s,u(s),u'(t))u'(s)ds (4.256)

t t
Taking the absolute value, setting |u/ (t)|0§ A for A > 0 and by condition (i),

inequality (4.256) becomes
t 1 t

fu(s)] < A / ()l (s)ds + g X° + X / o) ([u(s)])ds. (4.257)
to to
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for |G(u(t))] = |u(?)]

u(t)]) < R(t) + A/t ¢(s)w(lu(s)[)ds (4.258)
where )
R(t) = (%/\ + 1)/\/ ©o(s)ds (4.259)

0
R(t) a nondecreasing monotonic, nonnegative function, by Theorem 2.9 with con-
dition(ii), we obtain
t

lu(t)] < (%)\ + 1D (Q(1) + M) )\/t o(s)ds

Using condition (iii), we have ’

u(0)] < (GA+ DR (1) + M) (1)

Hence,

u(t) = uo()] < Ju(t)] < (%A + 127 (Q(1) + AM) (1) (4.260)
with

Qf:%A+DQ*@MU+AM)

The next result is on Lienard type second order nonlinear perturbed DE

u” + f(t ult), o' (0)u'(t) + a(t)w(u(t)) = P(t,ult), (1)), (4.261)
with initial condition u(ty) = u'(ty) = 0, fora, € C(I, Ry), w, w € C(Ry,Ry), f, P €
C(IxRxR,R).

Definition 4.11:

The differential equation (4.261) is well defined and has Hyers-Ulam-Rassias sta-
bility if there exist C, > 0 constant such that for any solution ug(t) € C*(Ry) of
equation (4.261), the solution u(t) € C*(I, R, ) of

o+ f(t,u(t), ' (£)u' (1) + a(t)w(u(t)) — Pt ult), o' ()] < @(t), (4.262)
satisfies

lu(t) —uo(t)| < Cup(t) Vtel

where p: I — R,

Theorem 4.23:

Let f(t,u(t).u/'(t)) # P(t,u(t),u'(t)), equation (4.261) is stable in the sense of H-
U-R. If the following conditions are satisfied

DLf(E u(t), w' ()] < o) g(fult) (| (t)]),

(i) [ P(t, u(t), v (5)] < alt)ym(ult)) @),

where ¢(t), a(t) € Ry, g, h, w are nonnegative, monotonic, nondecreasing, contin-

uous. Suppose g, w belong to class of ¥ and ¢ : I — R, with Hyers-Ulam-Rassias
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constant

C, = %(1 + %)Q_l (Q(l) + %)\”“w <F_1 (F(l) + gh()\)/\2>>> (4.263)
P <F(1) + gh(A)V)
Proof:

From inequality (4.262) we obtain

i (t) < "+ £t ult), () (1) + altkw(u(t)) — P(tu(t), o (8) < pft).  (4.260)
Multiplying equation (4.264) by «'(¢) and using equation

u(t)
N(u(t)) = / w(s)ds, (4.265)

(to)
We get

/ F(s,u(s), () (u '<s))2ds+/t:a(@%N(u(s))ds

t (4.266)
—/ P(s,u(s),u’(s))u’(s)dsg/t u'(s)p(s)ds.

to 0
if a(t) a nonnegative, nondecreasing, then a/(t) > 0 and there exists § > 0 such

that a(t) > ¢, by integration by part we have
t
N(u(t) < [ (s)pls)ds — 5 (1) ‘/fsu () (5))%ds
o (4.267)
+/ P(s,u(s),u'(s))u'(s)ds.
t
Taking the absolute value and using the hygothems of the Theorem 4.23 we obtain
)\ t
u(t)] < 5/ (s )ds+—)\2+h >\2/ o(s
o (4.268)
+v“/ld>ﬂmnw
t
where |u/(t)] < A, A > 0, and N(u(t))] Zolu(t)],

Let S(u(t)) = g(u(t), by application of Corollary 3.1, hence

|<n<1u+§»/ pls)ds ()

%A"H /t:oz(s)w (F—l( / P(T )) ) (4.269)
F1 (F(l) + 5h(A)A? /t ¢(s)ds)

t t
Setting limHoo/ a(s)ds = m < oo, limHoo/ o(s)ds =r < o0,
to

to

t
by conditions (iii) of Theorem 4.21 let )\/ @(s)ds < ¢(t), we obtain

to

u(t) < ot )%(1 + Am ' (9(1) + m%AnHw (F_l (F(l) i %Thmv))) (4.270)

F! (F(l) + %rh(A)v) :
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Therefore,
Ju(t) —1U(to)|)\§ u(t)] < Cop(t).
_ = Mo-1 My nt1 -1 r 2
C,=50+59 (Q(1)+ =) W<F (F(1)+ Sh()X )))
Pl <F(1) + gh(A))\2>
Further evaluation of equation (4.261) yields the subsequent result.
Theorem 4.24:
If P(t,u(t),u'(t)) = f(t,u(t),u'(t)) in equation (4.261). Then, the equation (4.261)

has Hyers-Ulam-Rassias stability with Hyers-Ulam-Rassias constant

C, = %(1 + %)9—1 (9(1) + gx(x + 1)h()\)) (4.271)
Proof:

From inequality (4.262), multiplying through by «’'(¢), we obtain
—u'(t)p(t) < u" () (1) + f(t ult), w' () (W' () — Du'(2)
+a(t)w(u(®)u'(t) < o' (t)e(t).

Integrating from ¢, to ¢ with a(f) a nonnegative,nondecreasing function, then

a'(t) > 0 and there exists 6 > 0 such that a(t) > § we obtain

N(u(o)] < § /hﬁlw )i+ =0 (1))

(4.272)

(4.273)
/ (s )h(lu' @)D (' ()] + D' ()] ds.

where |f(t, u( ) ( ))| is defined in the Theorem 4.23
Let |u/(t)] < A, ngeret)\ > 0 and suppose |u(t)| < t|N(u(t))|, we obtain
0] < 50+ %) [ et Gn+ DA [ ofoutaids. (a2m)
By application of Th2eorem 9.9 and the conditions defined in Theorem 4.21
lu(t)] < gp(t)%(l + %)Q_l (Q(l) + gn(n + 1)h()\)> tel, (4.275)
for
1 [t
i /to p(s)ds < o(t)
Hence,

|u(t) = ulto)| < |u(t)| < Cop(t)

where

1 A\ r
Cp=501+5)9 (9(1) + A+ 1)h()\)) .
The stability of Lienard type equation is considered in two forms. This can be
achieved by considering Hyers-Ulam-Rassis stability of the variants. Firstly, we

consider the first variant as

u” + () f(u(t)u'(t) + a(t)g(u(t)) = P(t,u(t),u'(t)), (4.276)
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with initial conditions u(ty) = u/(ty) = 0 is considered.

Definition 4.12:

The inequality

|u” + e(t) f (u(t)'(t) + a(t)g(u(t)) — P(t,u(t), u'(t)] < o(t) (4.277)
holds for a solution u(t) € C*(I,R,), Vt € I

for a positive function ¢(t) where ¢ : I — [0,00), if there exists any solution
ug(t) € C*(I,Ry) of (4.276), such that

u(t) —uo(t)] < Cop(t) VEel

Where C,, is called Hyers-Ulam-Rassias constant. Therefore, equation (4.276) is
Hyers-Ulam-Rassias stable.

Theorem 4.25:

Suppose a,c € R, and f, g be functions which is monotonic, nonnegative, nonde-
creasing in u. Let a(t) be nonnegative, nondecreasing function, then, a/(t) > 0,

there exists > 0 such that a(t) > § with the following conditions remain valid:
t

tlim c(s)ds=b<oo b>0, (4.278)
—00 t
and
t
tlim a(s)ds =1< o0, [>0, (4.279)
-0 J,
then, gquation (4.276) is Hyers-Ulam-Rassias stable with H-U-R constant
1 A
C, = (5 + §)N*M* (4.280)
where
)\(nJrl)
N*=Q! (9(1) + lw (M*))
and
)\2
M*=F""! (F(l) + 7b)
Proof:

From inequality (4.277), it is clear that

(
—(t) < u” + c(t) f(u(®)u'(t) + a(t)g(u(t)) — P(t,u(t),u'(t)) < o(t),
multiplying by «/(¢) to have

—u'(t)p(t) < u"u/(8) + e(t) fult) (v (1))

+a(t)g(u(t)u'(t) — P(t,u(t), () (t) < o' (t)e(t).
Using equation (4.90) and integrating from ¢, to ¢ and using the hypothesis of

Theorem 4.25 we obtain

sl < [ We)lels+ 00w [ eprus o)
o o (4.281)

+/t |P(s,u(s),u'(s))||u'(s)| ds.
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Suppose |G(u(t)] > |u(t)], |P(t,u(t),u' (t))] < alt)w(u(t)|) v ()" for n € N(set
of Natural numbers) and Setting |u'(t)] < A for A > 0, we have
t

)] < (540 [ wlo)ds 225 [ elo)f(us) s
o o (4.282)

to
Let f(u(t)) = S(u(t)), by Corollary 3.1, we have
t

~—

)] < G+ A [ eV M)
where ’
(n+1) gt
Nt)=Q"! (Q(l) + A 5 /t a(s)w (M(s)) ds)
and ’
M(t) = F~* (F(l) +%/t c(s)ds)

Using the limit of integralsoin the Theorem 4.25 and conditions (iii)

of Theorem 4.21, we obtain

A [ el < o0
yief(ois

[u(t)] < p(t)N* M

Hence,

u(t) = u(to)] < [u(t)] < Cpe(t)

where

C,=N"M*

At this point, we consider Hyers-Ulam-Rassias stability of Lienard type equation
in the form

u” + c(t) f(u(@)'(t) + a(t)g(u(t)) = P(t,u(t)), (4.283)
with initial conditions u(ty) = u'(tg) =0

Theorem 4.26:

Let the functions a, f,c, g, P be as defined in Theorem 4.25. Suppose the limits
of integrals in Theorem 4.25 remain valid. Then, equation(4.277) is H-U-R stable

with the H-U-R constant

Co= (5 + 50 (4.284)
and
J=Q7! <Q(1) + (%LA lu(&)] + %) b) (4.285)
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Proof:

Considering inequality (4.277), we get

—p(t) < u(t) + c(t) f(u(t))u'(t) + a(t)g(u(t))u'(t) — Pt u(t)) < o(t) (4.286)
Multiplying inequality (4.286) by u/(t), using equation(4.90), integrating from ¢t
to t and by the hypothesm of the Theorem 4.25, we get

51G |</ o)l p(s)ds+ 0+ [ et (a5 s
oo (4.287)
T / IP(s, u(s))| [u/(s)] ds
Suppose |G(u(®) > u(t)|. [P(t.u(t)] < Afu(2)]
A>0, / [u'(s)|ds < L for L>0,u(t) <\ A>0,

t
using Theorem 1. 1,3 € [to,t] >

/2
lu(t)| < = /]u )| () ds—i—| <)’

(—LA u(€) ) / ) ds,

¢
By applying Theorem 2%9 we get

1 A 1 A2
() < G + Do’ (ﬂ(l) + (gLA )]+ 5 ) ) et

By conditions (iii) of Theorem 4.21, we have
t

/\/ p(s)ds < o(t)
t
Henoce,

|u(t) = uo(t)] < u(t)] < Cop(t).

Therefore,

C, = (% + %)Q‘l (9(1) + (%LA u(€)] + %2> b)

(4.288)

4.2.4 Hyers-Ulam-Rassias Stability Nonlinear Damped Ordinary Dif-
ferential Equations

Damped nonlinear differential equation are examined in this unit. The area
of our concern is second order differential equation. Different Hyers-Ulam-Rassias
constants are going to be obtained by considering following equations :
(r(®)(u(®)u'(t)) + p(0)u'(t) + () f(u(t)) = P(t,ult), u'(t)). (4.289)
(r(t)u'(£))" + p(t)'(t) + q(t) f(u(t)) = P(t,u(t),u'(t)). (4.290)
with initial conditions u(ty) = u'(t9) = 0 where t € I = [1,b)(b < 00), r,p,q €
C(LR), f,v € (R,R), P € C(IxR*R), R = (—00,00) and Ry = [0,00) The

definitions of Hyers-Ulam-Rassias stability are given as thus:
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Definition 4.13:

Hyers-Ulam-Rassias stability of (4.289) is defined if given a solution u(t) € C*(R)
which satisfies inequality

|(r () (u(®)u'(£)) + p()u' (t) + q(t) f(u(t)) = P(t,u(t), v'(1))] < o(t) (4.291)
where ¢ : T — R, and uy(t) € C*(R..) solution of equation(4.289) that makes
ult) — uolt)] < Cpiplt)

holds where C,, is the Hyers-Ulam-Rassias constant.

Definition 4.14:

Equation (4.189) has Hyers-Ulam-Rassias stability, given a solution u(t) € C*(I, R)
of inequality

|(r()u' (1)) + p(t)u' (1) + q(8) f(u(t)) = Pt u(t), v'(1))] < o(t) (4.292)
there exists ug(t) € C*(I,R) any solution of equation (4.289) for which

[ult) — uolt)] < Cpiplt)
where C, is called H-U-R constant.
Firstly, we examine Hyers-Ulam-Rassias stability of equation (4.289) and obtain
the Hyers-Ulam-Rassias constant.
Theorem 4.27:.

Suppose the following conditions are satisfied.

(i) Let |u/(s)|ds < L, for L > 0.

. . to

(if) if ¢(¢) € C(L Ry) then |P(¢, u(t), u'(£))] < ¢(t)w([u(t)]) (' ()])"
where n € N

t
(iii) limt_mo/ q(s)ds = Ky < oo and

to

t
limt_m/ o(s)ds = Ky < 00, where ki, ks > 0
to

1 t
(iv) let |u/(¢)| < A, where A > 0 and ;/ o(s)ds < p(t) for tel
to

Therefore, equation (4.289) is Hyers-Ulam-Rassias stable

and Hyers-Ulam-Rassias constant is given as

C, = —(Lp(ég g (9(1) + %w (F—1 (F(l) + X;“)))

/ (4.203)
F (F(l) - A;ﬁ?)
Proof:
we begin the proof using equation (4.291), we obtain
—o(t) < (r(t)Y(u(t))u'(t))
p(t) < (r(t)v(u(t))u'(t)) (4.204)

+p()u'(t) + q(0) f (u(t)) = P(t,u(t), o' (t)) < @(t).
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The left hand side of inequality (4.294) is written as

(r(®)(u®)u'(8)) + p(O)u'(t) + () f (u(t)) — P(t,u(t), u'(t)) < o(t) (4.295)

Integrating (4.295), we get
t

()Y (u(t))u'(t) + tP(S)U’(S)dSvL q(s)f(u(s))ds
[t

t t

— [ Plsuts)wsds < [ os)ds

t t

By integrating (4.2906) and applying Lemmaol.l, we arrives at
t

/ (80 () (5)ds + 1 / p(s)ul (s)ds + ¢ / 4(s)f (u(s))ds

fo o fo . (4.297)
—t/t P(s,u(s),u'(s))ds < t/t ©(s)ds
Let © ’ ’
Au(t)) = o Y(s)ds (4.298)

Using equation (4.298) in inequality (4.297) yields

t d t t
r(s)—A(u(s))ds+t | p(s)u'(s)ds+t | q(s)f(u(s))ds
/to ds /to /to (4.299)

t ¢

—t/ P(s,u(s),u'(s))ds < t/ o(s)ds

¢ ¢

Integrating by part the eqouation (4.299), since r(t) a nondecreasing, then 7/(t) > 0
)

and there exists 6 > 0 such that r(¢) > ¢, we have
t

A (u(t)) —i—t/ p(s)u'(s)ds —i—t/ q(s)f(u(s))ds

o fo , (4.300)
—t/t P(s,u(s),u'(s))ds St/t o(s)ds

1
Multiplying equation (4.300) by 2 and by applying Theorem 1.1 that is there exist
1 < ¢ <t such that

Au(t)) 1 /t , 1 /t
n T t(sp(f‘) ) u'(s)ds + %), q(s) f(u(s))ds
I I
—— [ P(s,u(s),u'(s))ds < 5 o(s)ds
t t
Taking the absolute value of both sides and using conditions (i), (ii) and (iv).

(4.301)

1 1
suppose 2 < n < 1 for t > 1 we have

Mute)) < 55 [ etsids+ 4 5 [ ) r(ute)as

X o (4.302)
w5 [ ol ute)as
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Setting A(|u(t)]) > |u(t)| it is clear that
t

1 1 I
u(®)| < <(Lp(§) + 1) [ @(s)ds + < [ q(s)[f(u(s)])ds

¢
—i-l)\"/ o(s)w(|u(s
8 Ji

By applying Corollary 3.1, we get

()] < 5000) + )5 [ ottt (2045 [ o= (7 (F1)

Lo fo o (4.304)
+5/\”/ q(a)da)) ds) Ft (F(l) + 5/\”/ q(s)ds) tel
to to
Using the conditions (iii) and (iv), equation (4.304) becomes
1 k
o) < 3(2p(e) + 19 (900) + S (7 ()
(4.305)

+X;k2>)) F! (F(l) + A;@) plt) tel

Therefore, Hyers-Ulam-Rassias constant is

C, = 3(ep(©) + 00 (20 + B (7 (PO

5
+X;k2))> F! (F(l) + X;kz) tel

Now, we consider the stability of equation (4.288).
Theorem 4.28:

Let all the conditions of Theorem 4.27 remain valid. Equation (4.290) is Hyers-

Ulam-Rassias stable and Hyers-Ulam-Rassias constant is given as

1 1
C,= SL(/\T(f) + Ap(n) + 1)Q7! (Q(l) + 5/\”“1@)
Proof:

From equation (4.291), we get

—p(t) < (r(Ou' () + pt)u'(t) + a(t) f(u(t)) — Pt u(t), u'(t)) < o(t) (4.306)
Multiplying by inequality (4.306) by '(¢) we obtain
)f

(r()u'(6)'' () + p() (' () + q(t) f (u(t))u'(¢)
—P(t, u(t), u'(t)u'(t) < u'(t)p(t)

Integrating twice and applying Lemma 1.1, we get

d(t) [ rsnd(s)ds +t [ pls)e(s))2ds +t [ q(s)F(uls)(s)ds
il ooty

t

—t/ P(s,u(s),u'(s))u'(s)ds St/ u'(s)p(s)ds

to to

(4.307)

1
Using equation (4.184) in inequality (4.308) and multiplying through by e
) [* 1 t e d
L (2 ) / r(s)u'(s)ds + —u'(t)/ p(s)u'(s)ds + —/ q(s)—F(u(s))ds
13 to t to t to dS
1 t

__/ P(s,u(s),u'(s))u'(s)ds < %/ u'(s)p(s)ds

t to to
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Integrating by part, since ¢(f) a nondecreasing, then ¢'(f) > 0 and there exists
d > 0 such that ¢(t) > ¢, we get

i) / sl (s)ds + /(1) / p(s) (5)ds + S0P (u(s)

2 tol t to . (4.310)
1 [ Pl e)us)ds < 5 [ w(s)ets)s

to to

< 1, applying Theorem 1.1 that is there exist £, n € [1,¢] such that

dF(u(s)) < —/ u’(s)gp(s)ds—u'(t)r(ﬁ)/ u'(s)ds
st . o (4.311)
—u’(t)p(n)/t u'(s)ds+/t P(s,u(s),u'(s))u'(s)ds

Taking the absolute value of both sides, hypothesis (i) and (ii) of Theorem 4.27,

we obtain
5F(Ju(s) /|u Vo(s)ds + [ (D] (€)L

(4.312)
ol ()lp(n) L + / o) (u(s)]) (1 (5)))"* ds

(lu(s
Setting |u( )| < A, and F(|u(t)
u(t)] < SLOE) + Apla) + 1)
Applying Theorem 2.9 we get ) .
lu(t)] < %L(/\T(f) +)\p(77)+1)%/ ©(s)dsQ™ (Q(l) + %)\”“/O gzﬁ(s)ds) (4.314)

to

) > ]u(t)| it follows that
pls)ds + TX / o(s)(u(s))ds  (4.313)

H-Il—

to

By condiicions (iii) and (iv) give X
u(t)] < LLOW(E) + Xoln) + D (9<1> " gwkg) o). (4315)

Therefore, Hyers-Ulam-Rassias constant is given as
L(\ A 1 AL
C@ _ ( T(f) + P(n) + )Q—l (Q(l) + 2

J
Lastly, we consider equation (4.290) when P(¢,u(t),u'(t)) =0

Theorem 4.29:

Let

(r()e(w(t)v'(t))" + p)u'(t) + q(t) f(u(t)) =0 (4.316)
together with initial conditions has H-U-R stability provided the conditions of

Theorem 4.27 remain valid. The Hyers-Ulam-Rassias constant is given as

C,= %(Lp(f) + 1)t (9(1) + %) (4.317)
Proof:

From inequality (4.291), note that P(t,u(t),u (t)) = 0 it then means

—(t) < (r@OP(u®)u' (1)) + pt)u'(t) + q(t) f (u(t)) < @(t). (4.318)
Simplifying inequality (4.318) further, we get

(r(#)y (u(®)u'(t))" + p(0)u'(t) + q(£) f (u(t)) < @(t) (4.319)
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By integrating twice, applying Lemma 1.1 we get

tr(s)w(u(s))u'(s)ds +1 tp(s)u'(s)ds +t tq(s)f(u(s))ds
/to /to /to (4.320)

< / ' o(s)ds

to
1
Using inequality (4.320) and multiplying through by : fort >ty >1

1 [t d 1 [t 1 [t
= [ r(8)-AMu(s))ds + = | p(s)u'(s)ds + < [ q(s)f(u(s))ds
By ds t /fo t /to (4.321)

<1 [ oty

= z "
Integrating by part, since r(t) a nondecreasing, then r/(¢) > 0, there exists 6 > 0

such that r(¢) > ¢ and by applying Theorem 1.1 there exist 1 < ¢ < ¢ such that
t t

SOA(H) < 5 / o(3)ds — p(€) / o (s)ds — / 4(s)f (u(s))ds (4.322)

to to to

1 1
Suppose 2 < n < 1, taking the absolute value of both sides and using conditions(i),
setting |u/(t)] < A, [A(u(t))| > |u(t)| we arrive
t

o) < PG [ty 5 [ ato)(ute)as (4.323)
Using the Theorem 2.9 }tfields ’ .

lu(t)] < %(Lp(f) + 1)/t @(s)ds! (Q(l) +%/0 q(s)ds) (4.324)
Using the conditions (11;)) and (iv) we conclude

0] < 30 + Dt (200 + 55 ) (0 (4.325)

Therefore, Hyers-Ulam-Rassias constant is
C, = (ep(e) + D0 (200 + 73
At this point we consider the stability of damped nonlinear

differential equation in the form,

u’(t) +nf(O)u'(t) +q(t)u(t) + Q ult)) = P(t,u(t), u'(t)) (4.326)
with initial conditions u(ty) = u'(tg) =0

where n € N, f,¢ € C(R), Q € (R,R) and P € (I x R*,R)

Definition 4.15:

Equation (4.326) is stable in the sense of H-U-R, if 3 u(t) € C*(I, R) satisfying
() + nf (' () + q(O)u(t) + Q(E, u(t)) — P(t, u(t), u' (1)) < (1), (4.327)
let uo(t) € C*(I, R) be solution of (4.326) such that

[ult) — olt)] < Coiplt)

and C,, is called Hyers-Ulam-Rassias constant, while ¢()

a nondecreasing, positive function defined as ¢ : I — R

105



Theorem 4.30:
The equation (4.326) together with its the initial conditions is
H-U-R stable provided the undermentioned conditions

are established.

(i) Let /t |u/(s)|ds < L, for L > 0. and |Q(t,u(t))| < r(t)a(|u(t)])

(i) If ¢(t) € C(I,Ry)
then |P(t, u(t%,u/(t))] < o(t)yw(u(t)])(|u'(t)])™ where n € N
(iii)limHoo/ r(s)ds = K; < oo and

to

t
limHoo/ q(s)ds = Ky < 00, where ki, ks >0

to

t
(iv) let A > 0, |u/(t)] < A, take )\/ @(s)ds < p(t) for t €1
t,
therefore, Hyers-Ulam-Rassias constant

Co = 50+ nfOL + DO (21) + 20k (7 (F(1)

1 1

From inequality (4.276), simplified and multiplying by «'(¢), we obtain
u" () () +nf () (' (8)? + q(t)ult)u'(t)

+Q(t u(t)u'(t) — P(t,u(t), o' (t)u'(t) < o(t)
Integrating (4 329) we get

/ ds+n/ f(s ds+/t:q( Ju(s)u'(s)ds

mMA»<m—[wamm»@ms[wwﬂwS
Usmg equatlon (4 90), we lfave ’

/ ds~|—n/ f(s st—l-/t:Q( )%G(U(S))ds

t

cmuu>mw—/P@M@w@w@ws/uww@w
to t
Integratlng by part the equation (4.331), since the functioon q(t) > 0, nondecreasing,

(4.328)

Proof:

(4.329)

(4.330)

(4.331)

then ¢'(t) > 0, there exists § > 0 such that ¢(¢) > ¢ and by applying Theorem 1.1,
there exists typ < & <t such that

<w®f+wﬁ@{/<<>>w+66 /cgsu /(s)ds
! (4.332)

~ [ Pl < [ o)pts

to to
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Taking the absolute value of both sides, using conditions (i) and (ii) and setting
|G(u(t))| > |u(t)| we arrive at
t

/(8)p(s)ds + LEOIE 1

u(t)] < 5 DL nf()r?

s (4.333)

#5h0] [ rslate <s>>ds+§<|u'<t>|>”+l JRCEOIE

t
Setting |u( )] <A\, ’

w®) < 0+ nf@L+ A [ pls)ds
s /to (4.334)

I 1
5 [ risatuends + e | o) (fu(t))ds
By applymg Corollary 3.1 we obtaln
u(t)] < (A +nf(§)L* +1)

A /t:go(s)dsQ_1< A"“ / (s (F(1) (4.335)

+%)\/t:r(a)da)> ds) F- (F( ) + 5A/to r(s )ds>

Using the conditions (iii) and (iv) in inequality (4.335) to give
1
)] £ 50+ RAOL + D07 (900) 4 0w (£ (P

+%)\kzz>) ds) F! <F(1) + %)\k:z) o(t) tel

we conclude that Hyers-Ulam-Rassias constant is given as

O, = S0+ nf(©L + 1) <Q(1) + %)\"“klw (F (F(1)

0
+§AK2>) ds> F! (F(l) + %Akz)

4.2.5 Hyers-Ulam-Rassias Stability of Homogeneous of Nonlinear Sec-
ond Order Ordinary differential Equations

(4.336)

In this section, concentration shall be on investigation of H-U-R stability when
P(t,u(t)) =0 and P(t,u(t),u'(t)) = 0. First, we consider equation
u’(t) + f(t,u(t)) =0 (4.337)
with initial conditions u(ty) = u'(ty) = 0.
Definition 4.16:
Equation (4.337) is Hyers-Ulam-Rassias stable if given C,, > 0 and solution u(t) €
C?*(I, R, ) which satisfies
[u"(8) + f(t, u(®))| < o(t), (4.338)
then, there exists solution uy(t) € C*(R,) of equation (4.337) such that
lu(t) —uo(t)| < Cup(t), forall ¢t el
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where ¢ € (I, R}) and C,, is called Hyers-Ulam-Rassias constant.
Theorem 4.31:
Let

t

acute)] < o) (1) + neto) [ atehtutsnas) ) (4.3
t

where hy, hy, g € C(R4). Furthermorg, suppose the following conditions hold:

(i) for s > 0 the function w(s) is nondecreasing and w(au) < ¥ (a)w(u), for « > 1,
u > 1,

t
(ii) / hi(s)ds =n < +oo, / hi(s)ha(s)g(s)(s —1)ds <p, p>0
¢ 1
The eauation (4.337) is H-U-R stable with H-U-R constant

C, = Q7" (1) + exp(n)p) (4.340)
Proof:

From inequality (4.338)

—p(t) < u'(t) + f(E,u(t)) < p(t) (4.341)

1
Integrating twice and using Lemma 1.1, multiplying by n for t > 0, since t > 1
taking the absolute value and substituting for | f(¢, ()| and applying Theorem 3.2,

we have

lu(t)] < %/t:ap(s)dsfl_l (Q(l) + /t: hi(s)ha(s)g(s) (exp /t: ha(T)dr (4342

+ / exp ( / hl(d)d(é)) dr) ds>
t T
Given the following ’

t
lim/ f(s)ds =n < oo forn >0,
t—ro0 to

/t hi(s)ha(s)g(s)(s — 1)ds < p
and

1/tw(s)ds < o(t)

tJe,

It shows that

Ju(t) —uo(t)] < Ju(t)] < p(H)Q™H (1) + exp(n)p) (4.343)
Hence,

|u(t) —uo(t)] < Cop(t)

Therefore,

Cyp = Q7 (1) + exp(n)p)

This concludes the proof.

The next result is given as

u’(t) + f(t,u(t),u'(t)) =0, (4.344)
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with initial conditions u(ty) = u'(t9) = 0.

Definition 4.17:

The equation (4.344) is said to be H-U-R stable with respect to ¢, if there exists

C, > 0 such that for each solution v € C?*(I, R, ) satisfies
" (8) + f (&, u(t), u'(t)] < o(t)

also for any solution ug(t) € C?*(I) satisfies (4.344) so that
[u(t) —up(t)] < Cypp(t) forall tel

and ¢ € (ILRy)

Let
|t u(t),u' ()] < Pa()(|u®)])

t

+h1(t)h2(t)/ g(s)w(luls)|)ds + b(t) H (Ju(t)])

(4.345)

(4.346)

t,
where hy (%), h(;(t), g(t),w(u), H(u) are nondecreasing positive functions. The fol-

lowing theorem is given to establish our result.

Theorem 4.32:

Suppose conditions (i) and (ii) of the Theorem 4.31 remained valid with the ad-
t

ditional one which states as limy o, [ b(s)ds < m < oo, for m > 0 then, the

equation(4.344) is H-U-R stable with ﬁ—U—R Positive constant
C,=RF ' (F(1)+mFH (R"))

Proof:

From inequality (4.345), it is clear that

—lt) () + (b ut), W (1) < p(t)

Integrating twice, using Lemma 1.1 and multiplying by % for t >0
by absolute property and with aid of Theorem 3.), we obtain

)] < > /t:ws)dsR(t)F-l (Fy+ / ) () s
where

R -2 (20)+ / (mmetsiateren ([ mirar)

o [ e ([ mas)aa) as)

By applying the limit of integrals stated in Theorem 4.31 leads to
u(t)| < R*F~(F(1) + nH (R")) ¢(t)
where

R* = Q71 (Q(1) + exp(n)p)
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and
i [ et < ot

Herte,

[u(t) —uo(t)] < [u(t)] < RE™ (F(1) + mH (R)) o(t)

where

C,=RF ' (FQ1)+mH (R"))

To examine Hyers-Ulam-Rassias stability of

[r()e(u(®)a' (O] + g(t, u(t), o' (£)u'(t) + a(t)h(u(t)) = 0 (4.351)
with the initial conditions u(ty) = /() = 0 where r,a € (LLR,), ¢,: Ry —
R,, g¢:R.,xR? — R, some conditions may be stated in the subsequent theorem
Theorem 4.33:

If u(t) € C*(R,) is any solution which satisfies the inequality

| FOSEN (1)) + glt, ult), o O () + a(t)h(u(®))] < . (4.352)
then, equation (4.351) is stable in the sense of Hyers-Ulam-Rassias, if it is happened
that solution ug(t) € C*(R.) of equation (4.351) satisfies

ult) — uo(8)] < Ju()] < Cpeplt).

Hyers-Ulam-Rassias constant is given as:

1 * *
050 = ST E
Proof:

The proof here is similar to the proof of Theorem 4.27, detail will not be show.

Using inequality (4.352), we arrive at

—¢(t) < [r®)e(u®))w' ()] + at)h(u(t)) + g(t ult), u'(t))u'(t) <

Integrating (4.353) twice from ¢, to t using Lemma 1.1, let

() (4.353)

fort >ty >1
and taking the absolute value
1 [t 1 [
RG] < 55 [ Jetollds + 5 [ als)lbu(s))ds
fo R . o (4.354)
+5 \9(8 u(s), u'(s))[[u/(s)|ds.

Let
lg(tu(®), ' ()] < w(Ow(|ul®)]) ')
and |R(u ( )] 2 lu(t)|, (4. 354) equals

u(®)| < —~ !w( )ds + < [ a(s)h(lu(s)])ds
t5 g /t (4.355)

+gme/K@mwmmw

to
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Applying Corollary 3.1

to have

) < TOEO; [ Iotolds (1.356)
Tt) =" (9(1) +)\2/t K(s) (E(s))ds> (4.357)
and (1

E(t)=F" (F(l) +%/t a(s)ds) (4.358)
Let limy /ta(s)ds <l < o0, tliglo tﬁ(s)ds < m < oo, where m,[ > 0.

u(®)] < w(t)%T*E* (4.359)
T = (! (9(1) + %m (E)) (4.360)
and

Ef=F! (F(l) + %) (4.361)
Therefore,

|u(t) = uo(t)] < Ju(t)] < w(t)%T*E* (4.362)
Hence,

u(t) —wol0)] < o(t) 7" B". (4.363)

This concludes the proof.

Euler Type equation is given as

2" (t) + g(u(t)) = 0 (4.364)
with initial conditions u(ty) = /() = 0 is going to be considered in the next
theorem.

Theorem 4.34:

Suppose u(t) € C*(R.) is a solution that satisfies the inequality

[ () + g(u(®))] < (1), (4.365)
then, equation (4.364) is H-U-R stable if

u(t) — uo(t)] < (1),

ug(t) € C*(R, ) is any solution of equation (4.364) with H-U-R constant

1 B 1
Co = T #®9 (9(1) + ‘u,/@)’L) (4.366)
Proof:
From inequality (4.365), we obtain
—p(t) < (1) + g(u(t)) < o(t). (4.367)
Multiplying inequality (4.367) by u/(t) gives
—u'(t)p(t) < () (t) + g(u(®)u'(t) < o' (t)p(t). (4.368)
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Integrating, using Lemma 1.1, there exists £ € [ty, t] such that

t t

2" (§)u(t) s/ p(s)u'(s )ds—/ g(u(s))u(s)ds (4.369)
to

Taking the absolute value of both 81des dividing by #?|u”&|t* we obtain

01 < gy | O+ e [ latuhas (1370

By Theorem 2 9 we get

|u()|_t2| ! /|u (5)|io(s)ds 2 ( 5/|u |ds) (4.371)

Setting —/ [u'(5)|p(s)ds < Ap(t) and hmt_,oo/ |u'(s)|ds < L where L >0

then mequaAhty (4.371) becomes 1

gggeg qu(m—l (9(1) + WL) (4.372)
u(t) —uo(t)| < |u(t)] < Cpp(t)

Where

C, = W—A(g)'gz-l (Q(l) + ’ulT)‘L) |

In addition , we consider the stability of equation

20" (1) + tf (u(t))u'(t) + g(u(t)) = 0 (4.373)
with initial conditions u(ty) = u'(ty) = 0.

Theorem 4.35:

Equation (4.373) is Hyers-Ulam-Rassias stable if solution u(t) € C*(I, R, ) satisfies
the inequality

20 (8) + L (u®) (8) + g(u()] < o(2) (4.374)
such that

u(t) — wo(t)] < Cop(t)

holds, uy(t) € C*(I,R,) is any solution of equation(4.373), provided the under-

mentioned are satisfied.

(i) Let (t) € C(L Ry), [Pt u(t), w'(t)] < o) (ju) (' (O))’
(11)/ \u()ds<L<ooand11mt_>oo/¢ ds =1 < oo

to

t
(iii) Let A > 0 and take )\/ o(s)ds < o(t) for t €1

to
Hyers-Ulam-Rassias constant is given as

Co=M+1)Q 1 (Q1) + AL) (4.375)
Proof:
Simplifying further inequality (4.374) we arrive at

—p(t) < t*u"(t) + f(u(t))tu'(t) + g(u(t)) < o(t) (4.376)
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1 1
Multiply through by «/(t) and take 2 < n <1fort>1and
integrating from ¢, to ¢ by using equation (4.90) we obtain

%(u'(s))Z—i—u’(t) /t o () f(u(s))ds + /t wds < /t o) (s)ds  (4.377)

Integrating, setting[;) |G (u(t))| > |u(t)], it is clear that
t

w01 < [ e ls + N+ O] [ Wb s

t
Applying Theorem (2.2), condltlons (ii) and (111) setting |u/(t)] < A for A > 0,

lu(t)] < (A +1D)Q7H (Q(1) + AL) (1) (4.379)
Hence,

u(t) —uo(t)] < [u(t)] < (A +1)Q7 (1) + AL) p(t) (4.380)
and

Co=MA+1)Q7"(Q1) +AL)

Our next consideration is Hyers-Ulam-Rassias stability of Lienard type equation
u’(t) + c(t) f(u@)u'(t) + a(t)g(u(t))u'(t) = 0 (4.381)
with initial conditions u(ty) = u'(tg) = 0.

Theorem 4.36:

Equation (4.381) is said to be H-U-R stable if the solution u(t) € C*(I, R, ) satisfies
the inequality

() < (1) + e(t) Fu() (1) + alt)g(u(t)) < (1) (4.382)
such that

|u(t) —uo(t)] < Cop(t),

up(t) € C*(I, R ) is a solution of equation (4.381) and C,, is Hyers-Ulam-Rassias

positive constant given as

1. \?
Cy, = SQ Q1) +b— 5 (4.383)
Proof:

Using Inequality (4.383) and integrating from ¢, to ¢t we obtain and applying equa-
tiotn (4.90), we get t
[ st )as+ [ ats) 5 Gluls)ds < / /() (s)ds (4.384)
In%egration by part, a(t) is 5(1)1 increasing function and a '(t) > 0, and there exists
d>0 taklng the absolute value, let |a( )| > 6, and |u/(t)| < A,

lu(t)| < = /|u )| (s d8+—/ ) ds. (4.385)

Applylng Theorem 2. 9, we obtain

2t
|ut|§—/|us|gpsdsQ (Q()+)\—/c(s)ds)
5 to 5 to
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t
Let limHoo/ c(s)ds < b < oo, where b > 0, where

to
t

[u/(8)] p(s)ds < ¢(t), by conditions (iii) of Theorem 4.21
t
Hgnce,

o) < w30 (20 +0% )

Therefore,

ult)  woft)] < )] £ o)
—1 n

4.3 Hyers-Ulam Stability of Perturbed and Nonperturbed Nonlinear
Third Order Differential Equation

4.3.0 Introduction

In this study, we consider Hyers-Ulam stability of third order nonlinear differ-
ential equation. The results here extend all the existence ones such as Qarawani

(2012) and Algfiary and Jung (2014).

4.3.1 Hyers-Ulam Stability of a Perturbed Nonlinear Third Order Or-
dinary Differential Equation

The first equation to be considered under this section is:
u” (&) + B(8) f (w(t))u" (t) + a(t)g(u(t))u'(t) + p(t)y(u(t))
= P(t,u(t),u'(t)).
with initial value u(tg) = u/(tg) = u”(t) = 0, where u, 5,,p € C(I, R,), g,7, f €
C(R;)and P e CIxR2, Ry),
Definition 4.18:

(4.386)

Hyers-Ulam stability of equation (4.386) is defined by giving K > 0, e > 0 and
u(t) € C3*(I,R,) be any solution whereby
[ () + B(8)f (u(®))u"(t) + o) g(u(t)u'(t) + p(t)y(u(t))
—P(t,u(t),u'(t)] <e
holds, whenever the solution uy(t) € C3(I, R, ) of the equation (4.386) satisfies
u(t) — up(t)] < Ke
K called H-U constant.
Theorem 4.37:

(4.387)

Suppose f(t) is an nondecreasing function, so f'(t) > 0, [u”(¢)| < 0, [u"(§)] < u

where p,6 > 0, and there exists § > 0 such that g > 9, / |u/(s)|ds < L, L >0,
to

[Pt u(t),w' ()] < v@O)e(lu@))h(|u'(t)]) where o € C(I,R), h € C*(R4) and
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¢ € C(Ry). Further more, let ¢(u(t)) belongs to class W, then, equation (4.386) is
H-U stable with H-U constant

K= (L%;/}L)F—l [F(l) +dh(/\)%q§[D*X*]} D*X* (4.388)
for

D= (9(1) + n%v (X*)) X+ (4.389)
and

X* = ! (F(l) + m);) (4.390)
Proof:

Simplifying inequality (4.387) to have
—e <u”(t) + B(t) f(u(t))u"(t) + a(t)g(u(t))w'(t) + p(t)y(u(t))
—P(t,u(t),u'(t)) <e.
Multiplying by «/(t) to obtain
—u/(t)e < W' (Qu"(t) + u'(H)B(E) f(u(t))u"(t) + ' () a(t)g(u(t))u' (t)
+u' (1) p(t)y(u(t)) — u('(t)P( u(t),w'(t)) < u'(t)e.

Integrating from ¢y to ¢, using Lemma (1.1) with equation (4.184) and by Theorem

1.1, we get .
/ Wds & / (o) (s) - Fluls))ds + [ als)guls))(w/(5)ds
fo . (4.391)
T / (s )y ()t (3)dds — / P(s, u(s), /() (s)ds < e / o (s)ds,
for £ € [Eo,t]. ’ ’
Integrating by part, given §(t) a nondecreasing function, then f'(t) > 0,
W (B BOF )] < e / o (s)ds — u" (€) / ' (s)ds
- [ WPautuois - [ w@psnu)s (4:392)

t
—l—/ P(s,u(s),u'(s))u'(s)ds.
t
Taking the absolute value, 0using the hypothesis in the Theorem 4.37 and
|u'(t)] < A, where A > 0, F(|u(t)]) > |u(t)|, we get

N ra ot (M) s 3 [ oo (M) asr

K t:ws)a) () o

(4.393)

for

e(L+ L)

I
=

(4.394)
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Using equation (4.394), we get
t
) <1+ —/ ))ds + 2/ p(s)r (A(s)) ds+
A tot
hN)5 | (s)o(Als)) ds,
to

where A(t) = |u](\7[f)] and by applying Theorem 3.16, we get
A0 < 17 [T+ 1003 [ 2616 D)X ()] ds] Do) XY

here, we define

D=0 () +5 /t:p(S)'y (X(s)) ) ds
and

/\2 t
X(t)=F" (F(l) + 7/ a(s)d3> :
to
t t
Setting limt_m/ v(s)ds < d, limt_)oo/ a(s)ds < m,
to

hmt_m/ s)ds < n, where d, m,n > 0. It is clear that

p(s)
{T + dh(X [DX]] DX

(9(1) + n%v (X))
(745

we define
D =Q!
and
X*=F1{F(1)+ m

Replacing A(t) in inequality (4.399), we obtain
|u](v)| <! [T( )+dh(/\)%¢[D*X*]} D X*
It follows that

lu(t)] < NT-! [T(l) + dh(A)igb [D*X*]} D*X*

4]
Substituting the value of N, to obtain

lu(t)] < e@%;w)@—l [G(l) 4 dh(A)gqs [D*X*]] DX
Hence,
u(t) —ulto)| < |u(t)] < eK

K is given as

i (Lt Ly

- [T(l) + dh()\)ggb [D*X*]} D*X*

(4.395)

(4.396)

(4.397)

(4.398)

(4.399)

(4.400)

(4.401)

(4.402)

(4.403)

(4.404)

We consider Hyers-Ulam stability of equation (4.386) by taking «(t)g(ut))u'(t) = 0,

the Lienard equation (4.386) reduces to

u"(t) + B()f (w(t)u”" (t) + p(t)y(u(t)) = P(t,u(t), u'(t)).
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with initial conditions u(ty) = u'(to) = u"(ty) = 0.
Theorem 4.38:
Equation (4.405) is Hyers-Ulam stable and H-U constant is given as

K= @Q—l (9(1) + h(dﬂqs (F—l (F(l) + %n)) m)

P (F(l) + %n) e

with all the conditions prescribed in Theorem 4.37 remain valid.

Proof:

The proof begins from (4.387), multiplying by «’(t), integrating from ¢, to t, using
Lemma 1.1 and equatlon (4. 184) by Theorem 1.1, there exist £ € [to, t] such that

(@) [ [ s <<mw+4mmm@W@@ o

—/ P(s,u(s),u' (t))u'(s)ds < e/t u'(s)ds
Integrating by part and using tflypothesis of Theorem 4.37 wg) obtain
WOBOR@ < ¢ [ 6)ds @) [ t(s)as
, oo fo (4.408)
- [ wptontuehds + [ Pls.us), w(s)u'(s)as
Taktiong the absolute value, utging the hypothesis in the Theorem 4.37 and
|/ (8)] < A for A >0, F([u(t)]) > |u(t)]

] 4 2 / P(S)r(’uj(v)‘)d () /totv(S)aﬁ(‘u](j”)ds (4.409)

let
e(L + L) N
5 - 9

Equation(4.409) happens to be

t At t At t
’“](V)‘ <145 /t p(s)r (KN”) ds + h(\)= /t ()¢ (’“](V)‘) ds (4.410)
by applying Theorem 3.7, we get

|“](\f)| <! (9(1) + @ /t:fy(s)d) (Fl (F<1) + % /t:p(oz)da» d5>

t

Ft (F(l) - % p(s)d5>

to

(=%

(4.411)
t t
Setting limHoo/ v(s)ds < m, limHoo/ p(s)ds < n,
to to
where m,n > 0, we get
@] o g Q1 )+M¢ FF@) +20) ) m
N ) )
(4.412)

F! (F(l) + %n)
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It further yields

u(t)] < NO! (9(1) + =0 <F‘1 (Fm + %“ > m) (4.413)

Substituting the value of N, we have

[u(t)] < 6@9_1 <Q(1> - &;)% (F_l <F(1) ' %n 2m> (4.414)
3

Furthermore, we investigate equation
(e()p(u(t))u'(t))" + (y(£).f (u(®))' (1)) + B(t)g(u(t))u'(t)
+p(u(t)) = P(t, u(t), u'(t))
with initial value u(ty) = u'(ty) = u”(to) = 0, where 8,v,a,€ C(I,R,), g,p, f,p €
CRy). Pc (IxR%Ry).
Definition 4.19:

(4.415)

Equation (4.415) is stable, if there exists K > 0, € > 0 and any solution u(t) €

C3(I, R, ) satisfying

(a@)p(u(t)' ()" + (&) f(w®)u'(t))" + BE)g(u®)u'(t) + p(u(t))
—P(t,u(t),u'(t))| <e

and if there exists any solution ug(t) € C3(I, R, ) of (4.415) such that

u(t) — uo(t)| < Ke,

(4.416)

therefore, equation (4.415) is Hyers-Ulam stable and

K is called Hyers-Ulam constant.

The result is given as thus.

Theorem 4.39;

Let the functions a, v, p and 8 be continuous on R, and P be continuous on R,
in addition, « is nondecreasing in ¢ such that

a(t) > ¢, '(t) > 0 on Ry and functions f, g belong to class ¥. Suppose
t
(i) limt_,oo/ B(s)ds <m < oo, m > 0.
to
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t
(ii) limHoo/ v(s)ds < n < oo, n>0.

to
t
(iii)limmoo/ h(s)ds < q < 00, q > 0.
¢
then equatio£(4.415) is H-U stable with

_ (L Ir(ule)ID) oy oo -
K= 2T T [Y(1) + Cagr [ (1) + Cymyg (HY)) o

Q71 (Q(1) + Con)]] Q71 (Q1) + Cymyg (HY)) HY,

where

0 o o
2] T 26(e)]

and Cy = are positive constants.

Proof:

n—+

2cf>|U’(€)|

From inequality (4.416), multiplying through by «/(t), integrating from ¢y to ¢,

using Theorem 1.1 there exists tg < e <t, ty <n <t, such that
t

wa/m@wmmwww+wm/wwmwmwmw

to to

+[ﬁ@wmmwm%HJJW@W@w (4.418)

to

t t
—/ P(s,u(s),u'(s))u'(s)ds < e/ u'(s)ds

t t
By further simpliﬁcatig)n of equation (4.418) we obtaoin

o/ (2) (@(s)p(u(s)) ()Y + o () (3 (5) () (5))
+ [ Bt e s + [ plats) (s (4.419)

to

t t
—/ P(s,u(s),u'(s))u'(s)ds < 6/ u'(s)ds.

t t
Integratirig from ty to t, twice, using Lemma 1.1 and applying the Theorem 1.1,

there exists typ < ¢ <t such that
t

W) [ alslptuls)u(s)ds+ ') [ 2 fCuls))u'(s)ds

to

+% /t 0 B(s)g(u(s))(W'(s))*ds + ,O(u(go))% /t u'(s)ds (4.420)

—glP@M$wm<mm<%Lﬂ@m

2
Multiplying both sides of inequality (4.420) by 2 for t > 1 and
put

u(t)
P(u(t)) = / p(u(s))ds, (4.421)
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then, inequality (4.420) becomes

g%%{éM®%Mmmm+§wmwwéw@ﬂmmw

t (4.422)
/ B(s s))ds + p(u(e ))L—/ P(s,u(s),u'(s))u'(s)ds < eL
Integrating (4.422) by part, take tl? < 1 for t > 1, using the hypothesis in the
Theorem 4.39 and taking absolute value t
20|u'()[IP(u(s))] < e(L + [p(u(@))|L) + 2[u (n)[[u'(2) !/
(4.423)
|2/5 9)9( s|ds—|—/|Psu )l (s)]ds
Setting | P(t, u( )y u (O)r(Ju(t)])|u " where h(t), r € C(R+) and n € N,
equation (4.423) becomes
20|u'(e)|P(u(s))] < e(L + [p(u(@)) L) + 2| (n)[]u' (¢ |/
(4.424)
O [ Aol wHMWM[M>mmw3
Dividing both sides by 2gz§|u 5)|, it leads to ’
e(L + [p(ulp)|L) | 2fu'(n ||U )|
B T e L/‘ .
|(w'())? |u'(t )\"“ '
PR et B2 m;@;r;gsﬂws i
, (L~ |p(ulp 20 (n B B
bt WOTE A Q= Tl T zowal T Bl
5 q§>|\u’ Bk using these in equation (4.425) to obtain
[P(u(s))] < Ch + Cz/ v(s)f(Ju(s)])ds + 03/ B(s)g(luls)|)ds
o fo (4.426)

t
+C'4/ h(s)r(lu(s)|)ds
t
Setting P(u(s))| > |u(t)|, then, applying Theorem 3. 16, we have

%?’g“r—l{ﬂw@/toh( { ( +Cg/5 )
Ql<Q(1)+Cz/t: ()da)] } ( +03/5 ) H(?)

(4.427)

where
t

H(t)) = F! (F(l) + 02/ ~(8)dd
t
By simplifying further usin(;g (i-iii) of the Theorem 4.39, we obtain

hﬁ”sr%nm+@wm1@®+amﬂw” (4.428)

Q7 (Q(1) + Con)]] Q71 (Q(1) + Cymg (H)) H*
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Here

H* = F~' (F(1) + Cyn),

and H* a positive constant. we write

lu(t)] < Y1 [T(l) + Cyqr [Q_l (Q(1) + Csmg (H))
Q1 (Q() + an)ﬂ Q1 Q1) + Cymg (H*)) H*

Substituting C, Cy, C3 and Cy

(L + [pu(p)|L) vy -1 *
lu(t)| < e 2o (o] T [T(1) + Cagr [Q7" (1) + C3mg (H*)) L130)

Q7 (Q(1) + Con)]] Q7 (Q1) + Cymyg (HY)) H*

(4.429)

Hence,
|u(t) — uo(t)] < [u(t)] < Ke.
By analysis

k= ZZ%;);NL) T [T(1) + Cagr [277(Q(1) + Cymy (7))

Q7 (Q(1) + Con)]] Q71 (1) + Cymg (HY)) HY
If 5(t)g(u(t))u'(t) = 0 in equation (4.415) we consider its H-U stability in theorem

below.

Theorem 4.40:

Let all undermentioned conditions of Theorem (4.39) remained valid. Suppose
B(t)g(u(t))u'(t) = 0 in equation (4.415), then, the equation obtained is given as
(a(®)p(u()u'(t)" + (v(t) f(w(®)u' (1)) + p(u(t)) = P(t,ult), v'(1)) (4.431)
with initial value u(ty) = u'(t9) = u”(ty) = 0, is stable via H-U stability and H-U

constant

(L A+ [p(u(@)|L) vy =
K = T (Y1) +Csr |F (F(1) + C
200 (¢)] (XQ) +Cor [F7(F(D) + Gon)g)) (4.432)
F~H(F(1) + Cyn)
Cy = W’Z(sﬂ and C3 = % are positive constants.
Proof:

From the inequality (4.416), if 5(¢)g(u(t))u/(t) = 0, multiplying through by u/(t),
(e()p(u(t))u’(8)) ' (£) + (v (&) f (w(t))u' (£))"u'(t) + p(u(t))u'()

=P (t,u(t),u'(t)] < e ().
Integrating from ¢y to ¢, by Theorem 1.1, there exits tg < e <t, ty<n <t such

(4.433)

that

u'(e) t(@(S)p(U(S))U’(S))”dS+U’(77) t(v(S)f(U(S))U’(S))’dS
/tO /to (4.434)

" / p(u(s))(3)ds — / P(s,u(s), u (s))u/(s)ds < e / u(s)ds,
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2
Integrating from ¢y to ¢ twice and applying Lemma 1.1, multiplying through by 2

for ¢ > 0 and applying the Theorem 1.1, there exists ¢ such that ¢y < ¢ <, then
t

F0(e) [ alomtu s+ 70 [ () (uls)u (s)ds

t2
(4.435)

t t t
() [ al(e)ds — [ P(s, ) s s < e [ (s
to to
Using equation (4.421) and further evaluation of (4. 435) we obtain
2 ! d 2
20 [ als) LB + 20l 0) [ (o))
o . o (4.436)
4p(u(e)L = [ Pl uls).u'(s))u'(s)ds < L
to
1
Integrating (4.436) by part, 2 < 1, using the hypothesis in the Theorem 4.39 and

taking absolute value

29[ ()[[P(u(s))] < e(L + |p(ulp))IL)

20l () [od (¢ |/ (s) £ (|u(s) ds+/ 1P(s, u(s), o/ (5))|[ e (5)|ds.
Setting |P(t, u(t),u'(t)) < h(t)r(|u(t )|)]u( )| where h(t), r € C(Ry) and n € N,

(4.437)

then, equation (4.481) becomes t
20|u'(e)[|P(u(s))] < e(L + [p(u(@))|L) + 2IU’(n)IIU'(?f)I/ v(s)f(Ju(s)])ds
o (4.438)
O [ hr(uts)ds
Divide both sides by 2¢|u'(¢)|, we obtain ’
e(L+ lp(u())|L) | 2u(n)l[v'(t)]
IP(u(s))] < , ds
2ol 2?': ( ),m/ (4.439)
(L + [p(ule ))2&') e 2}IL(S()T)(IT(S)IMS A
/ _ LA lplu _ 2y = o usin
D7 I = T 776 M
these in equation (4.439) to get
[P(u(s))| < C1 + 02/ v(s)f(Ju(s)ds + 03/ h(s)r(lu(s)])ds (4.440)

t, t
Letting |P(u(s))| > \uzt)|, by applying Theorem 3.7, the result is
¢

Ju(®)]| <TH(TA)+Cs [ h(s)r [FH(F(1)
Cl ( /to (4441)

+Ch /t (5)d5) ds)) F (F(1)+02 /t t (s)ds)

lu(t)| < YY1 (T(1) + Csr [FH(F ()—l—C'gn)q))F’l( (1) + Cyn) (4.442)
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Substituting C;, we have

()] < & ;;féfz(;;))'m T (T(1) + Cor [F (F(1) + Con) q))

FH(F(1) + Con)
Hence,
|u(t) — uo(t)] < [u(t)] < Ke.
where

s = LD 11 (101 1y [ (1) + )

F~H(F(1) + Cyn)
Theorem 4.41

Let (y(t)f(u(t))u'(t)) = 0, equation (4.419) reduced to
(e()p(u(t))u'(t)" + B(t)g(u(®)w'(t) + p(ul(t)) = P(t, u(t), v'(t)),
then equation (4.445) is H-U stable with

i = EEIPONE) oty (1) 4 oy [0t (1) +Com) )

2¢|u/(e)]
Q1 (Q(1) +m)
n o )\2 o )\n—f—l
where = — 3 = ———— are positive constants
P 20w (e)] 2¢|u'(e)]

Proof:

(4.443)

(4.444)

(4.445)

(4.446)

From the inequality (4.415), put (y(¢)f(u(t))u/(t)) = 0, multiplying through by

u'(t), integrating from ¢, to t trice and using Lemma 1.1 we get
t 2

/ta(S)p(u(S))U’() (s )d8+t ﬁ( )g(u(s))(u'(s))*ds

t t t t2 t
+3 p(u(s))u'(s)ds — 5/ P(s,u(s),u’(s))u’(s)ds < 56/ u'(s)ds
t t t
Applyiong Theorem 1.1 that is there exist NOXS [to t] such that

2

U’(€)/t a(s)p(u(s))u'(s )d8+t B( )g(u(s))(u'(s))*ds

t2 2

) /t (s)ds — 5 /t P(s,u(s), o (s)u'(s)ds < S e /t o (s)ds

2
Multiplying through by for t > 1, we get

;u(e)/ ds+/ B(s 5))2ds

(@) [ f(s)ds - /ttP<s (), ol (5))l (s)ds < ¢ / W (s)ds

to
Use equation (4.421) on mequahty (4.449), we have

;u(e) /t:a(s)d% ))ds + (u / B(s

+p(u()) L — / P(s, u(s), w/(s))(s)ds < L

to
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Integrating (4.450) by part, by using the hypothesis in the Theorem 4.39 and taking

the absolute value, we have

20fu ()| [E(u(s))| < e(L +|p(u())| L) +|(u / (s
(4.451)
/ |P(s,u(s),u'(s))||u'(s)|ds
Setting |P(t, u(t), v’ (t)) < h(t)r(|u(t)|)|w' (t)|™ where h( ), r € C(Ry) and n € N,
then, equation(4.451) becomes
2000 ENIP(EN] < 2+ al)ID) + 1O [ Sodauls))
(4.452)
HOP [ hor(uts)ds
Divide both sides by 2¢|u'(¢)|, we obtain '
e L DD | @R [
P(u(s))] < 20/ ()] + 20/ ()] i B(s)g(lu(s)|)d (4.453)
+|2u¢(|3|<6>| t h(s)r(|u(s)|)ds
: _ (L +p(u(y)|L) o » o
bt WOL= 24 4= 2 gl O T wwEr ¢ e
using these in equation (4.453), we obtain
IP(u(s))] < Cy + C'Q/l B(s)g(|u(s)|)ds + C’g/t h(s)r(Ju(s)|)ds (4.454)
Lettmlg |<IP’)(| u(s))| > |u(t)] Applyim;gr Theorem 30.7, we arrive at
OU o vy +05 [ his)r [ (9(1)
“ ( /to (4.455)

+Co [ pojan ) as) ) o ((;wz A )

Takmg advantage of conditions (i) and 111) to have
u(t)] < T (T(L) + Cor [ (Q(1) +Com) ) 7 (1) +m) (4.456)
Substituting C', we obtain

L+ [plu(e)IL) ¢ B
()] < T T (X + Cor [0 (0(1) +Com) ) .

L L
Equation (4.411) is considered when the function «(t) is absent.
Theorem 4.42:

Let the function «(t) be absent and p(u(t)) = 0 in equation (4.411), then, we have

(p(u(®) (1) + (7(O) F () (£))' + B(E)g(ult)u(£) = P(t,u(),o(t))  (4.458)
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is Hyers-Ulam stable with
= ——T"1[Y(1) + Cyqr [Q7" (1) + C3mg (H*))
2[u'(e)| [ | ’ (4.459)
Q7 Q1) + Con)]] Q71 (Q(1) + C3mg (H*)) H*
Proof:
From inequality (4.416), let the function «(t) be absent and p(u(t)) = 0, multiply-

ing through by ut’ (t), integrating from ¢, to zi we get

/ (p(u(s))u'(s))"u'(s)ds + / (v(s).f (u(s))u'(s)) ' (s)ds
fo fo . (4.460)

MH(N(»%—/HMmM@)U%S/w@%

t
Usrng Theorem 1.1 that is, there exist tp <e<t, tHh<n< to, such that

Md[@@@)(W%+MMZW@ﬂMWM®MS

t t (4.461)
5m<<m<»e—/Pewewm<Mww[w@e
By further simplification of equation (4 461) we obtain ’
/(&) (plus))d ()Y + o () (1 /ﬂ () (5))%ds
(4.462)
—/t P(s,u(s),u'(s))u'(s)ds < e t u'(s)ds
Integrating frotm to to t, twice , uosing Lertnma 1.1. ’
welhwu>uw+ww/ﬁeﬂwmwww
t2 2
+3 B( )g(u( ds — —/ (s,u(s '(s)ds (4.463)

t2 t
< 56/ u'(s)ds

2
Multiplying through by for ¢ > 1 and by using equation (4.421) in inequality
(4.463) we have we obtaln

%ue/”§r<<»w+fuMMﬁr[veﬁwe»w

t2

(4.464)
/ﬁ ds—/ P(s,u(s),u'(s))u'(s)ds < eL
Usmg the hypothe51s in the Theorem 4. 39 and taklng absolute value
20w/ () [IP(u(s))| < Le + 2[u’(n)[|u'(t \/ u(s)|)ds
(4.465)

P/ﬁ g(Ju(s) @+/uwu ()| (s)ds
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Setting |P(t, u(t),u'(t)) < h(t)r(|u(t)])|w' (t)|™ where h(t), r € C(Ry) and n € N,

inequality (4.465) becomes

2| ()| |P(u(s))] <L6+2|U’(n)||u/(t)|/t (s)f (Ju(s)[)ds

(4.466)
VO [ Sauos + WO [ 1o
D1V1d1ng both sides by 2|u/(g)|, and letting |u’ t)\ < X we obtain
|M<m_m“ 'ﬂjm'/ oY,
[0 (1) ", (4.467)
2|u 1 / B(s |)ds —|— Q@ ), h(s)r(|u(s)|)ds
Le ()| A RS Al

Let |W/(t)] < A, Cy =
using these in equation (4.468) to obtain

P(u(s))| < Ol+02/t V(S)f(IU(8)|)d8+C3/t B(s)g(lu(s)])ds
+C'4/t h(s)r(lu(s)|)ds

Setting |P(u(s))| > |u(t)|, then, applying Theorem 3. 16, we have

er oo frr o o

Q! <Q(1)+02/t: (a )da)] } ( +03/ B(s

where
t

H(t)) = F! <F(1) + C’g/ ~(8)dd
t
By simplifying further usin?g (i-iii) of the Theorem 4.39, we obtain

|uc(t)| < YY) + Cagr [Q7F (1) + Czmg (HT))

Q Q) + C'Qn)H Q1 (Q(1) + Cymg (H*)) H*
Here
H* = F~' (F(1) + Cyn),
and H* a positive constant. we write
[u(®)] < CyT [T(1) + Cagr [ (1) + Cymg (HY))
Q71 (Q(1) + Con)]] Q71 (Q(1) + Cymg (H*)) HY
Substituting for

u(®)] < GWT_l [T(1) + Cagr [Q71 (Q(1) + Cymyg (H))

Q7 (Q(1) + Can)]] Q71 (1) + Cymg (HY)) HF
Hence,

u(t) —uo(t)] < fu(t)] < Ke.

126

W@ T el O e T e

(4.468)

o)
)<>

(4.469)

(4.470)

(4.471)

(4.472)



By analysis

K = gL [T+ Caar [27 (2(1) + Comg (H))

Q7 Q1) + Con)]] Q71 (Q(1) + C3mg (H*)) H*

4.3.2 Hyers-Ulam Stability of Nonlinear Third Order
Differential Equation with Forcing Term

Here we examine third order nonlinear DE with forcing term. The first equation
to be investigated is given as:
W (8) + £t ut) o (O () + g(u(t)) = Pt u(t), o (1), (4.473)
with initial conditions u(ty) = u/(tg) = u”(to) = 0 where f, P,g € C(R.),
Definition 4.20:
Given equation (4.473), Hyers-Ulam stability property is undermentioned, if the
constant K > 0. For every € > 0, and u(t) € C*(I,R,), is any solution of
| (8) + f(E,u(t), w' ()’ (t) + g(u(t)) — Pt u(t), w'(t))] <, (4.474)
if there exit ug(t) € C*(R,, R, ) which is any solution satisfying (4.473) such that
that
lu(t) — up(t)| < Ke.
Note that K is Hyers-Ulam constant.
Theorem 4.43:
The equation (4.478) is H-U stable with H-U constant

K = LM*N*, (4.475)
where

M*=Q7" Q1) + X" 'mw (F71 (F(1) + h(A)An))] (4.476)
and

N* = (F~' (F(1) + Nh(})) (4.477)
Proof:

We begin from inequality (4.474), multiplied by u/(t), to get
u'(t)e < (' (t) + f(tult), o' () (' ()" + glul®))u'(t)
—P(t,u(t), v (t)u'(t) < u'(t)e.

(4.478)
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If w”(t) a nondecreasing in ¢ then, u"(t) > 0, integrating thrice and making use of
2
Lemma 1.1, multiplying through by 2 for ¢t > 0, using equation (4.96) to obtain

u(t)) < tf(s,U(S),u/(S))(U’(S))QdS— tP(S,U(S),u’(S))U’(S)dS
/ 4

t
< / u'(s)eds.
to

Taking the absolute value of both sides,

setting | f(t, u(t), u'(t))] < o) f ([u(®)]) (| (t)]),

P(t, u(t),w'(t)] < al)w(|u®))(ju'()])" for n € N,

where h(t) € (R, |G(u(t))] > |u(t)], / |u'(s)|ds < L, |u/(t)] < A, where A > 0,

to

we get

|U(L)| <1+ h(A )\2/ o(s) L)|)ds—|—)\"+1 /t:oz(s)w(me(z)lds.

By applying Theorem 3.16 we get

lu(t)] < eLM(t)N(t). (4.480)
Here we define

M(t)=Q! [Q(l) + A /ta(s)w (N(s)) ds] (4.481)
and K

N(t)=F! (F (1) + h(A\)A? /tgb (s ds.) (4.482)

Lethmto%oofqﬁ Jds =n < o0, hm/ s)ds =m < o0,

where n,m > 0 using the (4.481) and (4. 482) we have

lu(t)] < eLM*N*, (4.483)
where M* and N* are defined (4.476) and (4.477) respectively. We conclude that
u(t) — uolt)] < [ult)] < Ke.

Hence,

K = LM*N* (4.484)
The next equation to be examined is given as:

u”(t) + Q(t, u(®)u'(t) + g(u(t)) = P(t,ult),u'(1)), (4.485)
with initial conditions u(ty) = u/(ty) = u”(to) = 0 is closely investigated.
Definition 4.21:

If u(t) € C3(I, R,), is any solution of inequality

u”(t) + QUt, u(®)u'(t) + g(u(t)) — P(t, u(t),u'(t))] < e, (4.486)
then, if 3 any solution ug(t) € C*(R4, R4) of equation (4.486) such that
lu(t) — up(t)| < Ke.
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for K a positive H-U constant.

Theorem 4.44:

Equation (4.485) is Hyers-Ulam stable with Hyers-Ulam constant is given as
K =LE*H",

Here,

E* =7 [Q(1) + m "D (H)] (4.487)
and

H* = F7' (F(1) + n)\?) (4.488)
Proof:

From inequality (4.486), it is clear that

—e <u"(t) + Qt, u(®))u' (t) + g(u(t)) — P(t,u(t), v (t))| <e, (4.489)
Then, multiplying through by «/(t) to have

—e < u(t)u” () + Qt, u(t))u' ()u'(t) + g (u(t))u'(t) — o' () P(¢, u(t), u' ()] < u'(t)e,

(4.490)
By applying equation (4.90),let function u”(¢) be a nondecreasing in ¢, then v (t) >
0, we get
/ Qls. u(s)) (e (5))?ds + Clu(t)) — /t P, u(s), o ()l (s)ds
o . (4.491)
< /t u'(s)eds.

Integrating from ¢y to t thrice and applying Lemma 1.1 and taking the absolute
value, we obtain

|G (u(t)] SE/ IU’(8)|d8+/ |Q(s, u(s))[| (' (s))?|ds
fo (4.492)

/\Psu ()l ()]s
Suppose [G(u(t)] 2 fult), 1P, u(t) w(O)] < (a0 and

)] < o(t)
!U \ <e [ [u'(s \ds + [ o(s DI(w(s))[*ds
i o
" / ot) (fu(s)]) o (5) 20V,
Setting /t lu(s)|ds < L, |u(t)] < A where L, A > 0 gives
lu(t)| < eL + )\2/ o(s)f(|u(s)|)ds + N2+D /t a(t)w(|u(s)])ds, (4.494)
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[ E(L” <1+ A2 / &(s (L>|)d + A2t / (t)w(|u€(z>|)ds. (4.495)
By making use of Theorem 3.16 gives N

lu(t)| < eLE(t)H(t). (4.496)
where

Et)=Q7! {Q(l) 4 A2t / t as)w (H(s)) ds} (4.497)
and ’

H(t) = (P (F(l) 4 / tqb(é)dé) | (4.498)
This gives v

lu(t)] < eLE*H*. (4.499)

Note that E* and H* are defined in (4.487) and (4.488) respectively. Hence,
K=LE*H*
Therefore,
u(t) = uo()] < |u(t)] < Ke
The next equation to be considered is given as:
u"(t) + B (wt)u'(t) + g(u(t)) = P(t,u(t)) (4.500)
with initial conditions u(ty) = u/(tg) = u”(to) = 0
Definition 4.22:
Differential equation (4.440) is Hyers-Ulam stable if
u(t) € C3(I,R,), is any solution of
[ () + B(E)r(u(t)u'(t) + g(u(t)) — P(t,u(t))] < (4.501)
then there exists ug(t) € C3(R,, R ) which is any solution satisfying (4.501) such
that
lu(t) — uo(t)] < Ke.
for K > 0, is called Hyers-Ulam constant.
Theorem 4.45:
Suppose 5(t) € C(Ry), f, g € ¥. The nonlinear differential equation (4.501) has
Hyers-Ulam stability property with Hyers-Ulam constant

K =LW*Z*.

where we define

W* =Q Q1) + B \w (Z%)) (4.502)
and

Z*=F ' (F(1) + \A) (4.503)
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Proof:
Evaluating inequality (4.501) we get
—eu/(t) < ' (u'(t) + B4 f(u(t))(u'(1)* + glu(t))u' (1)

—P(t,u(t))u'(t) < ed(t).
Integrating from ¢, to ¢ thrice using Lemma 1.1, if u”(¢) be an increasing continuous

(4.504)

function on R+ then u”(t) > 0

[t s+ [ gluls))ds
o (4.505)
—/ P(s,u(s))u'(s )d3</ eu'(s)ds
Using the e(tlouatlon(él 90), letting |P( : (t))| o(t)w(|u(t)|, we get
|G(u |<€/ [/ (s)lds + (Ju'(t)])* | B(s)f (Ju(s)])ds
(4.506)
() / s
Setting |G(u(t))] > lu(t)], |/ (t)] < A, where A > 0 we have
lu(t)] < Le+ 2 [ B(s)f(lu(s)|)ds + )\/ o(s)w(u(s))ds. (4.507)
Let Le =Y we obtam
|“§(/)| <14 [ )y (%) ds + \ /t 6(s) (@) ds. (4.508)
Applying Theorem 3.16 we arrive
) <YMNG)
Wi(t)=Q! <Q(1) + )\/to gb(s)w(Z(s))ds) (4.509)
and
2(8) = (F~! (F(l) 42 /t tﬁ(é)dé) (4.510)

t t
Suppose limt_,oo/ ¢(s)ds = B < oo, limy_,o, | B(s)ds = A < oo where A, B >0

when these are usg)d in (4.508), (4.509)and (4.5?0), to have
u(t)] < YW* 2"

Replacing Y to get

u(t) —ulto)| < [u(t)] < eLW"Z"

Hence,

u(t) —ulto)] < Ke

where

K = LW*Z* (4.511)
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4.3.3 Hyers-Ulam Stability of Nonperturbed Nonlinear Third Order
Differential Equation

In this segment, we consider H-U stability of nonlinear differential equation

whose
P(t,u(t)) = 0 and P(t,u(t),u'(t)) = 0.
Firstly, we examine equation

() + B Fu(®)u () + g(u(t)) = 0, (4512)
with initial conditions u(ty) = u/(tg) = u”(tp) = 0
Our result is presented in the following theorem:
Theorem 4.46:
Equation (4.512) has Hyers-Ulam stability property with Hyers-Ulam constant
K=LZ", (4.513)
where
/OO |u/(s)|ds < L, L >0
ag)d
Z*=F' (F(1)+ Xa)
Proof:
If there exist a solution u(t) € C*(R, ) satisfied inequality
() + B(t) f (u(t))u'(t) + g(u(t))] <€, (4.514)
E)
—e < () + B(1) f(u(t)'(t) + g(u(t) < e, (4.515)
Multiplying inequality (4.515) by u/(t), we obtain
—edl(t) < (O (1) + B F(u(t) (W (1) + glu(t) (1) < el (1), (4.516)
Integrating from t, to ¢ thrice, using Lemma 1.1, let «”(¢) be nondecreasing con-

tinuous function, then u”(t) > 0 and applying equation (4.36) yields

G(u(t)) < e/t u'(s)ds — /t B(s)f(u(s))(u'(s))?ds. (4.517)
Let |G(u(t))] > |1,L(zf)|,|u’(t)|O < A, A > 0 and by hypothesis of the Theorem 4.46 we
obtain )

&Yt)' <1+ M /to B(s)f (@) ds (4.518)
for Le =Y

Applying Lemma 2.1 to mequahty (4.518), we get

|u1(/)| ( +>\2/ Bs ds) (4.519)
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By further evaluation of (4.519)

lu(t)| <Y Z(1), (4.520)

where Z(t) is defined as

Z(t)=F! (F(l) + A2 /tﬂ(s)ds) (4.521)
to

Let limy_ o tﬁ(s)ds = a < oo where a > 0, use all in (4.521), we obtain

() <YZ, " (4.522)

for

Z*=F'(F(Q1)+ Xa)

Replacing Y, in (4.522) we obtain

lu(t) —u(ty)| < |u(t)| < eLZ* (4.523)
Hence, we arrive at

|u(t) — u(ty)| < Ke

where

K=1Lz" (4.524)
The next interested equation to be considered is

u”(t) + Bt) f(u(t))u”" (t) + a(t)g(u(t))v'(t) + p(t)y(u(t)) = 0. (4.525)
with initial conditions u(ty) = u/(to) = v”(to) = 0. Definition 4.23:.

Equation (4.525) is stable in the sense of Hyers-Ulam, if there exists K >0, ¢ >0
and u(t) € C3(I, R) satisfying

[0 () + B(8)f (D) (1) + a(D)g(u(®)e'(2) + p(t) ) (u(b)] < e (4,526)
whenever the solution uy(t) € C3*(I, R, ) of the equation (4.525) satisfies

|u(t) — uo(t)| < Ke

where K is called H-U constant.

Theorem 4.47:

The nonlinear differential equation (4.525) has Hyers-Ulam stability property with

Hyers-Ulam constant is given as

K= Ervh o Q(1) Ay (B F(1) .
po ( ! T 7( F<1 (;(:; 1522)3)) (4.527)
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Proof:
Simplifying (4.516), integrating from ¢, to ¢ thrice, using Lemma 1.1, we get

t2/ "( ds+t2/ B(s)u"(s)f(u(s))u'(s)ds

e / o (s)g () (ul (3))2ds + 12 / p(s) (u(s))ul (s)ds < ef? / o/ (s)ds.

to to to

(4.528)

2
Multiplying through by 2 applying the equation (4.183) and by Theorem 1.1 there
exist &, p € [to, t] such that

t t d
u"(€) | u(s)ds+u"(p) | B(s)-F(u(s))ds
/tO t /t ds (4.529)

+ [ e [ et < e [ s
Inteératmg inequality (4. 529) by part, since (1) is a nc(;ndecreasing function, then
B'(t) <0, we get
w(©) [ (s)ds + ol ()5 Fu(t)
o (4.530)

t ¢ ¢

() [ als)gtu(s)ds + @) [ plsntuls)ds < [ (s)as

Taking the absolute value of both gides, let |u/(t)] < >\,0 W ()] < ¥, p(t) > 6
u’(p) < p where ¢, A\, 6, >0, and |F(u(t))| > |u(t)]

W () A (40

L L
where N = e%

By applying Theorem 3.16, we get
(4.531)

The inequality (4.531) becomes

u(p)] < N ( w2 Lot (7 (P04 25 [ a(@nas) ) as)
Ft (F(l) +:—;/t:oz(s))

lu(t)] < NOQ (Q(l) + %mv (F—1 (F(l) + :—Zn)))

Ft (F(l) +:—Z > :

Provided limy o [; a(s)ds = n < 00, limy s [,/ p(s)d

Hence, replacing N, we obtain )

lu(t)] < 6%9—1 (Q(l) + %mfy <F‘1 (F(l) + %n)))

F <F(1) + :—Zn) :

(4.532)

=m < oo, where n,m > 0.

(4.533)

Therefore,

Ju(t) = ulto)] < |u(ty < €K,
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where

i = o (o) + 2 (77 (P)+ 2 ))

We consider equation
(()p(u(t))u' ()" + (y(@) f (w®)u'(t))" + BE)g(u(®)u'(t) + p(u(t)) =0 (4.534)
with initial conditions u(ty) = u/(tg) = u”(to), where 8,7, € C(I,R,), g,p, f,p €
C(Ry), for I=(1,00) Ry =1[0,00] R = (—00,00), to be our next result.
Definition 4.24:
Equation (4.534) is stable if K > 0, € > 0 and solution u(t) € C3(I, R,) satisfying
|((@)p(u(t)u’(£)" + (v(&) f (w(t)' ()" + B(t)g(u(t))u'(t) + pu(t))] <€ (4.535)
whenever the uy(t) € C3(I, R, ) which is solution of (4.534) so that
u(t) —uo(t)] < Ke
where K is called Hyers-Ulam constant. Then, equation (4.534) is Hyers-Ulam
stable.
Theorem 4.48:
Let a(t),v(t), B(t) € C(R+ and a(t) > ¢, o/(t) < 0 with f,g € V. Suppose that
(1) limy—yoo /tﬁ(s)ds =m < oo, m> 0.

to

t
(ii) limt_m/ v(s)ds =n < oo, n > 0.

t,
then equatioﬁ) (4.534) is stable in the sense of H-U stability and H-U constant is

given as
K==t 253‘({;)’”%—1 (1) + Cymg (F~ (F(1) + Cyn)))
F U (F(1) + Cyn),
2[u'(n) | A2
fine Cp = oAIA A
detine C = Sow@) = 200w(@)]
Proof:

Evaluating inequality (4.535) to have

—el(a(®)p(u(t))u'(t))" + (v(O).f (w(t)u'(£))" + B()g(u(t)w'(t) + p(u(t))] < € (4.536)
Multiplying through by w(¢), to obtain
(

(a(O)p(u(®)u' ()" () + (y(£)f (u(®)u'(8)) "' (t)

(4.537)
+B(t)g(u(t) (u'(t))* + p(u(t)u'(t) < e'(t).
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Integrating Inequality (4.537) from ¢ to t and by Theorem 1.1, there exists e, 7, u €
[to, t] such that
t

u'(e) | (als)p(u(s)'(s))"ds + u'(n) t(v(S)f(U(S))u/(S))’ds
/tO /to (4.538)

t

()2 6()(())d8+/p( ())u <>ds<e/ /(s)ds

Integratmg tW1ce from tg to ¢ and applying Lemma 1.1 and multiplying through
2
by 2 for t > 1 we get

2
t?

t

t 2
—u'(e) [ as)p(u(s))u'(s)ds + u(n) v(s) f(u(s))u'(s)ds
/ /1 (4.539)

W [ Bt ds+/ p(u(s)u <>ds§e/t:u’<s>ds

Usmg Theorem 1.1, 4 t5 < ¢ <t such that

Su(e) / (s)pluls)u'(s)ds+ 20/ (n) | () F (s (5)ds

t2
(4.540)

t

) [ B)guls)ds + plule)) / (s)ds < ¢ / W/ (s)ds

to

Using equatlon (4.421) in inequality (4. 54()) integrating by part and recall «(t) >
¢, o/(t) > 0 and taking the absolute value, we obtain

20|u' ()| IP(u(s))] < e(L + |p(ulp))|L) +QIU'(77)|IU'(25)|/1 () f(Ju(s)])d

t (4.541)
OF [ Bslauts)a
Dividing inequality (4.541) by 2¢|u (e)] >0,
e(L+ [p(u(p)|L) | 2[u'(n ||u )|
P =55 2000z / (4582
iy o
(L+ lp(u >>|L>+2¢|u( E t°<ﬁ>(m) T
, _elL+ pluly U B 2
bet IHOT= A G = Zggtel — 7 Bgpaal © ~ ague ™
setting P(u(s))(u(t)| > |u(t)| and dividing through by C}, since f, g belong to the
class \IJ
|“ <1+C/ d+0/ﬁ (4.543)
By applymg Theorem 3. 16 one obtains
[l ’
)+Cs | B(s )+ Cy | v(6)dd ) | ds
T o t>> )
F! (F(l) + Cg/t w(s)ds)
Using conditions (i) and (ii), we have ’
|“é ) < Q7 (Q1) 4+ Csmg (FH(F(1) + Can))) F~1H(F(1) + Can) (4.545)
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we conclude that

u(t) = uo(t)] < Ju(t)] < L (L) + Comg (F (F(1) + Con)))

(4.546)
FH(F(1) + Con)

Replacing C', we have H-U constant given as

_ Llp(u)IL -
K== " (Q1) + Cymg (F~ (F(1)

+Con))) F~1 (F(1) + Cyn)

4.4 Hyers-Ulam-Rassias Stability of Third Order Nonlinear Differ-
ential Equation with Forcing Term

4.4.1 Introduction

In this unit, Hyers-Ulam-Rassias stability of nonlinear third order ordinary DE
with and without forcing term of different type of nonlinear equations are examined
using the previous tools. Furthermore, we obtain the Hyers-Ulam-Rassias constant
for each of equations considered.

4.4.2 Hyers-Ulam-Rassias Stability of Third Order Ordinary Differ-
ential Equation with Forcing Term

In this unit, the first equation to be considered is given as:

(4.547)
+B(t)alu(t)) = P(t,u(t), u'(t)),
with initial conditions u(ty) = u/(tg) = u”(to) = 0, where
PeCIxR % R,), acCIxR,Ry), Be€CIR,).
Definition 4.24:
Let u(t) € C3(I, Ry ) be any solution of
" (t) + f (& u(t)u' ()u” () + alt, u(t))u'(t) + B(t)a(u(t)) (4548)

_P(t>u(t)vul(t))| < 90<t)7

then, equation (4.547) is Hyers-Ulam-Rassias stable, if in addition function ¢ is a
nondecreasing, nonnegative and continuous on R, , and there exists any solution

up(t) € C*(R,) of equation (4.547) such that
|u(t) — uo(t)] < Cup(t)

C, a Hyers-Ulam-Rassias constant.
Theorem 4.49:

Suppose

IP(t,u(t), ' (£)] < w(®)p(u®]o(e' (),
lo(t, u(t))] < o) (|u(t)]),
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where k(t), ¢(t) are all nonnegative functions on C'(R) and the functions w, p, 0
are nonnegative, monotonic, nondecreasing. Let p,w belong to class of ¢ and
¢ : I —[0,00), be an increasing positive function, equation (4.547) is stable in the

sense of Hyers-Ulam-Rassias stability with Hyers-Ulam-Rassias constant

C, = %Ql <Q(1) + nl%@(k)A (Fﬁl <F(1) * % “/(”)|2>))

(4.549)
_ n
FH () + S o))
Proof:
Simplifying inequality (4.548) to obtain

—e <u”(t) + f(t u(t)u' ()" (t) + alt, u(t))u'(t) + B(t)a(u(t))

_P(tau(t)7u/(t)) < gp(t),
Multiplying by «(t) to have
u'()e(t) < u'()u”(t) + f(t, u()' () u” () (t) + ot u(t))u'(t)u' (1)
+B()a(ut))u'(t) — Pt ult), u'(£)u' () < o' (t)p(t).
Integrating thrice, using Lemma 1.1 and Theorem 1.1, there exist
€ € [to, t] such that

/me ))UWWH@MW/MM@W
o (4.551)

/ B(s Yu'(s )ds—/t P(s,u(s),u'(s))u'(s)ds S/t u'(s)p(s)ds.
Put " ’ ’
A(u(t)) :/ a(s)ds. (4.552)

(4.550)

Applylng equatlon (4.552) in inequality (4.551) to have

0+ [ st oyis + (W) [ als.ulsas
fo (4.553)

t

56) Awls))ds — [ Pls, )l Du)ds < [l (s)p(o)is
By 1ntegrat10n tby part we tg(;)et t:

"t +/ f(s,U(S),U’(S))U”(S)U'(S)ds+(U’(n))2/ afs, u(s))ds

to

+8 /5 ds—/ P(s,u(s),u'(s))u'(s)ds < (4.554)

to
t

/ u'(s)p(s)ds.

t

Suppose u'(t), 5(t) are nondecreasing functions on R, then u” (t), B(t) > 0, there
exist §, A > 0 such that |u/(¢)| > A, B(t) > 6, taking the absolute value, it is clear
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that

S A(u(®)] < A s)ds + |[u'(n la(s, u(s)|ds
/ / (4.555)

Setting | A(u(t ))| > |u | to have

1
] < 27 [ e(s)ds + 5 |2/ o) (ult)])ds
to to

%Q(A)A/to k(s)p(lu(s)|)ds

By Corollary 3.1, the result equals

(4.556)

o) < 52 [ elopas (9<>+§@<A>A RS

(o o [ sy0)) ) st )

Let the hmt_m/ k(s)ds = ny < 0o, where ny >0

to

(4.557)

t
limHoo/ k(s)ds = ny < 0o, where ny > 0, enables one to get
to
1 1 n
< 1o-1 1 1 N2, /o (12
0] £ e(0307 (20) 4 0200 (£ (F0) + S0 )?)) )

. (4.558)
FH (P + S (o))

where

t
3 [ ls)ds < (e

t
and0 constant .

C, - %Ql (Q(D + s (F*1 (F(l) + %W(n)ﬁ) )

P (FO) + e (n)P)

Hence,
|u(t) = uo()] < lu(t)] < Cop(t).
Now, we consider next equation given as

u () + f (&, u(t), o' () u” () + Bw (u(t)u' () + B(t)a(u(t)) = P(t,u(t),u'(t)) (4.559)
with initial conditions wu(to) = u/(to) = u”(ty) = 0, where B is a positive constant.
Theorem 4.50:
Suppose
|P(t,u(t), w'(£))] < w(8)p([ut) De(lu'(£)]),
where £(t) € C(R). If constant B > 0 and other functions remain valid in Theo-
rem (4.49). Then equation

u"(t) + f (8 u(t), u'(t)u” (t) + Beo(u(t)u'(t) + B(t)a(u(t))

= Pt ult), (1))
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has Hyers-Ulam-Rassias stability and Hyers-Ulam-Rassias constant is given as
1 ) 1o(AMA

e, =2 (14 IO Y g1 () 4 LA Y (4.560)
4] o o 9

Proof:

From (4.548), multiplying through by «/(¢) and integrating thrice, using Lemma
1.1 and Theorem 1.1 there exists £,0 € [to, t], we get

/ F(s,u(s), ()" () (s)ds + o () (u(5)) / o (5)ds
o (4.561)

t

Bs)alule)(s)ds — / Pls. u(s) ()il (s)ds < ' (t) [ (s)ds.
to t
Use the equatlon (4.172) and other conditions use to prove Thgorem 4.49 we have

A(u(t y<-|u |/ §)ds + = B\u()|w|u /|u JIds

| (4.562)
5 IP(&U(S)aU'(S))IIU'(SW«S‘
Setting |A(u(t))| > |u(t)], |w/(t)] < A, /t |u(s)|ds < L, for L, A\ > 0 and
1 1 e 7
[u®)] < < |1+ <Bw([u@))L )X [ ¢(s)ds
(o)
5000 [ w(o)p(lu(s) s
Using Theorem 2.9 on ineqtiality (4.563) to get
lu(t)| < % (1 + BML) Q! (Q(l) + %Q(;\))\nl) o(t) (4.564)

t
Provided limt_mo/ k(s)ds = ny < oo, where n; > 0 and

to

t
A/ p(s)ds < o(t)
t
and the Hyers-Ulam-Rasssias constant

C, = % (1 + BML) Q! (9(1) + %Q(E)Anl)

Hence,
u(t) —uo(t)] < fu(t)] < Cppt
This ends the proof.
In equation (4.547) if P(t,u(t),u/(t)) = 0, then, the following theorem is stated as
Theorem 4.51:
Given
W(E) + F(u(t), o ()" () + alt u(d) () + B(t)alu(t)) =0, (4.565)
equation (4.565) has Hyers-Ulam-Rassias stability and Hyers-Ulam-Rassias con-

stant is given as

C,= %Q—l <9(1) + %A%) : (4.566)
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Take

alt,u(®)] < s (u(b)),

where ¢(t) € C'(R,) together with function w a nonnegative, monotonic, nonde-
creasing.

Proof:

From definition of Hyers-Ulam-Rassias stability given above, it is clear that

=/ ()p(t) < u" () (t) + f(t,ult), ' (0)u" (t)u' (t) + alt, u(t)(u'(t))”

+B()a(ut)u'(t) < u'(t)e(t)
Integrating (4.567) thrice, by Lemma 1.1 and by Theorem 1.1,

(4.567)

if there exists 5 n € [to, ] t] such that

/ f(s,u(s),u'(s))u” (s )u’(s)d8+/ afs,u(s)(u'(s))ds
fo (4.568)

/ﬁ <m<ww/tmw

Using the condltlons and the steps in the proof of Theorem 4. 49, we get

|A(u(t))] < —|u (t)|/ o(s)ds + —|u (t) |2/ o(s)w(|u(s)|)ds (4.569)

Let (A ())| > |u(t)], /(¢ |<Awehave

()] < 5A/ ds+—/ é(s (4.570)

By Theorem . 9, we obtain

u(t)] < < / tgp(s)dsfr ( a1y + & / t(b(s)ds) (4.571)
6 Ju t 6 Ji

Let the lim;_,o, /to ¢(s)ds =1 < oo, then

o) < 3o (20)+ 50 (4572

where

A [ ety < o0,

anéothe H-U-R constant is given as

C, = %Q‘l (Q(l) + %2?"1> (4.573)

Hence,

|u(t) = uo(t)] < |u(t)] < Cop(t)

4.4.3 Hyers-Ulam-Rassias Stability of Nonhomogeneous and
Homogenuous Nonlinear Third Order Ordinary Differential
Equation

Different equations of nonhomogeneous and homogeneous nonlinear third order

ordinary differential equations are going to be studied in this section. One of the
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equations is written as

W(1) + F(E ult), w (O (£) + 5 (E)D(u(t) = P(L,u(t), o' (1)) (4.574)
with initial conditions u(ty) = u'(ty) = u”(to) = 0.

Definition 4.25:

Nonlinear equation (4.574) is Hyers-Ulam-Rassias stable, if there exits a positive
constant C,, called Hyers-Ulam-Rassias constant. For every continuous function ¢
which is nonnegative, nondecreasing and u(t) € C*(I, R, ) is any solution of

| () + [t u(t), w' () () + v () D(u(t) — P(t,u(t), o' ()] < o(t), (4.575)
and ug(t) € C3(R.) is any solution of equation (4.574) that makes

|u(t) — uo(t)] < Cop(t).

Theorem 4.52:

Let

G u(®), (8] < S(E)g(u® DA D)),

|P(t,u(t), ' ()] < a(t)w(lu@)|lu'(t)]",

where ¢(t), «(t) are nonnegative functions on C(R) and the functions g, h,w are
nonnegative, monotonic, nondecreasing. Furthermore, let function ¢(t) be defined
as in Theorem 4.50, equation (4.574) is Hyers-Ulam-Rassias stable and Hyers-Ulam-

Rassias constant is given as

Cp = Q71 (1) + d X (F (F(1) + doh(M)A?))) (4.576)
F=H(F(1) 4 dah(N)X?) |
Proof:

From equation (4.575) we deduce that
—p(t) < u”(t) + f(t, u(t), v () (t) + () D(u(t)) — P(t,u(t), o' (t))

< o(t),

(4.577)

Multiplying equation (4.577) by u'(t) we get
= ()p(t) < o/ (u” (1) + [t ult), w' (1)) (' (t)* +u'(t)7(t) D(u(t))

—u () P(t, ult), u'(t)) < u'(t)e(t).
Integrating thrice using Lemma 1.1

(' (1))? /to f(s,u(s),u/(s))ds +'(t) /to v(8)D(u(s))u'(s)ds (4578)

t t

e / Pls,u(s),/(s))ds < /(1) / o(s)ds,
t &

Note: if v'(t) a nondoecreasing function on C (R+)? it is certain for u”(t) > 0, with

advantage of this, we have
u(t)
D(u(t)) = D(s)ds, (4.579)

u(to)
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together with v(¢) being a nondecreasing function, then /() > 0 and taking the

absolute value we get .
|MMW@WMMM§W%»/¢@@
. ‘o (4.580)
!2/ | f(s,u(s), u'(s))|ds + [u' ()] | [P(s,u(s),u'(s))|ds,

to

Settlng /()] < X\ where A > 0, v(t) > n, n > 0 and using the hypothesis in the
theorem and let |/ (¢)||v(¢)||B(u(t))| > |u(t)|, to give
t t
0] < [ plo)ds + hON [ ols)gllus) s
to to
) (4.581)
—i—)\”ﬂ/ a(s)w(|u(s)|ds,

to

Using Corollary 3.1, 1imt_>oo/ ¢(s)ds =dy < 00, dy >0
to

t
limHoo/ K(s)ds = dy < 00, dy > 0, then

to

u(t)] < @A (1) + dy A" w (1 (F(1) + dah(A)A2

(4.582)
) F7H (F(1) + dah(N)A?)

1 t
Provided )\z/ o(s)ds < o(t)
¢
Hence, ’

u(t) = uo(t)] < [u(t)] < Cpi(t)

C,=07" (Q(l) + di A\ (F*1 (F(l) + dgh()\))\Q))) F! (F(l) + dgh()\))\2)
The consequence of Theorem 4.52 is given as:

Theorem 4.53:

Let all the conditions of Theorem 4.52 remain valid. If

(& ult), o' ()] = [Pt u(t), u'(t)] < alt)w(fult)||v' ()"

Then, equation(4.574) has Hyers-Ulam-Rassiaa stability with Hyers-Ulam-Rassias

constant
C, = %Q‘l (9(1) + d3M> (4.583)
Proof
Follow the steps of proof of Theorelin 4.51 to inequality (4.579), to get
o' ()7 (@)|1B(u(t)] < W(t)!/ p(s)ds
(4.584)

HIGO + 1O [ 17Gsuts) a6
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Using hypothesis giving in the Theorem 4.53 to obtain
t

[/ (OO B(u(t)] < IU’(t)I/t p(s)ds

t (4.585)
(| (W () + (¢t )I)/ a(s)w([u(s)|[u'(s)|"ds.
By simplifying inequality (4.585) further to get
o' (O[O B(u(®))] < |u'(2)]
/ (4.586)

(| (W @O) + [ ()] (¢ )|”/ a(s)w([u(s)|ds
to
Setting |u/(t)] < A where A > 0, |v(t)] > n, n > 0, using the hypothesis of the
Theorem 4.53 and taking |u'(¢)||B(u(t))| > |u(t)|, equals to
(N2 + )N [
lu(t)] < )\ o(s)ds + ——— [ a(s)w(Ju(s)|ds (4.587)

to to
t
Applying the Theorem 2.9, let the limt_mo/ a(s)ds = ds < oo, where d3 > 0,

to
then

P
u(t)] < 9 (Q(l)+d3

t
Provided )\/ o(s)ds < @(t).

to

2 n—1
M) 0<t<b, (4.588)

Hence,
[u(t) —uo(t)] < |u(t)] < Cpip(t)
where

1
C, = 0t Q1) + ds

n n
If P(t,u(t),u(t)) = 0. then, equation (4.574) reduce to

u" () + [t u(t), w' ()u'(t) + (1) D(u(t)) = 0 (4.589)
with initial conditions u(ty) = u'(tg) = u”(to) = 0.
Theorem 4.54:

(A2 + )"

Suppose

|f(t,u(®), «' ()] < o) g(Ju®))h(u'(B)]),

where ¢(t) a nonnegative function on C'(R. ) and the functions g, h are nonnegative,
monotonic, nondecreasing. ¢(t) in the same way as in Theorem 4.53, equation
(4.589) is Hyers-Ulam-Rassias stable and Hyers-Ulam-Rassias constant is given as
c, = o (9(1) + M) (4.590)
Proof7:7 !

By simple evaluation of (4.575) with P(¢,u(t),u'(t)) = 0 to have

—p < u”(t) + [t u(t), o' () (t) + () D(u(t)) < o(t).
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Multiplying by /(t), if «”(t) a nondecreasing then u”(¢) > 0, using equation
(4.579), we obtain
d

/ Flsu(s). o (s))ds + (1 /t:w<s>EB<u<s>>ds

. ) (4.591)
< u’(t)/ u'(s)p(s)ds

to
Integrating by part, since () is a nondecreasing function,

then 7/(t) > 0, +/(t) > 0, taking the absolute value and applying the
hypothesis of Theorem 4.54, we obtam
1. /7 )\2h()\)
[u(@)] < =A | @(s)ds + ——— ¢(S)9(|U(8)|)d8, (4.592)
for |B(u(t))] 2 lu(t)|. Applying thoe Theorem 2.9

|Uﬁ)|§<ﬂ@)%9‘1<kxl)%—gki£§52) (4.593)

t
provided )\/ o(s)ds < p(t)
¢
Hence, ’

[u(t) — uo(t)] < |u(t)] < Cypip(t)
one defines

1o diX2h(N)
C¢_7fz (Qa)+-—77——). (4.594)

4.4.4 A Perturbed Nonlinear Third Order Ordinary Differential Equa-
tion

In continuation of our discussion on Hyers-Uulam-Rassias stability. Equation
(r(H)e(u(®)u' ()" + F(t, ult),u' (£)u" () + g(t u(t), ' (t))u'(t)
+B(1)0(u(t)) = P(t, u(t), u'(t))

(4.595)

with initial value
u(to) = u'(to) = u"(tg) =0
has been giving deep attention in examining its stability via Hyers-Ulam-Rassias.
Definition 4.26:
The nonlinear differential equation (4.595) has Hyers-Ulam-Rassias stability prop-
erties, if there exits C, > 0 called H-U-R constant. For every continuous function
¢ which is nonnegative, nondecreasing and u(t) € C3(I, R, ) is any solution that
is satisfied equation
| (r(t)p(u(t)u' ()" + F(t, (), u' (E)u"(8) + g(t, u(t), o' (t)u'(t)

+B8()(u(t)) — P(t,u(t),u'(t))] < ¢(t)

(4.596)
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there exists a solution uy(t) € C3(R.y) of equation (4.595) such that

u(t) — wo(t)] < Cplt)

Theorem 4.55:

Suppose the following conditions

(1) [f( u(t), o' ()] < o()y(lu@) A (#)])

(i) [P(¢, u(t), w' ()] < a(t)w(lut)][u' ()"

(ii)]g (2, u(), w'(t))] < w(t)p([u(®))]' ()]

(iv) |u'(s)|ds < L, where L > 0

are sa%)isﬁed, o(t), a(t),k(t) € C(Ry) and the functions v, h,w, 1) are nonnegative,
monotonic, nondecreasing. Also, define ¢ : I — [0, 00], then, equation (4.595) is

Hyers-Ulam-Rassias stability with
Cy = (5(p)U(Ju(p) )AL + DI [I(1) + maw (@7 (Q(1)+

(4.597)
ma(T7)) T7] Q71 (1) +msd (1)) T
Proof:
From equation (4.596), it is clear that
—p(t) < (r(O)o(u(®)v'(1))” + f (¢, ut), w'())u"(t) + g(t, u(t), v'(£))u'(t) (4508)

+0(1)0(u(t)) — P(t,u(t), u'(t) < (1)

Multiplying inequality (4.598) by u’(t) to have
—u'(t)(t) < (r(H)d(ut)u' ()" u'(t) + f(t u(t), o' ()" (' (1)
+g(t, u(t), /(1)) (W' (6))* + B () (t) — Pt u(t), w' (1) (1) < u'(t)o(t)

(t

(4.599)
Integrating the equat10n(4 599) trlce and using Lemma 1.1
u'(t) /t (r(s)p(u(s))u'(s)) ds + u'(¢ / f(s,u(s "(s)ds
v 2t
+u'(t)§ /to g(s,u(s),u' (s))u'(s)ds + u'( / B(s ds (4.600)

—u’(t)g /t P(s,u(s), v/ (s))ds < (1) /t o(s)ds

Use equation deﬁnes as

/ d(u (4.601)

in inequality ( 4 599) to have
2t

u'(t) t r(s)iJ(u( ) dsu(t)t— f(s,u(s),u'(s))u”"(s)ds
. ds 2

+u’(t)%/t g(s,u(s),u’(s))u'(s)ds—I—u’(t)% t B(s)d(u(s))ds (4.602)
—u'(t)% t P(s u(s),u'(s))ds<% t o(s)ds



Integrating by part, since r(¢) is a nondecreasing, nonnnegative function on R,

t
then 7/(t) > 0 and there exists § > 0 such that ( ) >0

5 (8)J (u(t)) < <¢/ $)ds — (¢ !/fsu /(5)ds

—u'(t)/tg(s,u(s),u (s))u'(s)ds — /(¢ /63

ﬂmy/P@u@ ((s))ds

Taking the absolute value of both sides of mequahty (4. 603) to have

S (]| (1) < o y/ s)ds — ot y/usu )l ()]ds

e y/msu )l (sl)ds — o y/ﬂ s

+Hu'()] t IP(S u(s), u'(s))|ds.

Setting d|u/(¢)|]J (u(t))] > |u(t)| and using Theorem 1.1,
there exist &, p € [to, t] such that
<1l [ o)

W E) [ 156 6Dlds + 0t [ G
HO! [ S uto)as + ¢ |/+Psw>u@mw.

Using the hypothesas of the Theorem 4. 55, to obtain

u(t)] < u'(t y/ $)ds + (¢ y/¢ /(5)])ds

() u () (o) L + 1l (¢ |[ﬂs (fu(s)])ds
HM®W“[a®MW@m%

It follows that

()] < (5(p)e(Julp) D' (p)| L + )] (2) \/

() (e (¢ /¢

+u'(2)] ﬁ( )0(Ju(s)l)ds + [u/(¢ )|”“/ afs)w(lu(s)|ds

t
Setting |u (t)] < A where A > 0, we obtain

u(t)] < (s(p )¢(IU(/))|)AL+1)A/ ¢(S)d8+kh(k)/t ¢(s)v(|u(s)])ds

to
|

+)\/t B(s)d( u(s)|)ds+/\"+1/t a(s)w(|u(s)|ds
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By application of the Theorem 3.17

u(t)] < (x(p)(lulp )|)AL+1)A/t p(s)ds

{r 1) +/\”+1 a(s)w (1 (Q1)+  (4.609)
A [ smacrin) ) Tisias| o (1) + / HT (s ) T(0)
Where T (t) is defined as
T(t)=F! (F(l) + Ah(N) /t: ¢(3)ds) (4.610)

Let (i) hmt_m/ a(s)ds < my where m; > 0,

to

(ii) limt_m/ ¢(s)ds < m2 where my > 0
t

(iil) limy 00 /t B(s)ds < ms where mg > 0

(A [ pls)ds < ol

The inteoquality (4.609) becomes

u(t)] < () (k(p)Y(Ju(p) DAL + 1T [T(1) + mp X" (71 (Q(1)+
ms(T))) T] Q7 (1) +msd(T)) T

Where T' a positive constant defined as

T = F 1 (F(1) + maAh())) (4.612)

(4.611)

Therefore,
Co = (R (u(p)DAL + T [T(1) + N (27 (Q(1)+

ms(T))) T] Q1 (1) +msd(T)) T

Hence,

u(t) = ulto)] < [u(t)] < Cpelt)

Theorem 4.56:

Let all the conditions of Theorem 4.55 remained valid. Suppose g(t, u(t),u/(t)) = 0,
so (4.598) reduce

(r(t)d(u(t))u'(t))" + f(t, u(t), ' ()" (t) + B)d(u(t)) = P(t, u(t),u'(t). (4.613)
In addition, Equation (4.613) posses Hyers-Ulam-Rassias stability with Hyers-

Ulam-Rassias constant
Cp=T7"[T(1) + myw (Q71 (L) +ms(T%))) T*] @ (L) + msd(T)) T*
(4.614)

where T' a positive constant defined as

T = F 1 (F(1) + myh())) (4.615)
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Proof:

Evaluate inequality (4.596), mtegratmg the result trice using Lemma 1.1,

w@/@@wwm< s+ /fsu () (5)ds
/ B(s ))ds —u'(t) = 5 / P(s,u(s),u'(s))ds (4.616)

to

Su'(t)%/ o(s)ds.

to
Integrating by part, recall r(t) is a nondecreasmg function, 1mplies r(t) >0

2 t

2 (b (1) (u(t)) < /(1) ds — (1) | F(su(s) () (s)ds

! /t / (4.617)
(1) 50((D%+M)/P@M$ /(5))ds

to
Since r(t) is nonnegatlve ;nondecreasing function on R, there exists > 0 such

that %, then setting 0|u'(¢)|J(Ju(t)|) > |u(t)| and using Theorem 1.1,
there exist £ € [tyt] such that
Lulﬂul/ s)ds -+ M”!/Usu w(s)ds
(4.618)
+u'()] 5( )0(fu(s))ds + |u'()] |P(S u(s), w'(s))|ds.
Using the hypothe81s of Theorem 4.56, lettmg |/ ()] < A where A > 0, simplified

further to obtaln

|u()|<)\/ o(s)ds + Mh(\ /¢ u(s)|)ds oo

+)\/ B(s ))ds + Am+L /t:a(s)w(|u(s)|ds

By Theorem 3.17 we have

lu(t)| < /\/ o(s)dsT ™! [F(l) + /\"+1/ a(s)w (1 (Q1)+
o o (4.620)

( )o(T'(n))d )> T(s)ds} Q! <Q(1) + /\/t:B(s)é(T(s))ds> T(t)
note that T(t) is defined as
T(t) = F-' (F 1)+ A(N) /1t tgb(s)ds.) (4.621)
?ijtlimtﬁoo /tt a(s)ds < my, where my; > 0,
(il) limy oo /tt o(s)ds < mg, where my > 0
(iii) limy_se0 /t B(s)ds < mg, where ms > 0

ow§f¢@wgw@.

to
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Then, the inequality (4.619) becomes
lu(t)] < AT [T(1) + ma A" w (@71 (Q(1)+

(4.622)
m3(T))) T*] Q71 (L) +myd(T™)) T*
Taking T™ to be a positive constant defined as
T = F7H(F(1) + maAh(N)) (4.623)

Therefore,

Co =T7"[T(1) + midw (Q7 (L) + maA(T%))) T Q7 (1) + msAd(T7)) T
Hence,

|u(t) — u(to)| < |u(t)| < Cpp(t)

Theorem 4.57:

Let equation

(r(®)o(u())u' ()" + g(t, u(t), o' (£)u'(t) + B(t)a(u(t))

= P(t,u(t),u'(t)) < o(t)
be derived from (4.595) by letting f(t,u(t), v (t)) = 0 is said to be Hyers-Ulam-

(4.624)

Rassias stable and Hyers-Ulam-Rassias constant denoted by
C,=TI" [F(l) + N'myw (Q_l (Q(1) + mgd(H*))) H*]

(4.625)
Q1 Q1) + mad () B
S(t) defined as
H*=F~' (F(1) + X*k) (4.626)
Proof:
Evaluating the inequality (4.596) to get
—o(t) < (r()o(u(t)v'(t))” + g(t, u(t), w'())u'(t) (4.627)
FBMO(u(t)) — Pl u(t), W' (1)) < ¢(t)
Multiplying inequality (4.627) by u/(t) to get
—u()p(t) < u'(t) (r(t)g(ult))u' ()" + g(t,ut),u' () (' (t))? (4.628)
FBS((t)) (1) — P u(t), o (1) < o/ (2 (1)
Integrating the inequality (4.628) trice and using Lemma 1.1
u’(t)/t (r(s)%J(u(s))) ds + u'(t)%/t g(s,u(s),u'(s))u'(s)ds
—|—u'(t)% t B(s)d(u(s))ds — u'(t)%/t P(s,u(s),u'(s))ds (4.629)
< u’(t)% o(s)ds
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Integrating by part, since r(t) a nonnegative, nondecreasing function on R, implies

Y1) > 0,
u/(t)t%mw(u(t)) <u(t)t / pls)ds — /(1) / o(s,u(s), 4 (s))ed (5)ds
/B ds+u()11€/t P(s,u(s),u'(s))ds

r(t)

Taking absolute value, there exists 0 > 0 such that S Th > 0, then,
setting |u’(¢)[J(|u(t)]) > |u(t)|, and by Theorem 1.1, there exists
p € [to,t] such that

u(t)] < (¢ |/ ()ds + [ (8) [ |/|gsu () () ds
e |/5 5(u(s)))ds + (¢ y/ypsu /(5))[ds

By hypothesis in Theorem 4.56 , if |u/(t)| < A where A > 0 we get

fu(t)] < A / o(s)ds + X / () (Juls) ) ds

to to

B( )O(Ju(s )!)d8+A”“/t a(s)w(lu(s)ds

Applylng Theorem 3.17 to get

(o] <3 [ ployas [rw / s (@7 (1)

s

to
where

H(t)=F"! (F(l) + A3 /t: /{(s)ds)

Letting
t
(i) limt_m/ a(s)ds < my where my > 0,

to

t
(ii) limt_m/ kds < k where k > 0

to

(iii) limHoo/ B(s)ds < mz where mg > 0

(iv) )\/ o(s)ds < @(t).

¢
Applyin(é the limits of integrals to equation (4.634) becomes
lu(t)] < eI [T(1) + A'maw (Q7 (L) + msd(H"))) H*]

Q1 (Q1) +msd(H*)) H*
H* is taking as positive constant

H*=F' (F(1) + X°k)
Hence,

u(t) = ulto)| < [u(t)] < Cop(t),
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where

Co=T""[T(1) + N 'myw (Q71 (L) + maAS(HY))) H*]

Q7 Q1) + maAS(H*)) H*
Last equation to be derived from (4.595) is given in the form

(r()o(u()u'(6))" + f(t, ult), o/ (8)u" () + g(t, u(t), o' (1)) (¢)
+6()d(u(t)) = 0

with initial conditions u(ty) = u'(tg) = u”(to) = 0, if P(¢,u(t),u'(t)) = 0.
Theorem 4.58:

(4.637)

Equation(4.637) is Hyers-Ulam-Rassias stability and given a well defined Hyers-

Ulam-Rassias constant as

Cp = Q7" [Q(1) + maAd (T71 (T(1) + Xkep(9))) S*]

(4.638)
I~ (T(1) + Xmsyp(S7)) S*
Proof:
From inequality (4.596), it is clear that
—p(t) < (r()o(u(®)v'(1))” + f (¢, ut), w'())u"(t) + g(t, u(t), u'(t))u'(t) (4:639)
+A(1)o(u(t)) < (1)
Multiplying inequality (4.639) by u'(t) to have
—u'(t)p(t) < (r(H)p(u(t))u' ()" ' (t) + f(t, u(t), u'(t))u” (t)u'(¢) (4,640)
gt u(t), /(1) (W' (£)* + B(E)I(u(t)u'(t) < v/ (t)p(t)
Integrating the equat10n(4 640) trlce and using Lemma 1.1
u’(t)/t(r(s) (u(s))u'(s)) ds + u'(t /fsu "(s)ds
+u/(t) = 5 / g(s,u(s),u'(s))u'(s)ds (4.641)
+u'( t2/ B(s ))ds < u'(t )t;/t ©o(s)ds
Use the equation defined in (4. 601 to have ’
u’(t)/t (r(s)d )dsu / f(s,u(s '(s)ds
+u/(t )2 /t g(s,u(s),u'(s))u'(s)ds (4.642)

w0y [ s < 5 [ o

Integrating by part, since r(t) is a nondecreasing, nonnnegative function on R,

(t)

then 7/(¢) > 0 and there exists 6 > 0 such that —= >§

(1) () < </ $)ds — |/t I/fsu /(s)ds

—u'(t)/ttg(s,u(s),u (s))u'(s)ds — /(¢ /t,ﬁ s
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Taking absolute value of 1nequahty (4.643)

Sl ()19 (0| < ¢ r/ s = (0] 11099 (9
) / 95, u) DI sDds — 0] [ )ty
Setting d|u'(¢)|]J (u(t))| > ]u( )| and using Theorem 1. 1

there exist &, p € [to, t] such that

(6] < ' \/

el ()l (€) |/|fsu HIds + [ (8) 9o, ulp) |/

+u' (¢ \/63 (Ju(s)])

Using the hypothe51s of the Theorem 4.55, to obtain

u(t)] < (¢ |/ $)ds + [u/(¢ \/cb /(5)])ds

+Hu' ()1 ()¢ ([ulp) ) (p)| L + |u'(t !/t B(s)d(|u(s)])ds.

Setting |u/(t)| < A where A > 0, to have
i

lu(t)] < A/ (s)ds + A*h( / (s

+A3/t< ()0 (Ju(s) ) ds

By application of the Theorem O3 17 we have

|u(t)|§A/to dsQ[ +)\/6

£ /t:mww(sm))dn)) s(syis| et (20 + ¥ / (s >w<s<s>>ds) s()

Let
St)=r"! (F(l) + Ah(N) t ¢(s)czs)

0
Assuming the following limits are ascertained
t

(i) limHoo/ k(s)ds < k where k > 0,
to
t
(ii) limt_m/ ¢(s)ds < m2 where my > 0
to
t
(iii) limt_,oo/ B(s)ds < mgz where mg > 0

(iv) A / o(s)ds < o(t).
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Inequality (4.648) reduce

u(t)] < p(H)Q7 [Q1) + msAd (D7 (T(1) + Ak (S7))) 5]
I~H(D(1) + Nmgip(S*)) S*

where S* a positive constant defined as

S* = F~1 (F(1) + maAAh(N)) (4.651)

(4.650)

Therefore,
Q7 [QL) + magAd (D7 (D(L) + Nkyp(S7))) S*] T (D(1) + Nmahp(S*)) S*
Hence,

u(t) —ulto)] < [u(t)] < Cpp(t)

4.4.5 Hyers-Ulam-Rassias Stability of Nonlinear Third Order
Damped Ordinary Differential Equation with Forcing Term

The stability of nonlinear third order damped equations with forcing term are
considered and their Hyers-Ulam-Rassias constants are obtained.
(a(@)e(u(®)u'(t))" +r(E)u" () + p()u'(t) + () f (u(t)) = P(t, u(t), o' (t)). (4.652)
(a(@)e(u(®))u'(t))" + p()u'(t) + q(t) f(u(t)) = P(t,u(t), u'(t)). (4.653)
(a()u'(£))" + r(t)u”(t) + p(t)u'(t) + q(t) f (2(t)) = P(t,ult), v'(1)). (4.654)
(a(®)u' ()" + p()u'(t) + q(t) f (u(t)) = P(t,u(t), u'(t)). (4.655)
with initial conditions u(ty) = u'(ty) = u"(to) = 0, where t € I = [ty,b)(b < 00),
a,r,p,q € CALR), f,v € (R,R), P € C(IxR2R), R = (—00,0) and R; =
[0, 00). The definitions of aforementioned equations are given below.

Definition 4.27:
Equation (4.652) is Hyers-Ulam-Rassias stable, if there exists u(t) € C3(R) any

solution satisfies inequality

[(a(t)(u(t)w'(t)" +r(t)u” () + p(t)u'(t) + q(t) f(u(t) — P(t, u(t), u'(t))| (4.656)
< o(t)

where a positive function defined as ¢ : I — R, and there exists solution ug(t) €
C3(R) of equation (4.652) such that

u(t) = uo(t)] < Cop(t)

holds for C,, is taking as Hyers-Ulam-Rassias constant.

Definition 4.28:

Let solution u(t) € C3(I, R) satisfying

|(a()u'(£))" + r(@)u"(t) + p()u' (1) + q(t) f(ult)) — P(L,ult), w'(1))] < ¢(t), (4.657)

154



also taking uo(t) € C*(I, R) to be any of solution of (4.654) which satisfies

u(t) = uo(t)| < Cop(t)

defined ¢ : I — R and C,, denotes H-U-R constant. Therefore equation (4.654)
is Hyer-Ulam-Rassias stability.

Firstly, we consider equation (4.652) as follows:

Theorem 4.59:

The equation (4.652) together with its initial conditions is Hyers-Ulam-Rassias
stable provided under-listed are obeyed.

(i) Let h |u/(s)|ds < L, /OO u”"(s)ds < N for L, N > 0.

(i) If it Itloappens that ¢(t) éo C(IL,Ry)

so that [Pt u(t) (1))] < o(t)m(u(t))(u/(1))* where n € N

(111)11mt_,oo/ q(s)ds = k1 < oo and hmHoo/ o(s)ds = ky < oo, where kq, ko > 0.

to

(iv) Assume A > 0 implies |[v/(t)] < A, and )\/ o(s)ds < @(t) for t €1
t
Hence, Hyers-Ulam-Rassias constant ’

Co = (Lp(&) +r(p)N + 1) (L) + Akyow (F~ (F(1)

(4.658)
N ) FH(F(L) + A ky) tel
Proof:
From equation(4.656), we get
—p(t) < (a®)y(u(t))w ()" + r(t)u"(t) (4.659)
+p()u'(t) + q(0) f (u(t)) = P(t,u(t), o' (t) < o(t)
Equation (4.659) reduce to
(a(@)e(u(®))u'(t))" +r(E)u"(t) + p()u'(t) + q(t) f (u(t)) (4.660)
_P(ta u(t)v u/(t)) < gp(t)
Integrating (4.660), equals
(@ (w@)u'(t)) + [ r(s)u"(s)+ [ p(s)u'(s)ds + [ q(s)f(u(s))ds
/to /t?t /to . (4.661)
—/t P(s,u(s),u'(s))ds < /t o(s)ds
By integrating (4. 661) ' 0
a(t)y( u’(s)ds* +
o e | Lo

[ Lo | frosoonss | o
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Integrating and applying Lemma 1.1, to get

/ a(s)¢(u(s))u'(s)ds+% / r(s)u”(s)ds+% / p(s)d(s)ds

tzto ‘ 2 o t?t? (4.665)
—|—§ t q(s)f(u(s))ds—;/t P(s,u(s),u'(s))ds < B ) @(s)ds

Multiplying by u/(t), using equation (4.172), integrating by part, if a(t) a nonde-

creasing, it gives a/(t) > 0, to have
2 2

o (a()A(u(t)) + (1) / (s (s)ds -+ (1) 5 / p(s)(s)ds

to to

u (t)t; /t a(s) f(u(s))ds—u’(t)g /t P(s, u(s),'(s))ds (4.664)
Su(t)g/t o(s)ds

1
Multiplying by 2 applying Theorem 1.1 there exist ty5 < &, p <t such that

Ll a®A @) + o (©)r(p) / u"(s)ds

2
t to
t

w097 [ ws)ds+ i) [ ats)fu)ds (1.665)

—u/(t)% / ' P(s.u(s). o ())ds < u’(t)% / o(s)ds
Taking thteO absolute value of both sides, tt)oy conditions (i) and (ii) of Theorem 4.59,
we get
FOROA) < O] [ o) + WO N + L
(4.666)

+Hu'(1)] Q(S)f(|U(8)DdS +(lu' ()" ¢(S)W(|U(S)|)d8
to to
Since a(t) a nonnegative, nondecreasing function on Ry then there exists 6 > 0
1
such that t—za(t) > 0, hence, setting |u/(t)] < A, and JA(|u(t)]) > |u(t)], it is clear
that

lu(t)| < (Lp(§) +T(p)N+1)A/ w(S)dSJrA/ q(s)f(lu(s)|)ds
fo fo (4.667)

¢
vt [ oo)muts) s
to
Applying the Corollary 3.1, we get
u(®)] < (Lp(§) +r(p)N +1)

/\/totcp(s)dsQ_l( +A/ ¢(s)w (F~H (F(1) (4.668)

FAnH /totq(a)da)) ds) F- (F( ) 4+ A+ q(s)ds)
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Employing conditions (iii) and (iv) of Theorem 4.59 to obtain

lu(t)| < (Lp(&) + r(p)N + 1)Q7" (Q1) + My (F~' (F(1) + X" 'ks)))
FH(F1) + A ky) (t) tel

Therefore, Hyer-Ulam-Rassias constant is

C, = (Lp(&) +r(p)N + 1) (Q1) + Meayw (F7 (F(1) + X" k)

FUF()+M"ky) tel

If r(t)u” (t) = 0, the equation (4.652) reduce to

(a()y(w(t)u'(t))" + p(t)u'(t) + q(t) f (u(t)) = P(t,u(t), u'(t)),

with initial conditions u(ty) = u/(to) = u”(t) =0,

Theorem 4.60:

(4.669)

(4.670)

The equation (4.670) together with its initial conditions is Hyers-Ulam-Rassias

stable provided the conditions enumerated in the Theorem 4.59 are satisfied. Then,

Hyers-Ulam-Rassia constant

Cyp = (Lp(&) + 1) (Q) 4+ My (F~H (F(1) + X" k)
FHFQ)+\"ky) tel

Proof:

From equation(4.656), let r(t)u”(t) = 0, to get

—p(t) < (a()¥(u(®))u'(t))" + p()u'(t) + q(t) f(u(t)) — P(t,u(t), u'(t))

< (1)

Consider the left hand side of Inequality (4.672) to have

(a(@)e(u(t))u'(£))" + p(t)u'(t) + q(t) f (u(t

—P(t,u(t),u'(t) < p(t
Integrating (4.673) to get

(d.
)
)

(@O @) + [ o)+ [ g uls)ds

to to

_/ttp(s u(s), ' (s))ds < /ttgo(s)ds

By integrating (4.674) we have

a(t)y( // dsds—l—// ))dsds
// (s, u( dsds<// s)dsds
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Integrating and applying Lemma 1.1, to get
¢

/ a<s)¢(u(s))u'(s)ds+% / p(s)(5)ds

—i—% \ q(s)f(u(s))ds — %/to P(s,u(s),u'(s))ds (4.676)
< g ©o(s)ds

to

Multiplying by '(¢), using equation (4.298) integrating by part, if a(¢) a nonde-

creasing, it gives a/(t) > 0, to have
2 2

wmwmm»wm%jmwmwﬁwngMWW@m
- o (4.677)
—u’(t)g/ P(s,u(s),u'(s))dsSu'(t)g/ o(s)ds

to to
1
Multiplying by 2 applying Theorem 1.1 there exist ;5 < &, < t such that
1 t

!/ / 1 ! !/ / 1
0 (0aOAO) +@pO7 [ w07 [ alo)f(uls)ds
. o fo . (4.678)
—u'(t)z/ P(s,u(s),u'(s))ds < u'(t)z/ o(s)ds
to to
Taking the absolute value of both sides, by conditions (i) and (ii) of Theorem 4.59,

we get

U OaAu) < 1 y/ s)ds + Lp(©
(4.679)

t
+|U/(t)!/ q(s)f(Ju(s))ds + (lu'(0)])"** ¢(8)W(|U(8)Dd5
to to
Since a(t) a nonnegative, nondecreasing function on R, then there exists 6 > 0
1
such that t_Qa(t) > 0, hence, setting |u/(t)] < A, and dA(|u(t)]) > |u(t)], it is clear
that .

u(t)] < (Lp(€) + 1)A/t p(s)ds + A/t q(s)f ([u(s)[)ds

¢
+/\”+1/ o(s)w(|u(s
to

Applying the Corollary 3.1, we get

(4.680)

u(t)] < (Lp(§) +1)
/\/to go(s)dsQl( +A/ P(s (£(1) (4.681)

At /totq(a)d(Jz)) ds) F! (F(l) + At /t:q(s)ds>

Employing conditions (iii) and (iv) of Theorem 4.59 to obtain
lu®)] < (Lp(&) + Q™ (L) + My (F~' (F(1) + A" 'k2))) (4.682)
FU(F(1) + A hy) o(t) tel '
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Therefore, Hyer-Ulam-Rassias constant is
Co = (Lp(&) + Q™ (QL) + My (F~ (F(1) + A" k)
FHFQ)+\"ky) tel

In our next consideration, equation (4.652) is considered in the form
(a(@)(u(®)u'(t)" +r(t)u"(t) + p(H)u'(t) + q(t) f (u(t)) = 0. (4.683)
with initial conditions u(ty) = u'(to) = u” (to) = 0.
Theorem 4.61:
The equation (4.683) together with initial conditions posses Hyers-Ulam-Rassias
stability provided conditions in Theorem 4.59 remain valid. The Hyers-Ulam-
Rassias constant is given as:
Co = (Lp(&) +r(p)N + )p()27" (1) + k1 A) (4.684)
Proof:
From equation(4.656), we get
—p(t) < (a(O)(u(t)u'(t))" + r(t)u (1)

+p()u' () +q(t) f(u(t)) < o(t)
From inequality (4.685) we have
(a()(u(®)u’(£)" + r(t)u” (t) + p(t)u'(t) + q(t) f (u(t)) < @(t) (4.686)
Integrating (4.686) to have

(4.685)

<wwwmme+/r@w@+/p@w@w+/q@ﬂwmw
o o o . (4.687)
< /t o(s)ds

By integrating (4.687)

a(t)y( // u"( dsds—l—// s)dsds

(4.688)
/ / ))dsds < / /
Integrating and applyni(:g ﬁoemma 1.1, to get
t t t tQ t ,
/«mw@wmw+l/<><m+5/mm@m
to to to
2 2t (4.689)
+g | a)fus)ds < 5 [ elds

Multiplying by u/(t), using equation (4.298), integrating by part, if a(t) a nonde-
creasing, it gives a/(t) > 0, to have

2t ¢
u ()a(t)A(u(t)) + o' (t)= | r(s)u"(s)ds +u'(t)= [ p(s)u'(s)ds
2 /to 2 /to (4.690)



1
Multiplying by 2 applying Theorem 1.1 there exist ¢y < &, p < t such that

L Oa®A W) + o @)r(p) / W(5)ds

2
t to
t

o (t)p(e)7 / W (s)ds + (1) 7 / 4(5) f(u(s))ds (4.691)

to to

Su'(t)%/t o(s)ds

Taklng the absolute value of both sides, by condition (i) of Theorem 4.59, we get

S Dla(Au()]) < o' |/ $)ds + | (Dlr (o) N + Lp(€)
(4.692)

+u(t))] Q(S)f(IU(S)I)dS + w(lu(s)])ds
to
Since a(t) a nonnegative, nondecreasing function on R, then there exists 6 > 0
1
such that t—2a(t) > 9, hence, setting |v/(t)] < A, and 0A(Ju(t)|) > |u(t)], it is clear

that
t

()] < (Lp(€) + r(p)N + A / o(s)ds + A / 4(s) f(ju(s) ) ds (4.693)

Applying Theorem 2.9, we get

lu(t)] < (Lp(§) +r(p)N + 1)>\/t<p(s)d591 <Q(1) + /\/tq(s)ds) (4.694)

to to

Employing conditions (iii) and (iv) of Theorem 4.59 to obtain

[u(t)] < (Lp(&) + r(p)N + 1) (1) + Ay) (4.695)
Therefore, Hyers-Ulam-Rassias constant is

Cp = (Lp(§) +r(p)N + Q™ (1) + Mey)

If r(t)u”(t) = 0, and P(t,u(t), v (t)) = 0 equation (4.652) reduce to
(a()y(w(t))u'(t))" + p(t)u' (t) + q(£) f (u(t)) = 0. (4.696)
Theorem 4.62:

The equation (4.696) together with initial conditions has Hyers-Ulam-Rassias sta-
bility provided conditions of Theorem 4.59 remain valid. The Hyers-Ulam-Rassias
constant is given as.

Cp = (Lp(&) + ()7 (1) + k1)) (4.697)
Proof:

The equation (4.683) together with initial conditions posses Hyers-Ulam-Rassias
stability provided conditions in Theorem 4.59 remain valid. The Hyers-Ulam-
Rassias constant is given as:

C, = (Lp(&) + Dp(t)Q ™ (1) + ky\) (4.698)
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Proof:
From equation(4.656), we get

—olt) < (alt)p () (1)) + Pl (1) + a(t) F(ul)) < o(t) (4699)
From inequality (4.699) we have
(a()(u(®)u' ()" + p()u'(t) + q(t)f(u(t)) < o(t) (4.700)

Integrating (4.700) to have
t

(a(@)¥(u(t))u'(1))" + tp(S)U'(S)ds+ q(s)f(u(s))ds
/to /to (4.701)

¢
< / o(s)ds
to
By integrating (4.701)

a(t)( / / s)dsds

(4.702)
/ / ))dsds < / /
Intetg;rattomg and applying Lenﬁna 1.1, to get
tQ
/«mwm>mw+2/m><m5
to . t;Q . (4.703)
+5 [ als)flus))ds < 5 [ p(s)ds

Multiplying by u/(t), using equation (4.298), integrating by part, if a(t) a nonde-

creasing, it gives a/(t) > 0, to have

t2 t
o' (t)at)A(u(t) +d'(t)= | p(s)u'(s)ds
: /tO (4.704)

w8 [ ae pus)is <l [ p(s)ds
2 2

to to
1
Multiplying by 2 applying Theorem 1.1 there exist {5 < & < ¢ such that
1 I
0 (OaOA() + o Op(©); [ u(s)ds
to

t2
(4.705)

t

)y [ aerue)as <u); [ o)

to to

Taklng the absolute value of both sides, by condition (i) of Theorem 4.59, we get

S (Ola(Au(e)) < i y/ $)ds + Lp(€)
(4.706)

+Hu'(2)] t Q(S)f(IU<S)I)dS+W(IU(S)|)dS

Since a(t) a nonnegative, nondecreasing function on R, then there exists 6 > 0

1
such that t—2a(t) > 9, hence, setting |u/(t)] < A, and 0A(Ju(t)|) > |u(t)], it is clear
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that

(0] < (20(©) + 407 [ w(ohas + 3 [ ato) (el as (4707
Applying Theorem 2.9, we get

lu(t)| < (Lp(§) + 1))\/t:go(s)dsﬂ_1 <Q(1) + /\/t:q(s)ds) (4.708)
Employing conditions (iii) and (iv) of Theorem 4.59 to obtain

u(®)] < (Lp(€) + D (1) + M) (1.709)

Therefore, Hyers-Ulam-Rassias constant is

Cp = (Lp(&) + Q7 (L) + M)

We consider equation (4.654) in the next theorem.

Theorem 4.63:

Suppose all the conditions of Theorem 4.59 remain valid. Equation (4.654) is
Hyers-Ulam-Rassias stable and

Cyp = L(Aa(§) + Ar(a)N + Ap(n) + 1)Q7 (Q(1) + A" k)

Proof:

By evaluating (4.657) we have

—¢ < (a(t)u(1))" + r@)u"(t) + p()u'(t) + q(t) f (u(t))

—P(t u(t), u'(t)) < p(t),
Multiplying by '(t), to have

—u' () < (a(t)u ()" (t) + r(t)u" (H)u'(t) + p(t)u’ (t)u' (t)

+q(t) fu)u'(t) — Pt u(t), o' (8)'(t) < u'(t)e(),
Integrating trice, using Lemma 1.1 together with equation (4.183)
t t2 t
u/(t)/ a(s)u'(s)ds + u'(t)—/ r(s)u”(s)ds
to 2 to
t2 t t2 t d
+— | p(s)(W/(s))%ds + = [ q(s)—F(u(s))ds (4.712)
2 S 2 Ji,
t2 t 2 t
3 P(s,u(s),u'(s))u'(s)ds < 3 u'(s)p(s)ds
to to
Integrating by part equation (4.713), ¢(t) a nondecreasing, then ¢/(t) > 0, we have
2

u'(t)/ a(s)u’(s)ds+u'(t)%/ r(s)u”(s)ds

to to

(4.710)

(4.711)

+5 [ Pl ()Pds + 5 () (4713)
_% t P(s,u(s),u’(s))u’(s)dsﬁ% [ (s)p(s)as
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1
Multiplying by 2 applying Theorem 1.1 there exist &, a,n € [to,t] >
1 t
SAOF(s) < [ (s)pls)ds
to
t

—u'(t)a(g)/ u'(s)ds—u'(t)r(a)/ u"(s)ds (4.714)

to to

—u'(t)p(n)/ u’(s)ds—l—/ P(s,u(s),u'(s))u'(s)ds

to to
Using conditions (i) and (ii) of Theorem 4.59, to obtain

t
FAOFQu(s)) < [ W E)le(s)ds + W Ola()L
o (4.715)
+Hu' @) (N + [ (O)lp) L+ [ dt)w(|uls)])(lu'(s)])"ds
Since r(t) is nondecreasing, nontrolegative continuous function on R, there exists
d > 0 such that % > ¢ the, F(Ju(t)]) > |u(t)| Setting |u'(¢)| < A, to have
u(s)] < L(a(§) +r(a)N

¢ ¢ (4.716)
Fp(n) + DA / p(s)ds+ 371 [ ofs)e(fute))ds

to

With the application of Theorem 2.9 equals

(6] < L(a() + r@N +pn) + 1 [ pls)ds
o (4.717)

&2‘1(§M1)+—A”+1 t¢@gds>
Using the conditions (iii) and (iv) of Elgheorem 4.59 to give
[u(t)] < L{a(€) + Ar(@)N + p(n) + DR (Q(1) + X" k) i (8) (4.718)
Therefore, Hyers-Ulam-Rassias constant is
Cyp = L(Aa(§) + Ar(a)N + Ap(n) + 1)Q7 (Q(1) + X" k)
Equation (4.655) is considered in the next theorem.
Theorem 4.64:
Let all the conditions of Theorem 4.59 remain valid. Equation (4.655) is H-U-R
stable with constant
Cyp = L(Aa(€) + Ap(n) + DQ" (1) + A" ky)
Proof:
By evaluating (4.657), since r(t)u”(t) = 0 then, it follows that
—p < (a(t)' ()" + p(t)u'(t) + q(t) f (u(t))
—P(t,u(t), u'(t)) < ¢(t).

(4.719)
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Multiplying by (), to have
—u'(t)p < (a(t)u'()"u'(t) + p()u' ()’ ()

+q(t) f(u(t))u'(t) — P(t,u(t), o' ()u'(t) < u'()e(t).
Using equation (4.183) to arrive

u'(t) /to a(s)u'(s)ds + u’(t)% /to r(s)u”(s)ds
+% ) p(s) (' (s))%ds + % 5 q(s)%F(u(s»dS
~5 | Pl () ) (s)ds < 5 [l (5)e(s)ds

2 to to

(4.720)

(4.721)

Integrating by part, using the property that ¢'(¢) > 0, when ¢(t) a nondecreasing,

1
multiplying by 2 applying Theorem 1.1 there exist &, a, n € [to, t] such that

SAOF() < [ (s)os)ds

to

(a8 / W (5)ds

to

1 t t

—@pn)y [ (s + [ Plsuls) (o) (s)ds
to to

By absolute value property and employing the conditions (i) and (ii)

of Theorem 4.59, there exists 6 > 0 such that

r(t 1 . .
% > 0 then t—3q(t)F(]u(t)]) > |u(t)| and setting |u/(¢)| < A to obtain

)] < La(€) + o) + 1 [ o)+ 3 [ owym(iute) s

By applying Theorem (2.2), one concludes
t
)] < La(©) + plo) + D) [ o(s)ds

to

t
Q! (9(1) + At gb(s)ds)
to
Using the conditions (iii) and (iv) of Theorem 4.59 we obtain

[u(t)] < L(a(§) + p(n) + D7 (Q1) + X" ks) (t).

By this, the constant is given as

Cy = L(a(&) + Ap(n) + 1) (1) + X" k)

If P(t,u(t),u'(t)) = 0 then, equation (4.654) is reduced to
(a(@)u'(£))" + r(t)u"(t) + p(t)u'(t) + q(t) f(u(t)) = 0
Theorem 4.65:

Let all the conditions of Theorem 4.59 remain valid.

Equation (4.726) is Hyers-Ulam-Rassias stable
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with Hyers-Ulam-Rassias constant

Co = (r(ON +p(n)L* + ()27 (1) + dA)

Proof:
From equation(4.657) with P(t,u(t),u'(t)) = 0, we have
i < (alt ()" + pEN(E) + alt)f(ut) < o(0). (1.727)

Multiplying by (), to have
(B < (alt)a(5)" () + p(t) (D (2)

(4.728)
+q(t) f(u(®))u'(t) < o' (t)p(t).
Integrating trice, applying Lemma 1.1 we get
u'(t) /t a(s)u'(s)ds + u’(t)g /tr(s)u”(s)ds
o fo (4.729)

t2 t t2 t t2 t
+5 p@@%wﬁ+—/Q®ﬂMﬂw@%§— u'(s)p(s)ds
2 to 2 to 2 to

2
Integrating by part, since a(t) is nondecreasing, then a'(t) > 0, multiplying by 2

for t > 0, by applying Theorem 1.1 there exist &, a,n € [to, t] such that
1 t
t—2u’(t)a(t)u(t) +u'(t)r(§)/ u”(s)ds

to

(4.730)

t

t 1 t

() [ @) s+ ) [ ats)ftulo)ds < ;[ as)e(s)ds
to to to

By making use absolute value property and condition (i) of Theorem 4.59 to obtain

Dl (1) u(t)] < / [ ()| p(8)ds + [ (D (@)N + /(&) p(n) L2
o (4.731)

el (1) / 9(s)f (u(s))ds

Setting |u/(t)] < A, it follows that
t

FaONU)] < (N +pmL*+ 1 [ olo)ds +A [ als)f(uls)ds (4732

to to
t
Since a(t) is nonnegative and nondecreasing, there exists ¢ > 0 such that rt(—z) >0
then, setting d|u'(¢])|u(t)| > |u(t)| and using Theorem 2.9 to get
t t
lu(t)| < (r(€)N + p(n)L* + 1))\/ o(s)dsQ <Q(1) + )\/ q(s)ds) (4.733)

to to
t

! 1
Letting limHoo/ q(s)ds < d, where d > 0 and ;/ o(s)ds < o(t)

[u(t)] < (F(E)N + p(n) L + DAp(HR (L) + ) (4.734)
Therefore, H-U-R constant is
Co = (r(ON +p(n)L* + 1Ap()27" (A1) + dN)

165



The set of last equations to be considered are damped third order nonlinear differ-
ential equations:
u"(t) +rt)u" () + nf)u'(t) + q(t)u(t) + Q(t,u(t)) = P(t,u(t),u'(t)) (4.735)
W"(8) + nf (O (1) + au(t) + Q(t,u(t)) = P(E,u(t), /(1)) (4.736)
initial conditions u(ty) = u/(tg) = 0 for n € N, f,r,q € C(R), @ € (R,R) and
P € (I x R? R) are presented for consideration using previous methods.
Definition 4.29:
If there exists u(t) € C3(I, R) satisfying
| () + r(t)u” (t) + nf )’ (t) + q(t)u(t) + Q(t, u(t))

—P(t,u(t),v'(1))] < o(t)
and also there exists any solution ug(t) € C*(I, R) of the equation (4.735) for which
[u(t) — uo(D)] < Cip(t),
therefore equation (4.735) has Hyers-Ulam-Rassias stability and

(4.737)

Hyers-Ulam-Rassias constant is denoted as Cl,.

Theorem 4.66:

The equation (4.735) together with its initial conditions is H-U-R stable provided
undermentioned are satisfied:

(i) If /OO |u/(s)]ds < L, h |u"(s)|ds < N, for N, L > 0. In addition, |Q(t, u(t))| <
Pty {[u(t)]) !

(ii) 3 a positive function ¢(t) € C(I,Ry)

> |P(t,u(t), o' (8))| < o(t)w(|u(t)]) (| ()])" where n € N

(ii1) limy—y 00 /tp(s)ds =k, < oo and limy_, /tq(s)ds = ko < 00, where kq, ks > 0

to to

. t
(iv) A > 0 so that [u/(t)] < A, and 1A [, ¢(s)ds < ¢(t) for t €1
hence, Hyers-Ulam-R assias constant
Co=A+nf(&)L”+|u"(n)|L+r(a)N +1)
Q71 (Q1) + Xk (FH(F(1) + Aks)) ds) (4.738)

FUF()+ M) tel
Proof:
Evaluate (4.737)
—p(t) < W"(t) + (O () + nf (0 () + g(t)ult) + QU u(t))

—P(t, u(t),u'(t)) < ¢(t)

(4.739)
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Multiplying by (), to have
—u'(t)(t) < u"(t) + ()" (' (t) + nf()(u(1)* + a(t)u(t) + Q(t, u(t))u'(t)
—P(t u(t), u'(t)u'(t) < u'(t)e(t)

(4.740)
Integrating and using equation (4 20) we have
t
/u”’() ()ds+/ ds+n/f
to
+/qs— u(s ds—i—/Qs,ususs (4.741)
to dS to

_ /t: P(s,u(s),u'(s))u(s)ds < /t:u/(s)sds)ds

Integrating by part and using Theorem 1.1, there exist ty < n,&, o <t such that

() / (s)ds + ()l (1) / “(s)ds
nf(© /< (s))2ds + a1 / Qs u(s (4.742)
- /t:P<s,u<s> Vs < [ us)elelas

Taking absolute value and using conditions (i) and (ii) and
setting q(t)|G(u(t))| > |u(t)| and setting |u'(t)] < A,
t

(0] £ (ot mF (O + [ )IL + @ + 1 [ pls)ds
. . o (4.743)
A [ ptentuas+ 3 [ o(unas

By making use of Corollary 3.1 the resulting inequality is
t
()] < (A +nf(E)L* + [u" ()| L + r(e)N + 1)A/ p(s)ds

[rou)e)s (0 ) e

By COHdlthIlS (iii) and (iv) we arrive at

Q! (Q +A"+1/ (s (4.744)
+

(iv)
u(®)] < (N +nf(E)L* + [u" (n)|L + r(a)N + 1)
Q7 Q) + Nk (F(F(1) (4.745)
+Xkp)) ds) F~H (F(1) + Mko) o(t) tel

Therefore, Hyer-Ulam-Rassias constant is

Co = AN+ nf(E)L* + [u"(n)|L +r(a)N +1)
Q7 (QL) + N (F7H(F(L) + Aky)) ds)
FUF(1)+ k) tel
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Theorem 4.67:
Equation (4.736) is Hyers-Ulam-Rassias stable provided the prescribed conditions
of Theorem 4.66 remained valid. Then, Hyers-Ulam-Rassias constant is given as
Co = A+ nf (L + [u" ()L + 1)A
Q7 Q) + Xk (FH(F(1) + M) ds) FH(F(1) + Mks)
Proof:
From equation(4.737), if r(¢)u”(t) = 0, we obtain
—p(t) < u”(t) + nfO)u'(t) + q(t)ult) + Qt u(t))
—P(t,u(t), w'(t)) < ¢(t)
Multiplying by «/(t), to have
—u'(t)p(t) < u”(t) +nf(t) (' (1)* + q()ult) + Qt, u(t)v'(t)
—P(t,u(t), o' (t))u'(t) < u'(t)e(t).

Using equation (4 20), we obtain

/ " ds+n/ f(s 2d3+/t:q( )%G(u(s))ds
Q(s u(s))u'(s )ds—/ P(s,u(s),u'(s))u'(s)ds < /tu'(s)(p(s)ds

to to

Integratmg by part the equation (4.749) and by applying Theorem 1.1, there exist
to <n,& a <t such that

" () / o (s)ds + nf(€) / (/(5))%ds + q(t)G(u(t))

(4.746)

(4.747)

(4.748)

(4.749)

t t t (4.750)
Q(s,u(s))u'(s)ds — / P(s,u(s),u'(s))u'(s)ds < / u'(s)p(s)ds
Maliolng use of absolute andtousmg conditions (i) and (ii) ;Ond setting ¢(t)|G(u(t))| >

u(t)] and [u'(t)] < A, we get t
u(t)] < (- nf (L + [ @IL+ DA [ o(s)ds
o (4.751)

) / psuds + X+ [ o)z (u(o)])ds

By applying Corollary 3.1 we obtain
t
(0] < (- nf L + " @IL+ DA [ o(s)ds
to

Q! (9(1) o /t o5y (FL(F() (4.752)

A /totp(é)d5)> ds) F! (F(l) + )\/t:p(s)ds> tel

Using the conditions (iii) and (iv) we obtain
u(t)] < (A +nf(E)L* + [u"(n)| L +1)

(4.753)
Q7 (QQ) + Nk (FH(F(L) + Mk2)) ds) FH(F(L) + ko) (t)
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Therefore, Hyers-Ulam-Rassias constant is
Co = A+ nf(OL” + " (L + 1A
Q7 Q) + Nk (FH(F(1) + M) ds) FH(F(1) + Ako)
Lastly, we consider Hyers-Ulam-Rassias stability of equation
u"(t) + r()u” (t) + nf (Ou'(t) + q(t)u(t) + QL u(t)) = (4.754)
with initial conditions u(ty) = u'(tg) = u” (to) = 0.
Theorem 4.68:
Equation (4.754) together with initial conditions be Hyers-Ulam-Rassias stable.
If the conditions of Theorem 4.66 remained valid and given Hyers-Ulam-Rassias
constant as
C,=\+nf()L*+ [u"(n)|L +r(a)N + 1)A
Q7 Q) + Nk (FH(F(L) + M) ds) FH(F(L) + Ak»)
Proof:
From equation (4.737), if P(t,u(t),u/(t)) = 0, we have
—p(t) <" (t) +r(t)u” (t) + nf @) (t) + q(t)ult) + Q(t u(t)) < ¢(t) (4.756)
Multiplying by (), to have
—u()p(t) < () + r(t)u” () (t) + nf (6) (/' (£)* + q(t)u(t)

(4.755)

(4.757)
+Q(t u(t))u'(t) < ' (t)p(t)
Multiplying by - for t > 0 and using equation (4.20) we get
t
/u"’( )u(s)ds+/ r(t)u” ds—i—n/f
fo fo (4.758)

+ [ )56 + [ Qs uts)u (s < [ ls)a(s)is

to to

Integrating (4.758) by part and applying Theorem 1.1, there exist
to < n,& a <t such that
t 1 [t t
w'(o) [ s+ o7 [ w(sds+n(e) [ o)rds
to . to tto (4759)
+q()G(u®) + [ Q(s,u(s))u(s)ds < / u'(s)p(s)ds
to

to
By taking the absolute value of both sides, by conditions(i) and (ii) and setting

SAOIG ()] 2 fu(n)], and i (1)] < A, we have

lu(t)] < (A +nf(E)L% + [ (n)|L +7(a)N + 1)A/ p(s)ds
o (4.760)

A / p(s)y(u(s))ds

to
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By applying Theorem 2.9 we obtain
t
lu(t)] < (A +nf(E)L% + [u" (n)|L +7(a)N + 1)>\/ p(s)ds

to
t
Q! (Q(l) + )\/ p(s)) tel
to
Using the conditions (iii) and (iv), we obtain
u(®)] < (A +nf(E)L* + [u" ()L + (@) N + 1)Ap(t)

Q)+ kN, tel
Therefore, Hyers-Ulam-Rassias constant is

Co =N +nf(O)L*+ [u" ()L + r(a)AN + N)Q 7 (Q1) + k).

(4.761)

(4.762)

(4.763)

Finally, all the results obtained in chapter four extended the results of the following
researchers Qarawani (2012), Algfiary and Jung (2014). Algfiary and Jung (2014)

used Gronwall lemma while we used Gronwall-Bellman-Bihari to address more

difficult situations than them.
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CHAPTER FIVE

SUMMARY, CONCLUSION AND RECOMMENDATIONS

5.1 Summary

In this work, it has been shown that integral inequalities in chapter three
played an important role in investigating stability of nonlinear differential equa-
tions of second and third order in the sense of Hyers-Ulam and Hyers-lamU-Rassias
stability. First, second, third and nth order linear differential equations were rea-
sonably considered by some others researchers, while the situation is not the same
on the area of nonlinear differential equation because of methods employed by these
researchers were inadequate to examine the equations which were more advanced.
Considering the results of this work, it observed that they extend the ones exist-
ing in the literature. Development of Gronwall-Bellman-Bihari type inequality has
tremendously helped us to overcome most of the problems encountered by authors
during investigation of stability of second and third order nonlinear differential

equation.
5.2 Conclusion and Recommendations

Gronwall-Bellman-Bihari type inequalities are majorly used to achieve Hyers-
Ulam and Hyers-Ulam-Rassias stability of all perturbed and nonperturbed nonlin-
ear second and third order differential equation whose stability are not common in
the literature. Several second and third order nonlinear ordinary differential equa-
tions such as: damped equation, Euler type equation, Lienard equation and an
host of order, were considered in this researched work without encountering with
any problem and attained the desired results. It is therefore suggested that this
kind of method employed to consider stability need to be embraced by researchers

in order to establish the stability of many perturbed nonlinear ordinary equations
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that may appear in setting of model for biological situation of a nation. This can
also be used to ascertain the stability of mathematical models of most dynamic
processes in engineering, physical and biological sciences which often conveniently

expressed by nonlinear ordinary differential equation before it is used.
5.3  Further Research

Researches are still on going on the Hyers-Ulam and Hyers-Ulam-Rassias stabil-
ity via Gronwall-Bellman-Bihari type inequalities of second, third and higher order
of perturbed nonlinear differential equation, delay differential equation, fractional

differential and stochastic differential equation.
5.4  Contributions to Knowledge

Based on this research work the following are the additional knowledge to the
existing ones:
(1) This work has opened ways for developing the different extensions of Gronwall-
Bellman-Bihari type inequalities and establishing more of its applications in the
field of mathematics.
(2) It enhances the investigation of stability of perturbed nonlinear second and
third order differential equation by means of Hyers-Ulam and Hyers-Ulam-Rassias
stabilities.
(3) Variants of nonlinear second and third order ordinary differential equation which
stabilities are seemed to be difficult to consider are dealt with by methods estab-
lished in this research work.
(4) Techniques to obtain Hyers-Ulam and Hyers-Ulam-Rassias constants which are
not common are employed to confirm the veracity of the stability which is second
and third order differential equation.
(5) Appropriate Gronwall-Bellman-Bihari type inequality can be developed to achieve
the stability of the other nonlinear differential equation in the sense of Hyers-Ulam

and Hyers-Ulam-Rassias stability.
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