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ABSTRACT

The conventional Autoregressive Integrated Moving Average with Exogenous Variables
(arimax) model with Normal Error term and Multiple Linear Regression (MLR) require
stringent assumptions of normality of error term and stationarity of the series. These models
have found widespread application in multidimensional relationships among economic
variables; when these assumptions are often violated in practice leading to spurious regression
model with poor forecast performance. Thus, this study was designed to develop an arimax
model with Lognormal Error term capable of analysing time series data even when the
assumptions were violated with reasonable forecast performance.
The conventional arimax (1, 0, 1) with normal error term defined as:
£ = (1'¢1B)yt _ﬂo _ﬂlxl

t 1+6,) ; where the lag operator B=, ,; the parameter ¢ was the
coefficient of the Autoregressive model (AR), 0: was the coefficient of Moving Average
(MA), Bo was the intercept and 1 was the slope of the Regression part of the model. The
proposed model was estimated by modifying the arimax (p, d, g) with lognormal error term
where p is order of AR part, d is order of difference and q is order of MA part of the mixed
model. The parameters were estimated using the maximum likelihood method. The choice of
lognormal error term was based on the asymmetric property which overcomes non normality,
the long tail and positive limit values properties overcome non stationarity. The dataset used
were monthly External Reserves (Million USD), Official Exchange Rate (Naira to USD),
Crude Oil Export (Million Barrel per Day) and Crude Oil Price (USD per Barrel). One
hundred and twenty (120) observations were used for the modeling process. The proposed
arimax (1, 0, 1) with lognormal error term ameliorate the non-normal and non-stationary
assumptions. The proposed model performance was compared with conventional arimax (1, 1,
1) with normal error term and MLR model. Box-Jenkins Time Series procedure was used to
model arimax (1, 1, 1) with normal error and Least Squares Estimator (LSE) technique for
modeling MLR. The performance of proposed model was tested using Akaike Information
Criteria (AIC), Mean Square Forecast Error (MSFE) and Loglikelihood (Loglik) values.
The non normal error function was obtained as:

2
f (gt) = ;exp _1| In[(l_ ¢1B)yt _180 _181)(1]' |n(1—|— 61) |
Y. 27z ? 2| o
while the loglikelihood function was:
InL(s,) =
1

> In2zo?) = 31 (INY) -5 =5 YLy - Yes - Y s +hYeo - Bo - Aixi]- In@+ )
where o2 is variance. All tife series were found to be non-stationary and non-normally
distributed. The Loglik values of MLR, conventional arimax (1, 1, 1) with normal error and
proposed arimax (1, 0, 1) with lognormal error term were -317.41, -240.23 and 1344.47; AIC
values were 5.36, 490.45 and -0.41 while MSFE values were 12.41, 12.48 and 1.77. The
proposed model has the highest Loglik value, smallest AIC and smallest MSFE values when
compared with conventional arimax (1, 1, 1) with normal error and MLR model. Hence, the
proposed model was considered better.
The autoregressive integrated moving average with exogenous variables assuming lognormal
error term improved the capability of modeling time series data with better forecast
performance even when the assumptions of normality of error term and stationarity of series
were violated.

Keywords: Arimax, Log-normal error, Exogenous variables.
Word Count: 484

Vi



TABLE OF CONTENTS
Title Page

Certification
Dedication
Acknowledgement
Abstract

Table of Contents
List of Tables

List of Figures

List of Abbreviations

CHAPTER ONE: INTRODUCTION
1.1 Background to the Study

1.2 Motivation for the Study

1.3 Justification of the Study

1.4 Statement of the Problem

1.5 Aim and Obijectives

1.6 Research Questions

1.7 Organization of the Dissertation

CHAPTER TWO: LITERATURE REVIEW

2.1 Literature Review

2.2 Conceptual Clarification
2.3 Theoretical Framework
2.3.1 Autoregressive Process

2.3.2 Moving Average Process

2.3.3 Autoregressive Integrated Moving Average (ARIMA) Model

Vi
Vil
Xiii
Xiv

XV

o o0 o0 B W ON P

~N N OO o O

8

2.3.4 Autoregressive Integrated Moving Average with Exogenous Variables 9

2.4 Mathematical Framework
2.4.1 Mathematical Concepts Adopted
2.4.2 Normal Probability Distribution

vii

9
9
9



2.4.3 Lognormal Probability Distribution

2.4.4 Mathematical Principles of MLE

2.5 Regression Model

2.5.1 Multiple Linear Regression Model

2.5.2 The Model

2.5.3 Assumptions of the Linear Model

2.5.4 Model Estimation

2.5.5 Application of MLE on Regression Model
2.5.6 Mean and Variance estimation of b

2.5.7 Gauss Markov Theorem

2.5.8 Properties of Least Square Estimator
2.5.9 Variance of disturbance term

2.5.10 The Error Term and The Residuals
2.5.11 Randomness of Error Term

2.5.12 Zero Mean of Error Term

2.5.13 Homoscedasticity of Error Term

2.5.14 Normality of Error Term

2.5.15 Properties of the Residuals

2.5.16 Generalized Least Square under Non-spherical Distribution
2.5.17 Generalized LSE

2.5.18 Autoregressive Moving Average (arma) Process
2.5.19 Lag Operators

2.5.20 Non-Stationary Time Series

2.5.21 Spurious Regression

2.5.22 Assumptions of Error

2.5.23 Estimate of Parameters

2.6. Review of Related Studies

CHAPTER THREE: METHODOLOGY
3.1Methodology

3.2 Data Source and Data Collection

viii

11
13
14
14
14
15
16
16
17
18
18
19
20
21
21
21
21
22
23
25
25
26
27
28
29
30
32

39
39



3.3 Sample Size Criteria
3.4 Methods of Data Analysis

3.5 Derivation of ARIMAX model assuming Lognormal Error Term

3.5.1 Conventional ARIMAX model

3.5.2 Derivation of ARIMAX (1, 0, 1) assuming Lognormal Error Term

3.5.3 Estimation of ¢ Parameter

3.5.4 Estimation of 6 Parameter

3.5.5 Estimation of Bo Parameter

3.5.6 Estimation of 1 Parameter

3.5.7 Estimation of ¢ Parameter

3.6 Model Identification Techniques

3.6.1 Graphical Analysis

3.6.2 Sample Autocorrelation Function SACF
3.6.3 Partial Autocorrelation Function PACF
3.6.4 Unit Root Test

3.7 Validation/Model Selection

3.7.1 Best Fit Criteria

3.7.2 Final Prediction Error Criterion (FPE)
3.7.3 Akaike’s Information Criteria AIC
3.7.4 Portmanteau Lack-of-fit Test

3.7.5 Model Consideration Criteria

3.8 Residuals Diagnostic Checking

3.8.1 Graphical Method Test

3.8.2 Jarque-Bera Test

3.8.3 Ljung-Box Test

3.9 Model Forecast

3.10 Scope of the Study

3.11 Definition of Terms

39
40
40
40
41
42
43
44
45
46
47
47
47
48
49
51
51
51
51
51
52
52
52
52
52
53
53
54



CHAPTER FOUR: RESULTS AND DISCUSSION

4.1Results and Discussion 55
4.2 Exploratory Analysis of Data 55
4.3 Descriptive Analyses 72
4.4 ARIMAX with Normal Error model Identification 75
4.5 Series Stationarity Test 92
4.6 Fitted Models 97
4.6.1 Correlogram, ACF and PACF 97
4.6.2 Fitted Multiple Regression Equation 97
4.6.3 Fitted ARIMAX (1, 1, 1) with normal error term 97
4.6.4 Fitted ARIMAX (1, 0, 1) with lognormal error term 97
4.7 Model Selection 98
4.8 Forecast 103
4.9 Residual Analyses 109
4.10 Forecast Plots 109
4.11 Fitted Models Forecast Plots 129
4.12 Residual Plots 130
4.13 ACF, PACF and Correlogram of Residual 132

4.14 Out-of Sample Forecast (December, 2020) 134



CHAPTER FIVE: SUMMARY AND CONCLUSION

5.1 Summary and Conclusion 144
5.2 Summary of findings 144
5.3 Conclusion 145
References 146

Appendices 151

Xi



LIST OF TABLES
Table 3.1 Model Specification Criteria
Table 4.1 Summary Statistic of Series
Table 4.2 Dickey Fuller Results
Table 4.3 Summary of Parameter Estimates
Table 4.4 Fitted Model Comparison
Table 4.5 Out-of-sample Forecast Summary

Table 4.6. Multiple linear regression fitted model results

Xii

50
73
93
95
99
101
123



LIST OF FIGURES

Fig. 2.1. Standard normal distribution curve 10
Fig. 2.2. Lognormal curve 12
Fig. 2.3 Flowchart of Box-Jenkins Framework 31
Fig. 4.1 Time Plot of Monthly External Reserve 56
Fig. 4.2 External Reserve Histogram plot 58
Fig. 4.3 Time plot of Exchange Rate 60
Fig. 4.4 Exchange Rate Histogram Plot 62
Fig. 4.5 Time Plot of Crude Oil Price 64
Fig. 4.6 Crude Oil Price Histogram Plot 65
Fig. 4.7 Time Plot of Crude Oil Export 67
Fig. 4.8 Crude Oil Export Histogram 70
Fig. 4.9 ACF PACF of External Reserve at Level 1(0) 76
Fig. 4.10 ACF PACF of External Reserve at Level 1(1) 78
Fig. 4.11 ACF PACF of Exchange Rate at Level 1(0) 80
Fig. 4.12 ACF PACF of Exchange Rate at Level 1(1) 82
Fig. 4.13 ACF PACF of Crude Oil Export at Level 1(0) 84
Fig. 4.14 ACF PACF of Crude Oil Export at Level 1(1) 86
Fig. 4.15 ACF PACF of Crude Oil Price at Level 1(0) 88
Fig. 4.16 ACF PACF of Crude Oil Price at Level 1(1) 90
Fig. 4.17 Residual Plot of arimax (1, 1, 1) with normal error model 104

Fig. 4.18 Residual plot of arimax (1, 0, 1) with lognormal error model 105

Fig. 4.19 In-sample Forecast of arimax model with lognormal error 107
Fig. 4.20 Residual Plot of Fitted Multiple Linear Regression (MLR) 110
Fig. 4.21 Residual Plot of arimax (1,1,1) assuming normal error 111
Fig. 4.22 Residual Plot of arimax (1,0,1) assuming lognormal error 112
Fig. 4.23 External Reserve Forecast Plot 113
Fig. 4.24 ACF and PACF of Residuals of External Reserve 114
Fig. 4.25 Crude Oil Price Forecast Plot 115
Fig. 4.26 Residual Plot of Crude Oil Price 116
Fig. 4.27 Crude Oil Export Plot 117

Xiii



Fig. 4.28 Residual Plot of Crude Oil Export 118

Fig. 4.29 Exchange Rate Forecast Plot 119
Fig. 4.30 Residual of Exchange Rate Plot 120
Fig. 4.31 External Reserve Forecast Plot 121
Fig. 4.32 Residual Plot of External Reserve 122
Fig. 4.33 Multiple Linear Regression Model Forecast Plot 125
Fig. 4.34 Residual Plot of Fitted Multiple Linear Regression Model 126

Fig. 4.35 Normality Test of Fitted Multiple Linear Regression Residual 127
Fig. 4.36 Arimax (1, 1, 1) with Normal Error In-sample Forecast Plot 129
Fig. 4.37 Arimax (1, 0, 1) with Lognormal Error In-sample Forecast Plot 131

Fig. 4.38 Multiple Linear Regression In-sample Forecast Plot 132
Fig. 4.39 Combined Forecast Plot of the Three Fitted Models 133
Fig. 4.40 Arimax (1, 1, 1) assuming Normal Error Residual Plot 134
Fig. 4.41 Arimax (1, 0, 1)assuming Lognormal Error Residual Plot 135
Fig. 4.42 Multiple Linear Regression Residual Plot 136
Fig. 4.43 Multiple Linear Regression Model ACF, PACF chart 137

Fig. 4.44 Arimax (1, 1, 1) with normal error ACF, PACF of External Reserve 138

Fig. 4.45 Arimax (1, 0, 1) with Lognormal Error ACF, PACF of External Reserve 139
Fig. 4.46 Multiple Linear Regression out of Sample Forecast plot 140
Fig. 4.47 Arimax (1, 1, 1) model assuming Normal Error out of sample plot 141
Fig. 4.48 Arimax (1, 0, 1) model assuming Lognormal Error out of sample plot 142

Fig. 4.49 Combined out of sample plot of arimax (1, 0, 1) model assuming lognormal

error, Multiple Linear Regression and arimax (1, 1, 1) assuming normal error term 143

Xiv



LIST OF ABBREVIATIONS
ARIMAX — Autoregressive Integrated Moving Average with Exogenous Variables
MLR —Multiple Linear Regression
ACF — Autocorrelation Function
PACF — Partial Autocorrelation Function
AIC — Akaike Information Criteria
MSFE — Mean Square Forecast Error
Loglik — Loglikelihood

XV



CHAPTER ONE
INTRODUCTION

1.1 Background to the study

Time Series (TS): A type of stochastic process that can be indexed by time as well as
other dimensions such as space, volume, and frequency. The collection of statistical
observations made over a period of time. Because TS allowed for the observation of a
time variable at any moment, the temporal gaps between subsequent members of the
series do not have to be the same Shangodoyin, (2002).

The property of stationarity allowed group parameters to be estimated using the
corresponding temporal averages of a single realization. Time series observations are
intended to occur at regular intervals in both practice and theory. For example, firm
earnings over a period of years, stock prices over a period of days, export totals over a

period of months, air temperature over a period of hours, and so on.

Various mathematical models had been developed to capture the effect of time
variation and to generate accurate predictions of future values based on the premise
that previous behavior (pattern) would continue into the future. The core idea behind
univariate forecasting; series' future values were mathematical function of its past
values. Classic Time Series Models frequently assumed series stationarity. However,
most macroeconomic and financial time series data are nonstationary (i.e., the mean,
variance, and covariance change with time) and trend upward. Furthermore, some
exogenous variables (external factors) were contributing aspects that times series
models must capture in order to accomplish evidence-based informative decision-
making. Classical Regression Analysis: a versatile data-analytic system that could be
used whenever a quantitative variable (the dependent variable) was to be studied as a
function of, or in relation to, any factor(s) of interest (expressed as independent
variables). However, because of autocorrelation and time dependence, it could not

been directly applied to time series data.



External reserves, exchange rate, crude oil export, and crude oil price economic
variables empowered public sector foreign assets generation under the control
monetary authorities in financial transactions of payment imbalances. Nigeria's foreign
reserves were derived from the production and sales of crude oil CBN, (2007).

The World Bank, (2014) noted that national economy that depended on oil, would run
at risk because of crude oil price instability. Nigeria's capital account had been
subjected to crude oil price changes due to her reliance on oil for external revenues.
This, combined with the country's large import bills, contributed to oscillations in the
level of foreign reserves over time, and, as a result, the manner the reserves are
maintained. Crude oil price fall had negative impact on the nation external reserves

and naira exchange rate.

1.2 Motivation for the study

In the mean or variance of a stochastic process, autocorrelation and nonstationarity in
time series are common. The traditional time series paradigm demands series
stationarity; to account for non-stationarity, a data transformation method is used to
solve time series problems using the classical model. As a result, an alternate model
based on asymmetric distribution is required to handle the series' independent

differencing.

Nonstationarity in the mean frequently necessitates lagging; use of unit root tests was
based on the Augmented Dickey Fuller Test (ADF), Dickey Fuller (DF), Kwiatkowski
Schwarch (KPSS), and Phillip Perron (PP) at order 1 or 2 or higher. In addition, non-
stationarity in variance is frequently assessed before lagging to correct the process for
stationarity unit root test procedures (correlogram); Partial Autocorrelation Function
(PACF) or Autocorrelation Function (ACF). This extra work has aided in the problem

of overcoming arimax modeling in the context of nonstationary economic time series.

In bridging knowledge gap in the application of arimax model with normal error term,
this study is motivated to develop arimax model with lognormal error term to address
the nonstationarity in economic time series. The choice of lognormal distribution error

term is its characteristics; skewedness, long tailed and it positive values are important



in determining investment decision like stock price options (Black-Scholes model).

It has been proven that the traditional method to statistical modeling and forecasting
economic data of economic time series, which is based on globalization and automated
market transactions, necessitates a robust approach to meet and accommodate the

current scenarios. As a result, these issues are driving this academic research.

1.3 Justification for the study

Since most economic data were non-stationary by natural pattern and presence of
autocorrelation, multiple linear regression modeling would be erroneous and deceptive
in forecasting. The conventional arima modeling would also been inadequate in
handling such data. Combining the benefits of both statistical modeling approach with
their drawbacks becomes a viable option. As a result, the research was justified in
developing an arimax with exogenous variables model that used the asymmetric
property of the lognormal error term to correct the limitations of traditional non-
stationary econometric time series differencing for better parameter measures and

formulation of more accurate forecasting models.



1.4  Statement of the problem

Univariate statistical models could not fully represent statistical determination of
economic impetus because of the presence of exogenous factors. Furthermore, error
that was normally distributed at one point in time t may no longer be normally
distributed at another point in timet (t £ 1) due to time-dependent nature of economic
time series data that exhibited non-stationarity and non normality (changes in central

locations, deviations from mean and covariance overtime).

The Gross Domestic Product (GDP), among other macroeconomic determinants,
determines a country's economic growth; the index GDP is influenced by foreign
reserves, currency rate, price index, and crude oil export. As a result, it's critical to
build a better and more appropriate modeling technique that can overcome the
limitations of traditional time series analysis models. Nonstationary series regression
modeling using traditional techniques produces erroneous regression equations and
misleading forecast outcomes. Arma — autoregressive moving average, arima —
autoregressive integrated moving average, and sarma — seasonal autoregressive
moving average were mixed TS - time series models not capable to accommodate

exogenous variables in the model on their own.

The introduction of X exogenous variable(s) into the model armax; addressed some
problems of additional variables(s). The implementation of conventional arimax model
necessitates the use of strict assumptions of normality and serial stationarity in mean
and variance. Independent series transformation (differencing) (in some situations it
took more than order one differencing to achieve stationarity of the time series data).
The usage of additional series transformations to achieve stationarity resulted to loss

of original information and cost implication.

Volatility data (stock prices, interest rates, inflation rate, and other financial driven
data) typically exhibited non stationarity. To bridge the gap, an alternative model was
required to address the challenge of independent transformation of non stationary

economic time series data.



1.5  Aim and objectives of the study

Aim: To create an arimax model assuming a lognormal error term that could solve
asymmetry and nonstationarity concerns in economic time series modeling and

improve forecasting.

Objectives:

1. Proposed an arimax assuming lognormal error term model,
2. Estimate the suggested model's parameters, and

3. Compare the generated model's performance to that of conventional arimax with

normal error term and multiple linear regression model.

1.6 Research questions

1. In other way can non-normality problem in economic time series data be solved?
2. How can the non-stationarity problem in economic time series data be solved?

3. Can the lognormal asymmetry property help with the error term's non-normality?

4. Can the non-stationarity of a series be mitigated by lognormal long tail and positive

properties?

1.7  Organization of the dissertation

This dissertation is divided into five chapters, each of which is ordered as follows: The
first chapter includes a broad overview as well as some background information. It
emphasized the problems of interest, the study's justification, the goals and objectives,
as well as research questions. The second chapter discussed some concepts and
provides a review of literature. The methodological approach of the study was
presented in the third chapter. The fourth chapter contained the results and discussions.

The summary and conclusion were presented in chapter five.



CHAPTER TWO
LITERATURE REVIEW

2.1 Literature review

Chapter two discussed related literature with respect to concepts of time series
modeling, arimax modeling and applications. The bases of analyzing time series data

were highlighted; focused on the Box-Jenkins procedures.

2.2 Conceptual clarification

Many real-world situations do not fit the assumptions of linearity or stationarity, the
era of nonlinear modeling had come to supplement linear modeling in econometric
time series Shittu and Yaya, (2011). The authors also pointed out that some economic
time series may defy the conventional theories of stationarity and linearity. Those
series were not taken into account at the raw level 1(0), first order 1(1), or higher order
integrated levels Box and Jenkins, (1976).

2.3 Theoretical framework

Data ordered in sequence/time were in series; the term "ordered™ refers to over time t.
Statistical analyses used to found direction of change in data series over-time frame.
When extrapolate; the pattern came up with future forecast. Extrapolation was a term
used to describe how statistical forecasting algorithms project previous
patterns/relationships into the future. Time series data in most cases would be non-

stationary. The theory of time series models were based on stationary series overtime.

The mean and variance of Y time series data do not vary in a systematic manner and

all periodic changes have been removed, the data attained stationary series. The

statistical quality of a stationary process does not change with time, therefore such

series were regarded to have been in statistical equilibrium. Shittu, (2011).

Osabuohien, (2013) corroborated that stationary series must attain constant mean

and variance. He further expressed mathematically that when Y: satisfied the
6



difference (V) equation, it followed an arima (p, d, q) order:
Yi =Y =Y — Y s~ — ¢th—p =& +0&,+0,6 ,+..+ Hqgt—q

(2.1)
p q
=Y =D 8Yu =&+ 0 (2.2)
i=1 j=1 .
#(B)Y, = O(B)s, (2.3)
Where B denoted Backward Shift Operator.
Yt denoted an arima (p, d, ) process if VY was arima (p, d, q)
¢(B)det = H(B)gt (2.4)
#(B)L— B)dYt =0(B)e, (2.5)

Stationarity and invertibility, conditions were constants such that the equation's zeros
were all outside the unit circle. The correlogram plot showed a spike at the seasonal
lag, indicated that the data for a seasonal series had a seasonal character. Box and
Jenkins, (1976), Madsen, (2008) and Meese and Geweke, (1982) all made
contributions to the theories and practical application of arima model. Theoretical
properties of TSA models gave a foundation for recognizing and estimating them as
asserted by Osabuohien, (2013).

2.3.1 Autoregressive process

Autoregressive processes were regressions on themselves; an autoregression of order p
process: denoted as AR(p). The geneal expression by Yule (1926):

Y, =0Y, , + DY, , + DY, ; +..+ D thfp + € (2.6)

2.3.2 Moving average process
Mohammed, (2014) applied moving average (ma) model on temperature and rainfall
series. The model MA was defined as:

Y =€ —6e_ —0_, -0 ,—..—08, 2.7)

The equation 2.7 was mathematical expression ma(q) order g; where, Y stand for
series observations at time t and e; denoted the error term. There exist an independent
Of Yt—l, thz, Yt*}! ey thq.



2.3.3 Autoregressive integrated moving average (arima) model
The strategy developed by Box and Jenkins (1970) was regarded as a watershed
moment in the modern approach to time series analysis. The Box and Jenkins JB
technique aimed at generating an arima model from an observed time series. The
technique focused on Stationary processes, passing through appropriate preliminary
data modifications. The model was a generalized version of the non-stationary arma
model, which was denoted by arma (p, q):
Y, =O,Y; + DY, , + DY, 5 +...+D Y, +e —0e ,—0,6 ,—0,e ;—..—0¢e
(2.8)
Where, Y represented the original series, for every time t, (assumed) independent of
Y1, Yo, Ye3, ooy Yip

A time series {Y} was said to follow an integrated autoregressive moving average
(arima) model if the d* difference W; = V%Y was a stationary arma process. If {W}
followed an arma (p, g) model, then the set {Y:} was an arima (p, d, g) process.
Fortunately, for practical purposes, we can usually take d = 1 or at most 2.

Consider then an arima (p, 1, q) process; W, =Y,-Y,, the equation become:
W,=0W_,+OW _,+DOW ,+..+D th_p +e,—0¢e_ -0 ,—-0,6_5—..— Qqet_q

(2.9)



2.3.4 Autoregressive integrated moving average with exogenous variables
(arimax) model

Including exogenous variable(s) improves the arima model's ability to capture

explanatory variables that may be impacting the time series' behavior. To account for

external influences, the arimax model included regression model features.

The generalized arimax (p, d, q) defined as:

p q n

Yi :z¢yt—i +29‘9t—i + & +Zﬂkxk (2.10)
i=1 i=1 k=0

wherey, isactual series

p
ZWH is the AR with p number of ¢ parameters

i=1
q
Zegt_i is the MA with g number of 8 parameters
i=1
&, isassociatederror term

Z B X, is the Regression part with n number of g parameters
k=0

X, isk number of associatedexogenous random variable

The arimax model assumed that the error term was normal as cited by Mohammed,
(2014).

2.4 Mathematical framework
2.4.1 Concept

The following ideas were discussed in the section: normal probability distribution,
lognormal probability distribution, maximum likelihood, partial derivatives, and least

square estimation.

2.4.2 Normal probability distribution

A family of continuous probability distribution models known as the normal
distribution.

Given that X ~ N(u,o?)then, the Probability Density function (PDF) of the

population was defined as:

(x=p)®
20

f(x)= Lexp
o21 (2.11)

Where; m and exp. were constants, -oo < X < oo, u the mean of the distribution and
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standard deviation ¢ > 0.

The
Normal
Distribution

Probabiity

95% of}

Probabulity of Cases : 99% offvalues :
in portions of the curve ' 03413 341 . 01359 )
1 1 '
i i
Standard Deviations A= 35 2 ] 1 2 3
. -20 -1o +10 +20 +30 +40
From The Mean L : : ; : ; : ; )
Cumulative 9 0% 23% 15.9% 50 84,719 97.7% 999
" : ' X 4 " :
+ + t t t + $
Z Scores 40 3.0 20 1.0 0 +10 +20 +30 +40
t t + t + t t + d
T Scores 20 30 40 50 60 70 80

Fig. 2.1. Standard normal distribution curve (Zucchi Kristina 2018)
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Fig. 2.1 The standard normal curve had symmetric, bell-shaped, the curved area size

is one, zero coefficient of skweness and three coefficient of kurtosis properties.

2.4.3 Lognormal probability distribution

A continuous r. v. Y follow log-normal distribution when the distribution of loge(y)
was normal. The pdf of loge(y) with parameter x and o’denoted f(y;u,o?)was

defined by the function:

1

ln(yt)—yr
2

o

f(y 1, 0%) —;exp{
o y N 270?

for O<u<ow, 0<y<ow, 0>0

(2.12)

The variance o was the scale parameter and mean x was the location parameter

where y: was random variable associated with time factor. The distribution was
asymmetry and skewed to the right. The asymmetry of the lognormal distribution and

the positive values result in a right-skewed curve.

11



2.0F
0, o=0.25

1.5F
“ 'él
I 1.0F
F%: =0, o=025
e =0, =1

0.5+

0. . L L L

%.0 0.5 1.0 1.5 2.0 2.5 3.0

Fig. 2.2. Lognormal curve (Zucchi Kristina 2018)
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As shown in Fig. 2.2 the values were positive and the lognormal distribution had

asymmetric property, resulted in a right-skewed curve.

2.4.4 Mathematical principles of maximum likelihood estimator

Having found specified (adequate) distribution; the study adopted mle to estimate
associated parameters of the arimax models under consideration.

Maximizing the score function in L(@/y),the logarithm of the likelihood, would be

easier. Maximum likelihood estimation (MLE) required the maximization of

likelihood function L(&)with respect to the unknown parameter &. L(6) was defined
as an n-term product, which was difficult to maximize. Maximizing L(0) was

equivalent to maximizing log L(€) because log was a monotonic increasing function.

Supposed that the random variables yi, y2, ..., yn form a random sample from a
distribution f(y/@); if Y was continuous random variable, f(y/@) was Probability
Density Function (PDF), if Y was discrete random variable f(y/ &) was Probability
Mass Function (PMF). To represent that the distribution also depends on a parameter
6, where @ could be a real valued unknown parameter or a vector of parameters. For

every observed random sample y1, ya, ..., yn, were defined as:
FOYL Yo Yo 10) = T(y, 10) £y, 10)...T(y, 1 0)
=[[fx:.0) (2.13)
i=1

if f(Y/8)waspdf, f(y,,V,..y,/6)wasthe joint density function; if f (Y /&) waspmf,
f (Y, Yy Y, / @) wasthe joint probability.

Now f(y,,V,,..,Y,/6)was the likelihood function. The likelihood function depends

on the unknown parameter & denoted as L(&).We commonly get the mle by
maximizing the natural logarithm of the likelihood, because any positively valued

function reaches its maximum at the same point as its logarithm function.

Properties of mle: If 9(y)was a maximum likelihood estimate for @, then g(&(y)) was

a maximum likelihood estimate for g(&). If & was a parameter for the variance and 6

was the maximum likelihood estimator, the \/gwas the maximum likelihood estimator

for the standard deviation.
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2.5 Regression model

When the method of analysis was used to forecast or estimate the value of one variable
corresponding to a given value of another variable, regression analysis was helpful in
determining the most likely form of the relationship between variables.

2.5.1 Multiple linear regression
2.5.2 The model equation

Olubusoye, (2002) lecture note stated: the model of multiple linear regression explain
the dependent variable yi the i observation by a linear function of k explanatory
variables; Xit, Xi2, ..., Xikt Ui.
A sample of n observations denoted as:

Y, = X B+ X0+ .+ Xy B +U;

......... (2.14)
Yn =Xn1ﬁn+xn2ﬁn +. '+xnkﬂk+Un
The matrix format defined as:
_yl_ _Xll Xip - o Xy ] _ﬂl— _Ul_
Y, X Xpo -+ Xy || B U,
=l. ... R (2.15)
_yn_ _an Xn2 o Xnk_ _IBk_ _Uk_
Yxt = Xnxk lek + Unxt

where; Y was an n x | column vector containing the n sample, of Y values,

X was (n x k) matrix containing first, a column of ones and then all the sample values
of the k-1 variables

B was (k x 1) column vector of parameters

U was n x | column vector containing the disturbance values.
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2.5.3 Linear model assumptions

There were some assumptions made about the linear model as:

1. X matrix was nonstochastic; i.e. not random in nature.

2.E(U)=0 (2.16)
3. E(UUY) = &2, (the twin assumption)

U, u? uu, . . UuU,]
U, u,u, uz . . Uu,
Uu’ = U, U, U, = (2.17)
_U”_ UnUl UnUZ Un2
The expectation was defined as:
E(Ulz) E(UIUZ) EUlun)_
E(Uzul) E(UZZ) E 1~n
Euu’] =
o! 0 0 | 1 0
0 ol . 0 0
=’ . ... =00 (2.18)
0 0 . . o 0 o . . 1]

The twin folds of that assumption were:

i.  EU?) =2 w (2.19)
Each U distribution had the same variance. The property was referred to as
homoscedasticity (homogenous) variances.

ii. E(UiUj)) =0 Vi#j (2.20)

The disturbances were pairwise uncorrelated. When the condition failed the
disturbances were said to be autocorrelated correlated.

4. The U vector had a multivariate normal distribution. U~ N(O, ¢ 2I») Olubusoye,
(2002).
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2.5.3 Model estimation

Maximum likelihood estimation (mle) and least square estimation (Ise) were employed
in estimated models’ parameters. Though distinct in principles, but produced the same
estimator under certain commonly used assumptions, as described in the previous

section.

2.5.4 Application of mle method on regression modeling

Least square estimator would not consider chance property of model and the terms
represented by error (e) had a known distribution; mle was used to make some
assumptions about the distribution and then maximized the probability of the sampled
observations represented by the data. The assumption that the e were normally
distributed with zero mean and variance-covariance matrix V. i.e. e ~ N(0, V), the
likelihood defined as:

L= (27:)%“ V[ exp{—%(y “xb) Vi (y— xb)} (2.21)
Maximizing this with respect to b was equivalent to solving
ollog, L) _
ob

The solution was the maximum likelihood estimator of b and turns out to be
b= (x’V ‘lx)fl X'V~7y (2.22)

The same as the generalized least squares estimator.

When V = o2l, b simplifies tob, took b as the maximum likelihood estimator,

because of the assumption: e ~ N(0, &?l). Under normality assumption maximum

likelihood estimation leads to the same estimator, b as generalized least squares; and

this reduced to the ordinary least square estimator b when V = o2l Chingnun, (2006).
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2.5.5 Application of ordinary least square estimator (olse)
Olubusoye (2002): the olse method of parameter estimation:
Model: Y=XB + U (2.23)

Let b = any arbitrary k - element vector.

The vector of residuals was defined as:
e=y-xb (2.24)
The least square principle was to choose b to minimize the residual sum of squares
(RSS) e’e (e? matrix):
RSS=¢’e
= (y - xb)’(y - xb)
=y’y-b’x’y - y’xb +b’x’xb
=y’y - 2b’x’y+ b’x’xb

M = —2X'y +2xxb=0
ob
=(xx)bx’y
b=xx)Xy (2.25)

2.5.6 Mean and Variance estimation of b

Mean:
b=xx)xXy
when substitute y= XP+ U gave:
b=xx)x’(xp + U)
= xx)X’xp+ (xXx) XU =B + (x’x)’x’U
E(b) = B + (x’x)Ix’E(U) = B (since E(U) = 0 by assumption) (2.26)

Variance and covariance matrix estimator:

Var(b) = E{(b - E(b))(b - E(b))’}

b—E(b)=b-p=xx)xU

Var(b) = E{((x’x)1x’U)(x’x)x’U)’}
=E{x’x)x’UUx(x’x) '}
= xx)PE(UU)x(x’x)?
=o? (x’x)x’x(x’x)?
= 2(x’x)? (2.27)
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The elements on the main diagonal gave the sampled variance of the corresponding
element of b and the off diagonal term gave the sampled covariance.

2.5.7 Gauss Markov theorem

The most essential consequence of the least square theorem, according to the gauss
markov theorem, was that no other linear unbiased estimator can have less sample
variances than the ols estimator. The best linear unbiased estimators (BLUE) were
those that had the least variation within the class of linear unbiased estimators Ruey
(2002).

2.5.8 Properties of ols linear model

b= (xx)x’y
the matrix (x’x)*x were fixed numbers, b is a linear function of y. by definition, b was
a linear estimation.

I Unbiased:
Y=xB+U
b=(x"x)" x"(xp + U)
=B+ (x"x)x"“U
E(b) =P (2.28)

il. Minimum variance

Let ﬁ be any other linear estimator of 3
Let A=[xx)"x +cly
=1 +cllxp+ U]
ﬁ =B+ cxp+ x’x)x’U+cU
if 4 is unbiased, then
E(B)=Piffcx=0

Thus; Var(b) = 6 (x’x)

var(3) = E|p- E(ﬁ)[(fé— E(:@)”

var(p) | (3-pp-] |
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B-B=(xx)"xU +cU (2.29)

=E [(x x) x'U +cUI(x' x) ™ x'U +cuﬂ since cx =0

X' X)X X(¢X) UL+ (x X) FexUU” + (x' %) xexUU '’ + cc'UU |

)

)=l

)= E|(xx)*uu’ +ccuu’|
)= E|(xx)*uu’ + ccuu|

): (x'x)'o? +cc'o?

Var() = o2|(xx) ™ +cc] (2.30)

The variances of a given element of ,B must necessarily be equal to or greater than

corresponding element of b, which shows that b, was BLUE. If ¢ = 0 then var(3) = b.

2.5.9 Variance of disturbance term (ou?)
The estimate of 6,2 is based on the residual sum of squares e’e.
e=y-xb
=y —x(xX’x) X’y
= [1-x(x%)x’ly
= My (2.29)
where M = I, —x(x’x)"x’
Mx =0
e =M(xp + U)
= Mxfp + MU
= MU The matrix M was symmetric idempotent
e’e=UM’MU =UMU
The expectation was defined as:
E(e’e) = E(U’MU)
= E{tr(U'MU)}
= E{tr(MUU")}
= tr(M)E(UU”) = tr(M) o2
tr(M) = tr[ln - x(x’x)x’]
= tr(ln) - tr[(x’x) 1x’x] = tr(In) - tr(lk)
=n-k (2.30)
When  E(e’e) =c?(n-K)
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-2 _E(€'®)

n-—k
§2 = 52 =e_le
n—-k
The e was defined as:
e=y-y (2.32)

where y = fo + PiX1 + BaXo + ... + PrXk

S? gave an unbiased estimator of the disturbance variance.

2.5.10 Error term and the residuals

Olubusoye, (2002) emphasized that it would be a good statistical practice to examine
the residuals from a fitted model for evidence of departure from the models
assumptions. However, the construction of significance tests to test the discrepancies
observed was not always a straight forward matter. The true errors of the model were
denoted by {e} and the observed residuals by {zi}. As usual, the parameters of the
model were consistently estimated, it would seemed tempting to assumed that a test
statistic based on the zi*s would have the same asymptotic distribution on the null

hypothesis as the corresponding quantity computed from the ei*s.

In a sample of n bivariate observations (yi xi) fitted regression model by least squares
estimation the plotted scatter diagram of residuals z against a third variable x2, to test

for association between z and x2. Using an obvious notation assumptions, as

a:szz/fo naive test procedure would be to compute the regression coefficient

1
of z on x2, namely t = a[z X2 ]5 /s together with the residual mean square S?, and to

treat the statistic as asymptotically N(0, 1) standard normal. The ‘justification’ for that
procedure was that the least squares estimator b of B is consistent. Hence, for each 1, zi
converges in probability to ei, while the quantity analogous to t in which each zi is
replaced by ei was known to be asymptotically N(O, 1).

It would simply not be possible to put up and fit an adequate "fill model” for each test
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in many cases, particularly where the statistician intended to plot and analyze the
residual in a number of ways from a data-analysis standpoint. In order to analyze the
performance of the obvious naive test and create adjustments where the naive test was
invalid, it was necessary to give some general thought to tests based on observed

residuals.

2.5.11Randomness of error term

The error term U was assumed to be a random variable iff U assumed various values
by chance. Each element of U should be individually unimportant and should assume

positive, negative and zero values.

2.5.12 Zero mean of error term

The error U may take values which had a zero mean. The population of all conceivable
values of U for each period contained positive, negative or zero values all of which
added up to zero. The essence of the zero mean assumption was considered
axiomatically true that positive and negative values of the error term U have a sum

equal to zero.

2.5.13 Homoscedasticity of error term

The error term U had a constant variance. That assumption was also called the twin

assumption.

2.5.14 Normality of error term

The error term followed a multivariate normal distribution with zero mean and
constant variance. That assumption enabled inferences to be made about the model

parameters.
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2.5.15 Properties of the residuals ( U )

For a linear model:

Y=XB+U (2.33)
The residual being the difference between the observed value of Y and the predicted
value BX can be written as:

U=Y-Xb (2.34)

A

where b = (X’X) XY is the ordinary least square estimator of B; U represented the
vector of residuals. In a variety of ways, its elements can be plotted and otherwise
investigated to see if they suggested that assumptions inherent in the assumed model
were not being upheld.
Several elementary but important properties of residuals were noted as:
U =Y -XX'X)''Xy
=[I- XX X)X 1Y
=PY (2.35)
where P defined as: P = | - X(X’X)1X" (P satisfy idempotent property) Also,
PY = P(Xb + U)
= (1 - X(X*X)1X)(Xb+U)
=Xb + U - Xb + X(X’X)1X'U
=U - X(X’X)1X'U
=[1-X’X)X’JU =PU (2.36)
The expected value of the residuals was zero.
That implied;
E(G) =E(PY)
= E (PU)
= PE (V)
=0 (2.37)
The variance of the residuals Po?l
Var(u) = Var(PU)
=E(U 0”)
=E (U’P’PU)
= E(U’PU) since P is idempotent
=PE(U’U) (2.38)
= Pql.
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The covariance of the residuals and the observed value y is Pc?
Cov(U,y)= E(0°Y)
Cov(U,y) = E(P’'UXB)
=P’XE(U’B) = 0 since PX = 0 (symmetric and idempotent)
There were cases of ‘outliers’ among the residuals U . An outlier was considered to be

an observation which was far in absolute value from the range of other values. It

would be three or four times the standard error in absolute value.

2.5.16 Generalized least square under non-spherical disturbance

There were situations when the assumption about the error term defined as: E(UU”) =
o?l fails. This implies that; the disturbance variance was not constant at each
observation point (heteroscedasticity condition). The disturbance covariance at all
possible pairs of observation point were not zero (auto correlation condition).

The general non-spherical disturbance matrix was specified as:
E(UU)=6’Q=V (2.39)

where Q and V matrices are assumed to be positive definite.

2.5.16 Generalized Least Square Estimator
We now define the model as;
Y=XBp+U
When E(UU’) = 6°Q
When pre-multiply the assumed model by some (n x n) nonsingular transformation
matrix T to obtain

TY =(TX)p+ TU (2.40)
Each element in the vector TY was linear combination of the elementsin Y.

E(TUU'T’) = 6*TQT’ (2.41)
Since E(TU) = 0. If it were possible to specify T such that

TQT =

then we could apply OLS to the transformed variables TY and TX. Since Q is a
symmetric positive definite matrix, a nonsingular matrix P can be found such that
Q=PP

since P is non-singular,
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P1QP! =1and

PYyPl=Q! =TT (2.42)

Pre-multiply the model

Y =Xp + U by P

Pty =PPXB+PlU

y* =x*p + u* (2.43)

where;

y* =Py

x* = P1X

u*=P'U
E(u*u*”) = E[(P'U)(P*U)’]

=E[PUU’P!]

=PIlE(UU)?

2Pl QPYL

=o?l (2.44)
Equation (2.30) satisfy all the assumptions required for the OLS model.
Applying OLS to Eq. (2.27) gives

b*=(X'TTX)' X’ T°'TY

=X QX)X Qly (2.45)
with the variance-covariance matrix given by
var(b¥) = ¢ 2(X°Q1X)? (2.46)

The estimator b* is defined to be the generalized least squares GLS estimator, b* is a
best linear unbiased estimator of the model:
Y =Xp+ U with
E(UU’) = 6°Q
An unbiased estimator of variance may be derived from the application of OLS:
52 _ (TY —TXb*)'(TY —=TXb*)
n—k
52 (Y =Xb*) T' T(Y-Xb*)
n—Kk

52 _ (Y =TXb*)'Q*(Y — Xb*)
- n—k

Y 'QY —b*X'Q7YY

SZ
n—k

(2.47)
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on assumption of normality for the disturbance term
Ho: RB=r  was based on Fisher ratio F defined as:
(r—ro* RO X )R [ (r = Ro*)1g
S 2
had the F(, n - k distribution under the null hypothesis, where b* was the GLS

F=

(2.48)

estimator and S? the variance estimator. The above formulae were only operational if

the elements of QQ were known. In most practical cases, they were not known.

2.5.17 General Least Squares Estimator
We denoted the variance-covariance matrix of the residuals by V
i.e. Var(U)=V
the method of estimation involves minimizing
S = (Y - XB)V (Y - XB) with respect to B

Thus:
5 _oxv xp-2x'Vly (2.49)
op '
0s
- = Q
op
S is minimized by setting Q to zero, i.e.
B _g
op
= XVx8 =xVy (2.50)

L = (x'V ’1x)_1 X'V ly
The generalized least square estimator becomes the ordinary least square estimator if
the variance-covariance matrix V = ol
2.5.18 Autoregressive Moving Average (arma) Process
Dependence was common feature in time series observations; given a series y, we can
model that the level of its current observations depends on the level of its lagged
observations. That can be represented by an Autoregressive (ar) model. AR of order

one ar(1) can be define as:

Y = ¢1yt—l + & (251)

25



Where &, ~WN (0,5) which is a strict assumption
Also, Autoregressive of order p; ar(p) can be define as:

Ve = Y1t bu,+ot byt é (2.52)

It can also be model that the observations of a random variable at time t were not only
affected by the shock at time t, but also the shocks that had taken place before time t. if
negative shock was observed in an economy (natural disaster), then it would be
expected that the effect affected the economy not only for the time it took place, but
also for the near future. That concept was represented by Moving Average (MA)

model. The ma(1) can be define as:
Vi =& +6e, (2.53)
And ma(q) defined as:

Ye=& 06, +06 ,+..+0& (2.54)

If that two models were combined to obtain Autoregressive Moving Average of order
p, q (arma (p, q)) model define as:

Ye=Yia+ @, +ot ¢pt—p TEAOEL T OE, F ot qutfq (2.55)

arma model provided one of the basic tools in time series modeling.

2.5.19 Lag operators

To re-write arma model in a short form, Lag (Backward Shift) operators denoted as L
or B was applied. The concept was; when moved the index back one time unit and
applying it k times, we move the index back k units as define:

BY, = Yiu

Bzyt =Y

B“Y, = Vi (2.56)
The lag operator is distributed over the addition operator as:
L(Xt +Y, ) =Xt Y (2.57)

When applied the lag operator on arma model defined as:
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AR(L):(A-4L)y, = ¢,
AR(p): (1_¢1L_¢2L2 _---_¢p|—p)yt =&
MA(L): y, =(1+6L)s,

y

MA(@Q): y, = [L+6,L+6,% +..+6,L° s, (258)

Let ¢, =1 also ¢, =1 and define lag polynomials as:

HL)=1-gL-gL" —.— gL’
O(L)=1+6,L+6,L" +..+6,L°

(2.59)

With lag polynomials arma process would be rewritten in a more compacted form as:
AR (L)Y, =&,
MA:y, =6(L)s,
ARMA: g(L)y, = 6(L)e, (2.60)

2.5.20 Non-Stationary Time Series
Shittu and Yaya (2016) expressed that when the mean x and variance o of a series
Xt changes systematically with time t then the series X: was referred to as been
nonstationary series.
Mathematically expressed:

E(X,))=u but g

Var(X,) #o” but o}
The dynamic time series techniques would no longer be appropriate in modeling the
series. Hence, nonstationary series can be differenced a number of time d to become
stationary of order d or 1(d).
An autoregressive time series ar(1) of the form:

Vi =Y T &

Was considered stationary if |o| <1land & ~ N(0,07). The series y: tends to return to

its mean value and fluctuate around it within a more or less constant range and the
variance of y: was finite. However, if @ =1 then y: was nonstationary the roots of the
characteristic equation lied on the unit circle. It was possible to rearrange and

accumulate y; for different periods yt.» to obtained:
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n-1 .
Ye=a"y , + ) als (2.61)
=0

2
o
Asn "% the equation has a constant means # and variance (1_0!2]. The

question of whether a variable or series is stationary depends on whether or not it had

a unit root. Equation Yt = @1t & rewritten as:
A-al)y, =¢ (2.62)
Where L denoted the lag operator (Ly: = yt.1) and L2yt = yeo..... LYyt = yik

The characteristic root was (1-al)=0 it could be observed that the roots of the
equation were all greater than unity in absolute terms. In the equation there was only

1

one root (&= 1_a) series. Stationarity requires that o <1, if jof >0

the yt would be

nonstationary and explosive.

Consider an autoregressive process of order p; ar(p) model given as:

Y, =Y, + Y, + Y s+ + DY s+ (2.63)
Which can also be written using backshift method as:

w(L) =g
Where v =1-gL 4L —..~ gL’ was a polynomial in lag L. if the roots of the
y(L)=0

to be stationary, otherwise y: was nonstationary.

characteristic equation were all greater than unity in absolute term, was said
Using non stationary series produces unreliable and spurious results and leads to poor
understanding of the process it represent. Also the forecast performance may be very

poor.

2.5.21 Spurious regression

According to Shittu and Yaya, (2016) spurious or nonsense regression occurs when
one or more of the ordinary least square assumptions were violated. That also occurs
in non-stationary series where dynamic models arima (p, q) were no longer
appropriate.

A regression of two non-stationary and uncorrelated series y: and X: as:
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Y, = Sy + BiX +& Wwhere;

Y=Y Tt R N(0,) (2.54)
X, =X + 4, # =N(0]1) and ¢, isthe disturbance term.

It should be expected that b= 0and the coefficient of determination R should tend

towards zero. However, because of the non-stationary nature of the data, implying that

“twas also non-stationary, any tendency for both series to be growing due to
correlation which was picked up by the regression model even though each series was
growing for very different reason and at rates that were uncorrelated. It y: was
differenced once we had:

AY, = gy + AKX + & (2.55)

It converged to zero in probability. Thus, correlation between non-stationary series do
not imply the kind of causal relationship that might be inferred from stationary series.

That gave important reason which regression models — deterministic or dynamic need
to be diagnosed for normality and stationarity to ensure validity. For dynamic
regression, each of the involving series had to be subjected to stationarity test before

processing for causal relationship between them.

2.5.22 Assumptions of error term and properties of residuals

The expected value of the error term was the same as that of the residual which was
zero. The variance was assumed to be constant throughout in the case of the error
term, but the variance of the residual was not constant. Instead a variance-covariance
matrix existed for the residuals.

Var(U) = 6 ?I (constant) but Var(u) =P o 2| (2.56)
where P = (1 - X(X"X)1X)

Also the error term was assumed to follow a normal distribution with mean zero and
constant variance o2 The residuals on the other hand may not necessarily follow a
normal distribution it may follow distributions like exponential, Poisson etc or even
normal distribution with non-zero mean and having a variance-covariance matrix i.e.

non-central normal distribution.
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2.5.23 Estimation of parameters of the model such that violations were removed
In most cases as discussed earlier the variances of the residuals may not be constant
throughout. Thus the residuals had a variance-covariance matrix denoted by Pc?
instead of 62| as assumed for the error term. If the ordinary least squares estimator was
applied in that case of estimating the parameters of the model the variances of the
estimates would no longer be minimum although they will still remain unbiased. The

generalized least square estimator was therefore applied.
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1. Identification of the model
(choosing tentative p, d, q)

2. Parameter estimation of the chosen model

3. Diagnostic checking: were the estimated | No
residuals white noise? —

\L Yes

4. Forecasting

Fig. 2.3 Flowchart of Box-Jenkins framework (Shaib and Umar, 2019)
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2.6  Review of related studies

According to Shangodoyin, (2002), various economic and financial time series data
encountered in practice: plots of nominal Gross Domestic Product (GDP) for each
given country had a tendency to trend upward over time, and that upward trend should
be considered into any series forecast. The introduction of a deterministic temporal

trend was used to explain trends that grow upward over time.

With stochastic processes, the theoretical breakthroughs in time series analysis began
early (probability process). Yule and Walker's work in the 1920s and 1930s was
credited with been the first to apply autoregressive models to data. During that period,
the moving average was introduced to eliminate periodic fluctuations in time series,
such as seasonal swings. Herman Wold proposed the arma (Autoregressive Moving
Average) model for stationary series, but he was unable to build a likelihood function
that would allow maximum likelihood (ML) parameter estimation. That was
completed in 1970, when Box and Jenkins published their classic book "Time Series
Analysis,"” which detailed the entire modeling technique for individual series,
including specification, estimate, diagnostics, and forecasting.

Many forecasting and seasonal adjustment strategies can be traced back to the Box-

Jenkins (1970) models, which were possibly the most widely utilized.

In order to analyze time series data, the Autoregressive Integrated Moving-Average
(arima) model was used. The model has a lot of flexibility when it comes to assessing
different time series and making reliable projections. Box and Jenkins (1976)
introduced the Arima model technique. The method studied univariate stochastic time
series (error term of the time series); nevertheless, the analyzed time series must be
stationary for this to be possible. That is, the series' Mean, Variance, and Covariance
remained consistent across time. Most economic and financial time series, on the other

hand, indicate trends across time.

Stationarity was critical because if the series were non-stationary, all of the traditional
regression analysis conclusions would be invalidated. Non-stationary series
regressions are referred to as "spurious” since they may have no meaning. A stationary

series' long-term forecasts would converge to the series' unconditional mean Shittu and
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Yaya (2016).

Only stationary time series might be used with such techniques. Economic time series,
on the other hand, frequently showed a rising trend, indicating non-stationarity and the

presence of a unit root. Unit root tests were established mostly in the 1980s.

Dynamic Linear Models: The popularity of Gaussian Distribution can be attributed to
a number of factors. To begin with, many physical processes were roughly Gaussian;
this was linked to the central limit theorem. Second, it was both analytically elegant
and user-friendly. Third, it was simple to modify; if a Gaussian variable was
propagated through a linear function with a Gaussian output variable Lee and Roberts,
(2008).

Dynamic Linear Models: The Gaussian Distribution is quite popular for a variety of
reasons. To begin with, many physical processes were Gaussian in nature; this was
linked to the central limit theorem. Second, it was easy to use and analytically elegant.
Finally, if a Gaussian variable was propagated through a linear function with a
Gaussian output variable, it could be easily adjusted Lee and Roberts, (2008).

Shittu and Yaya (2016) emphasized that a behavioral process over a period of time had
relied on time series models; time series models have a wide range of applications,
including sales forecasting, weather forecasts, inventory investigations, and so on.
Time series models have been found to be one of the most successful approaches of
forecasting decisions that contain future uncertainty. Most of the time, the future
course of action and decisions for such processes are determined by the expected
outcome. The necessity for those expected results had prompted businesses to develop
forecasting tools in order to be better prepared for an uncertain future. Those models
can also be integrated with other data mining approaches to aid in understanding data
behavior and the prediction of future trends and patterns in data activity.

There are two approaches to modeling non-Gaussian time series: keep the general
autoregressive moving average (arima) framework and accept non-Gaussian white

noise, or forgo the linearity assumption. In the first case, the challenge was
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determining the suitable white noise distribution so that the time series model
exhibited a non-Gaussian feature. In the latter scenario, one must choose from an
infinite number of nonlinear forms that typically express the time series as a nonlinear

function of its lagged values to find an appropriate explicit model.

The exchange rate is the value of one country's currency in terms of another country's
currency. It is also known as the worth or value of a country's money in terms of the
currency of another country. Changes in exchange rate policies to correct both internal
and external sectors cause exchange rates to vary from time to time. Because exchange

rates fluctuate, the rate can either appreciate or depreciate.

Jimoh, (2017) observed that if the amount of home country currency required to
purchase a foreign currency decreases, the exchange rate appreciates; if the amount of
home country currency required to purchase a foreign currency increases, the
exchange rate depreciates. It has been simple to quantify or determine the extent of
external sector activity in Nigeria's economy since the country's exchange rate was
established in 1986. In a similar vein, determining the extent to which the Nigerian
economy affects foreign trade had been easier. The author also cited that if the amount
of home country currency required to purchase a foreign currency decreases, the
exchange rate appreciates; conversely, if the amount of home country currency
required to purchase a foreign currency increases, the exchange rate depreciates. It has
been simple to quantify or determine the extent of external sector participation in
Nigeria's economy since 1986, when the country's exchange rate was first established.

The inventory was divided into four categories: high turnover products, medium
turnover items, and low turnover items, according to the article. Because of its limited
number of parameters and high % best fit, the article concluded that armax is the best
linear model. Furthermore, using a mathematical inventory model, we will be able to
monitor the system and implement suitable control techniques. However, the article
did not take into account the multiple outlet system or the seasonality impact, which

are both common in time series data.

Bruce, (2013) modeled deformity at Southern Maine using arma and arimax time
series models. Two statistical approaches to forecasting long-term disability benefit

claims were considered in that study. Although both models were capable of
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producing accurate four-quarter projections, the later model was able to reflect the
impact of external factors such as the health of the economy and management
controllable policies. Both models, on the other hand, outperform the widely used
seasonally adjusted four-quarter moving average (SAMA) model. However, data from

monthly and yearly time series were not taken into account.

Wei, (2002) investigated the armax model's least square identification. He found that
the standard least square method's success was often attributed to its simple concept
and ease of implementation. The main disadvantage was that least square parameter
estimates were only unbiased in the rare case where the underlying system model's
equation error was white noise. The study introduced an auxiliary linear regression
model that was equivalent to the armax model, which was an innovation. In an
innovative usage of extra delayed outputs, an estimated noise covariance vector was
then obtained from that auxiliary model, which identifies the source of the noise
induced bias in the least square estimate. To accomplish unbiased identification of the
model, the paper developed Bias Error Least Square (BELSX) with extra delayed
output. The influence of the bias on the results, on the other hand, stemmed from

Monte-Carlo simulations of real-world data, which were not checked.

Yaya, (2016) looked at the persistence of volatility and asymmetry in naira exchange
rates before and after the crisis. The study used two time series modeling approaches:
fractional and generalized autoregressive conditional heteroscedasticity (GARCH).
The paper used six daily official naira exchange rates, including those with central and
West African Francs (naira-CFA) and US Dollars (naira-USD). The analysis found
that during the post-crisis period, the US Dollar exchange rate rose astronomically in
all series, before stabilizing after a few months. The use of the US dollar as a common

foreign currency in Nigeria was credited with the stability.

Ranjeeta Bisoi, (2014) referenced work on hybrid decision tree: revealed that
forecasting and categorization were two significant characteristics of time series
analyses. Because of its flexibility in modeling numerous stationary processes,
statistical-based approaches such as linear autoregressive (AR) models have been used
extensively in time-series forecasting. As also observed by Fan and Yao, (2003) and
Weron and Misiorek, (2008).

35



The model takes a linear relationship between the delayed variables as well as
provides rough estimate of real-world problems, failing to effectively anticipate the
evolution of nonlinear and non-stationary processes in most cases. When changes
occurred with time seasons the elements would rapidly fluctuate the data. arma model
performance suffers significantly. At times, methods based on the evolution of the

increments were employed in minimizing initial lack of stationarity.

However, because differencing enhances high-frequency noise in time series,
determining the order of an arima model requires a significant amount of effort. Most
traditional arima models were limited to solving first-order non-stationary problems in
economic data. Engle, (1982) initiated arch model to solve 2" order non stationary

conditional variance.

Bollerslev, (1986) originated the generalized autoregressive conditional heterodasticity
(GARCH) model which depicts the error (variance) as an expression of autoregressive
process, allowing for a more compact description of the time series. Tong (1990) also
presented threshold nonlinear arma models (TAR), which have been successfully

employed for modeling time domains economic series as observed by Yadav, (1994).

Lineesh, (2010) applied wavelet to partition sequence into orthogonal pattern series;
then used the model to forecast each decomposed series using arma and tar models.
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Krishnamurthy and Yin, (2002) worked on nonlinear time series forecasting using
hidden Markov and AR models regime, the study switched AR parameters in time in
accordance to the outcome finite-state Markov chain. However, the property of
linearity in autoregressive structure limits the method for nonlinear and stable time

series forecasting.

According to Park and Sandberg, (1991) observed that neural network approaches had
several distinct advantages among which was being nonlinear also useful in

complicated modeling.

Zhang, (2012) published a review on NN models on time series forecasting. Forecast
had also been done using FNNs with recurrent feedback connections as noted by De
Groot and Wuertz, (1991).

Menezes and Barreto, (2008) designed an RNS nonlinear AR model with external

recursion capable of capturing trends of various kinds Chen, (1991, 1992).

Barreto, (2007) studied time series forecasting: employed self-organizing map neural
network models were reviewed as global models of FNN and used the properties of

the distribution in achieving non-linear forecast of series.

As noted by Smola and Scholkop, (2004) SVM-based methods could be used as a
class of generalized regression models in which the parameters were derived using

convex quadratic support vector regression technique.

Cao, (2003) used LR model to reduce structural risk at upper bound of generalization
error; resulted to superior prediction performance. Fu-Yuan Huang, (2008) observed
that ANN was an effective forecast tool in a wide range of applications. Some scholars
used fuzzy logic theory because it is an effective tool for dealing with uncertainties.

That was applied in Taiwan stock exchange forecast as noted by Cheng, (2007).

Yu Lixin, (2005) forecasted financial time series with FNN model with genetic and
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gradient descent learning algorithms utilized alternately by substitution method
updated the parameters until the error was minimal. Slim Chokri, (2006) used Mackey

glass time series data to fit HNF based on Kalman filter in predicting monetary series.

Fu-yuan Huang, (2008) used robust PSO steps to analyze stock market data.
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CHAPTER THREE
METHODOLOGY

3.1 Methodology of the study

We discussed the research study design/framework, approach, and methodologies. Exploratory
methodological framework was used to project the past behavior of non-stationary economic

time series data into the future.

3.2 Data source and data collection

The real-life data used were collected from publication of Central Bank of Nigeria
(2017) and Nigerian National Petroleum Corporation (2017). The data on economic
time series variables: Monthly External Reserves (Million USD) denoted as VY
Monthly Official Exchange Rate (Naira to 1 USD) denoted as X1, Monthly Crude Oil
Export (Million Barrel per Day mbd) denoted as Xi Monthly Crude Oil Price
(USD/Barrel) denoted as Xz. The variables Xi, Xt and Xt were the three exogenous

variables considered.

Data collection sheet was designed in accordance to the data structure and the
variables of interest. Those consist of the Year, Month, Period, External Reserve,
Exchange Rate, Crude Oil Export and Crude Qil Price. In-line with the structure the
required data were recorded from the source accordingly. The data structure was
automated in computer spreadsheet package compactable to statistical packages; MS

Excel, Eview, SPSS and R program were used in aiding data storage, data analyses.

3.3 Sample size criteria

Inclusion criteria: Monthly data recorded from January, 2008 to December, 2017.
This covered 10 years period of 120 sample size was used as in-sample data to model
the process while 12 observations (Jan, - De, 2018) data were used as out-sample data

to generate forecast.

39



3.4 Methods of data analysis

The statistical data analyses tools adopted were: Time plot (Graphical Method),
Summary  Statistic, Correlogram, Autocorrelation Function (ACF), Partial
Autocorrelation Function (PACF), Augmented Dickey Fuller (ADF), Q-statistic,
Jarqua-Berran Statistic, Unit Root Test, Residual Test, Forecast plot, Akaike
Information Criteria (AIC), Log-likelihood, Mean Square Error Shittu and Yaya
(2016). Data analyses processes were aided by computer statistical software packages;

R-Program, Eview, Microsoft Excel and SPSS.

3.5 Derivation of arimax with lognormal error term
3.5.1 Conventional arimax with normal error term

Time series mixed model with exogenous variable defined as:

p q n
Yi :Z¢yt—i +zegt—i + & +Zﬂkxk (3.1)
i-1 i-1 k=0

wherey, - series(output)

p
ZWH - AR with p number of ¢ parameters (Autoregressive Coefficients)
i=1l

q

Z Oe,; - MA with g number of 8 parameters (Moving Average Coefficients)
i=1

&, - associatederror term

Z L. X, - Regression part with n number of S parameters (Regression Coefficients)
k=0

X, - associatedexogenous random variable(input variable).
when expressed (3.1) in backwardshift operator, we had :

#(B)1-B)"y, =O(B)e, + Sy + B X, (3.2)

Formation of polynomial expression of equation (3.2) defined as:

The Polynomial;

#(B) =1-¢B — ¢,B? —..—¢,B°

6(B)=1+6,B+6,B* +...+ 6,B" (3.3)

The associated parameters were g, 8, S and o
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3.5.2 Derivation of arimax (1, 0, 1) with lognormal error term

Ye =Y +0i6, + 6+ By + bk (3.4)
expressedin backwardshift operator

¢1(B)(1_ B)yt = 91(8)8t +ﬂo +181)(1

= (1-4,B)A-B)y, = (1+6,)s, + By + S % (3.5)

expresing equation (3.2) in terms of the error &, we had :

(1-4B)A-B)y, = B, = Bix, = (1+6,), (3.6)

£ = (1'¢1B)(1_ B)y: _ﬂo _ﬂlxl (3.7)
(1+6)

Take the natural log of equation ( 3.7)

Ine, = ,n{(l-qﬁls)(l— B)Y, - —ﬂlxl} (3.8)
@+a)
= In[(1- ¢,B)(1— B)y, — 5, — 8% |- In(1+6)) (3.9)
The equation of lognormal function defined as:
a1 _3fIny) -4
Hine )_thexp{ 2 o ‘ (3.10)

forO<pu<ow, 0<y<ow, >0
Ing, = In(y,)— u« representing the residual

Substitution of Error term of ARIMAX (1, 1, 1) Model into lognormal function;

1 1{In(e,)
f(e)=———expi—> 3.11
o=t .

When we substitute equation (3.9)

2
)= exp {_ Lin[1-¢B)A-B)Y, = Ay = Ax]-n+6) [ 5,
y.N 270° 2| o |
Expressing equation (3.12) in likelihood function we had:
270%) 2 1
L(e) = @exp{— (- 4B)A-B)y, ~ 4 - Ax]- @+ @)} (3.13)
Iy, 20

When we take the log of likelihood function L(¢,)we had:

InL(e) = 3 In(2ao) - (1) -~ 3 fInf(L- 4B)A- B)Y, - 4, - AixJ- I+ 6)  (3.14)

41



Also by expansion
(1'¢1B)(1_ B)yt =Y~ Byt - Byt
When substitute into (3.14) we obtained

- ¢1Byt + ¢1BZ Yi =Y Y- ¢1yt—l + ¢1yt-2 (3-15)

InL(g):
— |n(27m' )— Z(Inyt)—

To estimate the assomated parameters we took partial derivative of equation (3.16)

zlen Vo -Yia - Y s+ BYeo — Bo— Bix]-n@+6)] (3.16)

with respect to ¢,8, 5 and o* respectively and equated to zero.

3.5.3 Estimation of ¢, parameter
Partial derivativeof equation 3.16 with respect to ¢, when equated to zero we obtained

olnL(g,)
o¢,
Inly, —y.,—aV._,+dVY, ., — 1+6?
— _ZZI (yt Yia ¢1yt 1 ¢132/to-22 ﬂo :le1 |Z yt .
= (Z Yieo _Zyt 1)|n2| yt — Y l_¢lyt 1+ +¢1Yt 2 _ﬂo _ﬂl 1_ (1""91)) =0
= Y [(Y, = Veu = AYes. T AYez — By~ BiX) = InL+6,) (3.17)
When open brackets and collect like terms:
= Z Yi _Z Yia t ¢1Z(yt—2 - yt—l)_ ng, _ﬁlle =1+6, (3.18)
solvefor ¢,
¢1Z(yt—2 yt—l) =1+60,+ Z Yia _Z Y, + B, +ﬁ1le (3.19)
= ¢.I.Z(yt—2 - yt—l): (1"' 6’1)"' Z(YH - yt)+ NS, +ﬂlzxi (3.20)
Therefore;
¢?1: (1+él)+2(yt—l_yt)+nﬁ0+ﬁlle (3.21)
Z(yt—Z - yt—l)
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3.5.4 Estimation of 8, parameter

Partial derivative of equation (3.16) with respectto 6, and equate to zero:

alnL(e,)
06,

2 1
== 20_2 -1+ 01 'In2|(yt Y _¢1yt—l +¢1yt—2 _ﬂo _ﬁlxl) - In(l"' ‘91) =0 (3-22)

= |n2|(yt —Yig _¢1yt_1;2¢é_y_:__29_) ﬂo _131)(1)_ In(l+ 91} =0 (3.23)
= InZKyt - yt—l _¢1yt—l +¢1yt—2 _ﬁo _ﬁlxl)_ In(1+ Hll =0 (3-24)
= InZKYt Y _¢1th1 +¢1yt—2 _ﬂo _ﬂlxlx = In(1+ 01) (3-25)
51 = ‘Z(yt - yt—l)_(glz(yt—l - yt—Z)_ nﬂAo _Blz X _1‘ (3.26)
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3.5.5 Estimation of g, Parameter

Partial derivative of equation (3.16) with respect to S, and equate to zero:

aInL(e,)

b,
2 I |0 = Yo=Y+ Yo~ By = Bx) - Inl+6)
202 D= Yea—BYea + Yo — Bo— BiXy)
= I |V = Yeu —BYer + Yoo — By — Bx) — In(1+6,) =0
= I |V = You — Y + Yoo — By — B = In(L+6))
= > =Y 2. Vea Vi) —NBy— B % =146,
By =D (Vi = Yi) 42 (You = Yio) — B % —1-6,
o= 2V YD) A G Ye) =AY 16

n

(3.27)

(3.28)
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3.5.6 Estimation of S, parameter

Partial derivative of equation (3.16) with respect to £, and equate to zero:
alnL(s,)
op,
__ 2 - z Xl(|n2|(yt Y _¢1yt—1 + ¢1Yt—2 _:Bo _ﬂlxl) - In(1+ 01)')
20" Z (Yo=Y =8Vt 8o — By — BX)

when cross multiplied
= Z Xl(InZKyt “ Y~ ¢lyt—1 + ¢1yt—2 _ﬂo _:lel) - In(1+ 011)
Distribute D" x,
= Inz Xl(yt —Yiu _¢1yt—l + ¢lyt—2)_ﬂ02 X _ﬂlz X12 = Inz X1(1+ ‘91)
= z Xl(yt Y _¢1Yt—1 + ¢1Yt—2)_ /Boz X _z X — 912 Xy =ﬂlz Xlz
Divide through by > x/
_ Z Xl(yt Y~ AYa ¢1yt—2)_ﬂoz Xy _Z X = elz Xy

B = 2

PR
_ le(yt Y _¢1(th1 + thz) _:Bo _1_61)

PR

Iél _ Y =Y _¢1Z(Yt71 - yt—2) _ﬂo _1_‘91 (3.30)
2%

o

(3.29)
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3.5.7 Estimation of o’ parameter

Partial derivative of equation (3.16) with respect to o>and equate to zero:

alnL(s,)
op,
:_D( o j+ SN~ Yo~ Yo + Yz — B — B) — 1+ 6] =0
2 272_0_2 2(62)2 t t-1 1Jt-1 1)t-2 0 1M 1
n 1
= 507 = 3T 2N~ Ve~V v = Bo- Ax) - e a)f @3
. 20" L
Multiplied through by - obtained :
GAZ _ Z[In(Yt — Y _élyt—l +¢?lyt—2 _ﬁo _ﬁlxl) B In(1+ él)]z

(3.32)
n

The derivation had unique solutions for the estimation of arimax (1, 0, 1) with

lognormal error model parameters as we applied the derived equations (3.21), (3.26),
(3.28), (3.30) and (3.32).

Derived equation of arimax (1, 0, 1) with lognormal error fitted as:

YAt = ¢31Yt—1 + élgt—l + :éo + [31)(1 (3.33)
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3.6 Model identification techniques
The statistical techniques applied to examine model identification were

Autocorrelation Function (acf) and Partial Autocorrelation Function (pacf).

3.6.1 Graphical analysis
The time plot of series exhibited pattern (likely nature) of time series. The time plot
suggested the mean changed overtime; that may imply the series was not stationary.

That gave initial clue for more formal tests of stationarity.

3.6.2 Sample autocorrelation function (sacf)

Autocorrelation measured the correlation between successive observations in the series

under study. Times series X; the covariance between X; and X« defined as:

7 =Cov(X, X )
= E[(Xt _;U)(thk _;U)] (3.34)
where E(X,)=u

The autocorrelation function between X: and X« denoted by p, (rho k) defined as:

. _ Vi _covarianceatlagk ~ Cov(X, X,)

e ) _ (3.35)
7 variance \/Var(xt)\/m
Where;
X, =X )X, - X
Y kn)( = X) (3.36)
X, —X)?
. Z(t% (3.37)

n denoted the sample size while X denoted the sample mean Shittu and Yaya (2016).
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3.6.3 Partial autocorrelation function (pacf)
The Autocorrelation function between X: and Xik allowed for the effect of the
intervened values of X1, Xto. ..., Xtk. The Partial Autocorrelation Function (PACF)

expressed in matrix as:

L p e P
1.
p=| L P (3.38)
P Pz 1

The partial autocorrelation ¢, defined as:
ho =20 (3.39)

Where p, is the matrix p, with the last column replaced by vector (p,, p,,.... o, ) -

Durbin had presented an iterative way of computing the partial autocorrelation from

the relations:
k

Vst — Z¢kj7/k+l—j
i=1

k
1_Z¢k171
i=1

(3.40)

¢k+l,k+1 =

In stationary series condition; determination of order of the model used traditional
Box-Jenkins approach which applied the combination of acf and pacf functions for
possible decline of the curves (cut off) on either of the two curves. A series generated

by an ar (p) decays if the (acf) p, decays exponentially to zero and ¢, (pacf) cuts off
at lag p. The observed cut-off point of ¢, determined the appropriate order of the ar

model Shittu and Yaya (2016).

Moving average (ma) process of order q was determined by the (acf) p, cut off at a
particular lag and the ¢, pacf decays exponentially to zero. The point at which p,

cuts-off (g) determined the lag of the ma model fit. If neither acf nor the pacf cuts-off,
it suggested an arma (p, gq) model. The order (p, q) would sometimes difficult to
determine by mere inspection of acf and pacf.
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Correlogram: the plot of autocorrelation function on non negative lags k, k = 1, 2, 3,
..., N/4 gave visual inspection. Correlogram helped in determined whether a series
was random, stationary or alternated series and whether it contained a trend or

seasonal fluctuations.

3.6.4 Unit root test

Test for stationarity of time series variables were considered to avoid spurious model
results. The stationarity consideration of series; when the mean and variance remained
constant overtime (do not change overtime or drift). Unit root test was applied as a
diagnostic procedure for testing the variables under consideration with respect to
stationarity behavior of the variables based on their associated data pattern. Unit root
helped in measuring the unchanging behavior of data mean and variance overtime and
at level (order) of stationarity Shaib (2019).

The test statistic applied: Dickey Fuller (df) mathematically expressed as:
Yt = /OYt—l + &

Yo=Y =YY té

AY, =(p-Dy., +& 341

AR(D) =YY, +¢,

Equation (3.41) was used to test for the statistical significance of series coefficients

with respect to stationarity condition.
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Table 3.1 Model specification criteria

MODEL ACF PATTERN PACF PATTERN

ar(p) Exponential decay or damped Significant spikes through first
sine wave pattern or both. lag.

ma(q) Significant spikes through first Decline Exponentially.
lag.

arma(p, Q) Exponential decay. Exponential decay.
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3.7 Model validation/selection criteria
Approaches used as criteria for selecting the best model in terms of the order of a
model were: Best Fit Criterion, Final Prediction Error Criteria, Akaike’s Information

Criterion, Portmanteau Lack-of-fit test.

3.7.1 Best fit criterion
The best model structure minimized the prediction error. Best fit criterion was used for
model validation by the highest fit. The best fit was measured by the Coefficient of

Determination denoted as R?, expressed as:
N
82
—  )x100% (3.41)

N

Z,(y—f/)2

R? lied between 0 and 1: the closer R? to 1, the better the fit.

RZ=(1-

3.7.2 Final prediction error criterion (FPE)
The FPE evaluated the model quality, where the model was tested on a new set of
data. The most accurate model had the smallest FPE.

The FPE equation defined as:

1+1
FPE = —%\' *V (3.42)
1-Nn
N
Variance V, time length N and number of parameters n.
3.7.3 Akaike’s information criterion (AIC)

AIC was used for goodness-of-fit test defined as:
AIC = Iog{v [1+ %ﬂ (3.43)

The model with the lowest AIC most preferred.

3.7.4 Portmanteau lack-of-fit test
The test statistic defined as:

K
Q=N>r/ (3.44)
k=1
The Q statistic computed from the lowest K autocorrelations, at k = 1, 2, ....., K

51



follows a Chi-square distribution with (K — p — q) degrees of freedom, where p and q
were the AR and MA orders of the model and N was the length of the time series
Shaib (2019).

3.7.5 Model consideration criteria

The best fitted model considered; met the following criteria:
1. Most significant coefficients

Lowest volatility (Variance)

Highest Adjusted R?

Lowest AIC

Highest log likelihood

© o~ w D

Smallest absolute means square error

3.8  Residuals diagnostic check
3.8.1 Graphical method test was used to explore the residuals of the fitted models.
Beside graphical test other quantitative tests were used to supplement the purely

qualitative approach were Jarque-Bera test and Ljung-Box test.

3.8.2 Jarque-Bera Test

According to Mohammed (2014) normality assumption can be checked by using
Jarque-Bera test which determined goodness-of-fit measured departure from
normality, based on the sample kurtosis (k) and skewedness(s). The test statistic

Jarque-Bera (JB) defined as:

n k —3)?
JB=€[32+( 4) ]z;(é) (3.45)

The notations in the equation: n was observations, k parameters. JB assumed ¥ df.

3.8.3 Ljung-Box Test
Ljung-Box test was used to check autocorrelation among the residuals. The criterion;
if a model fit well, the residuals should not be correlated and the correlation should be

small. The null hypothesis was stated as:
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Ho : p1(e) = p2(e) =...... =pk(e) =0
Q=N(N+DY (N k)7 (@ (3.46)

Where, N denoted the number of observations used to estimate the model. The statistic
Q followed the chi-square distribution with (k-q) degree of freedom, where q was the
number of parameters estimated in the model. The criterion: if Q value was large
(significantly large from zero), it was considered that the residuals autocorrelation set
were significantly different from zero and random shocks of estimated model were
probably auto-correlated.

3.9 Model forecast

The model forecast criteria used on the fitted model were:

1. The essence of fitted arimax model was to forecast future values of the series

2. Used past values of the series itself

3. The series spoke for themselves

4. Forecast was based on the final selected model

5. Plotted the forecast graph

6. Verified how successful the forecast had been in predicted future values of the
series

7. Conclusion was drawn

3.10 Scope of the Study

The scope of the study was; on mixed time series model applicable in modeling and
forecasting time series. Autoregressive Integrated Moving Average with Exogenous
variables (arimax) as well as consideration of Multiple Linear Regression model (mlr).
The study made use of real-life data obtained from secondary source to verify the
applicability of the models and established adequacy (robustness) of the fitted models

meeting the expectation of time series analyses.

The time series economic variables under consideration were: Nigeria External
Reserves, Exchange Rates, Crude Oil Export and Crude Oil Prices. Real-life monthly
data of ten (10) years period were gathered from Central Bank of Nigeria (CBN)
Statistical Bulletin (2017) and Nigerian National Petroleum Corporation (NNPC).
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3.11 Definition of terms

Y:— Monthly External Reserves (Million US$ (Dep. Var.))

Xu — Monthly Official Exchange Rate (Naira to 1 US$)

Xt — Monthly Crude Oil Export (Million Barrel per Day mbd)

Xiz — Monthly Crude Oil Price (US$/Barrel)

TSD — Time Series Data

ARMA - Autoregressive Moving Average

ARIMA — Autoregressive Integrated Moving Average

ARIMAX — Autoregressive Integrated Moving Average with Exogenous Variable
MLR — Multiple Linear Regression model under normality assumptions

SARIMA — Seasonal Autoregressive Integrated Moving Average
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CHAPTER FOUR
RESULTS AND DISCUSSIONS

4.1  Results and discussion

Chapter four presents the results of data analyses and corresponding discussions. Data
exploratory analyses results were presented in section 4.2, section 4.3 contained
descriptive analyses results, model identification results/plots shown in section 4.4, the
diagnostic test results in section 4.5. Section 4.6 presented the fitted model equations,
section 4.7 contained model selection results, models’ in-sample forecast plots were
presented in section 4.8. The residual plots were shown in section 4.9 while section

4.10 presented out-sample forecast plots.

4.2  Exploratory analysis of data

The graphical exploratory analyses results of the time series data under consideration
were shown in the figures (fig. 4.1 to fig. 4.8) followed by corresponding discussions.
The time plots showed the behavoural pattern (trend) of the economic time series data
during the period under consideration. The corresponding histogram plot described the
series distribution shape; to ascertain the normality status of the time series data of
interest. The normal curve property of having bell-shaped distribution inferred the

status decision of the series at raw level.
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Fig. 4.1. Time plot of external reserve (Jan. 2008 - Dec. 2017 (US million dollar))
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Fig. 4.1 showed the trend pattern of Monthly External Reserves (US $ Million) time
series data set between the periods of Jan. 2008 to Dec. 2017. The series tends to
fluctuate; there was an observed rapid decline between Jan, 2010 through Aug, 2012
Sept, 2012 experienced sharp increase and a drop in Jan, 2013. The trend pattern
exhibited stochastic process and non-stationarity of the series. The behavior of the
series might be traced to the fall of crude oil price at the global market and increase in

foreign exchange rate during that period.
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Series: Residuals
Sample 1 120
Observations 120

Mean 9.18e-16
Median -0.819167
Maximum 10.58083
Minimum -5.819167
Std. Dev. 3.931756
Skewness 0.906312
Kurtosis 3.050547

Jarque-Bera  16.44080
Probability 0.000269
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Fig. 4.2. External reserve histogram plot and statistic



The histogram (Fig. 4.2) plot showed deviation from normal curve, the curve exhibited
long tail and gradual decline to the right (right skewed distribution). That indicated the
decline of external reserve over time period. The skewness value was 0.91 and kurtosis
value was about 3.10 those values showed that the series was not normally distributed.
The Jarque-Bera (JB) value was 16.44 with P-value of 0.2x10* which revealed that

the series was non-stationary.
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Fig. 4.3. Time plot of exchange rate (Jan. 2008 - Dec. 2017 (Naira to US $1))
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The time plot of Exchange Rate in Naira per 1 US$ as shown in Fig. 4.3 indicated
steady exchange rate of N120/US$ between Jan, 2008 to Dec, 2008; then, an increase
of about N150/US$ in Jan, 2009 and gradual increase through Dec, 2014. In Jan, 2015
an increase of N200/US$ was observed, in the month of Jun, 2016 a sharp increase of
above N300/US$ was observed. That could be inflation and high cost of imported
goods and services resulted to reduction of external reserve under study. The series
exhibited a stochastic process, and non-stationarity. That resulted to high cost of

importation of goods and services which affected external reserves negatively.
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Series: Residuals
Sample 1 120
Observations 120

Mean 2.84e-15
Median -22.65794
Maximum 129.7627
Minimum -62.24339
Std. Dev. 56.66975
Skewness 1.466364
Kurtosis 3.830791
Jarque-Bera  46.45554
Probability 0.000000
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Fig. 4.4. Exchange rate histogram plot and statistic

62



The histogram (right skewed distribution) chart (Fig. 4.4) showed some periods of no
significant changes in exchange rate and a sharp deviation from normal curve. The
skewness value was 1.47 and kurtosis value was 3.38, the Jarque-Bera value was
46.46. The exchange rate time series data deviated from normal distribution, and non-

stationary time series.
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Fig. 4.5. Time plot of crude oil price in US dollar/barrel (2008 — 2017)
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Fig. 4.5 showed the time plot of monthly crude oil price (US$/Barrel) exhibited
fluctuation over the period under study. The series indicated highest crude oil price in
June, 2008. The price of crude oil dropped to $44.95/barrel in January 2009, there was
indication of fluctuation in crude oil price $110 — $130 per barrel between Jan 2011 to
Dec 2014. In January 2015 experienced another sharp dropped of crude oil price of
$40 per barrel. The minimum crude oil price was $31.70 per barrel in February 2016.
The state of crude oil price affected external reserve directly being the main sources of

Nigerian foreign income.
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Fig. 4.6. Crude oil price histogram plot and statistic
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The histogram (Fig. 4.6) exhibited approximately normal distribution; plot showed
approximately normal curve. The skewness value was 0.14 and kurtosis value was
about 3.93. The Jarque-Bera (JB) value was 4.75 with P-value of 0.9x10 which
revealed that the series was non-stationary. Crude oil price experienced sharp drop and

increased price during the period under study. That was typical shorter period of
business cycle.
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Fig. 4.7. Time plot of crude oil export in million barrels per day (2008 — 2017)
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Fig. 4.7 showed the time plot of monthly crude oil export: the series trend fluctuated
over the period under study. The crude oil export market operated within the boundary
(limit) of 1.05mbd and 2.43mbd (million barrel per day). The highest crude oil export
of 2.43mbd was observed in Nov. 2010 while the lowest crude oil export of 1.05mbd

was noticed in Jun. 2016, the range value was 1.35mbd.
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Fig. 4.8. Crude oil export histogram plot and statistic
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Series: Residuals
Sample 1 120
Observations 120

Mean -5.38e-16
Median -0.016164
Maximum 0.732612
Minimum -0.790065
Std. Dev. 0.365580
Skewness 0.075002
Kurtosis 2.334767

Jarque-Bera  2.325178
Probability 0.312676




The histogram monthly crude oil export (Fig. 4.8) plot exhibited a bimodal
distribution. There was relatively regular exportation operation of crude oil market but
affected by crude oil price market forces. The plot showed deviation from normal
curve. The skewness value was 0.08 and kurtosis value was about 2.33. The Jarque-
Bera (JB) value was 2.33 with P-value of 0.31 which revealed that the series was non-
stationary at raw level. That confirmed the nature of time series data. The crude oil
export had not been stable over time; which might lead to negative impact on the
economic activities of the nation Nigeria among other factors.
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4.3: Descriptive analyses results

Section 4.3 presented descriptive analyses results; table 4.1 showed the summary

statistic of the four economic time series variables understudy.

Notations:

Yt — External reserve (in million $);

X1 — Exchange rate (in naira to $1);

X2 — Crude oil export (in million barrel per day) and
X3 — Crude oil price ($ per barrel).
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Table 4.1. Summary statistic of time series variables under study

Yt X1 X2 X3
Mean 10.21917 179.9677 1.709833 83.52367
Median 9.400000 157.3098 1.730000 80.34500
Maximum 20.80000 309.7304 2.430000 138.7400
Minimum 4.400000 117.7243 1.050000 30.66000
Std. Dev. 3.931756 56.66975 0.224885 29.17091
Skewness 0.906312 1.466364 -0.295559 -0.061853
Kurtosis 3.050547 3.830791 3.744180 1.565548
Jarque-Bera  16.44080 46.45554 4.516120 10.36478
Probability 0-000269 0.000000 0.104553 0.005615
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Table 4.1 showed some indices/test results of the economic variables under study; the
series — external reserve, exchange rate and crude oil price follows normal distribution
as indicated by JB-Jarque-Bera statistic (p < 5% critical value) while crude oil export

series distribution deviated from normal as p > 5% critical value.

There is indication of slight skewness; the series external reserve and exchange rate
were positively skewed while crude oil export and crude oil price were negatively
skewed. The average external reserves within the period of Jan. 2008 — Dec. 2017 was
about $10.23 million while that of exchange rate was about N180 per $1. The crude oil
export was in average of 2 million barrel per day (mbd) and the average crude oil price

was about $84 per barrel.

The maximum external reserve observed during the period was about $21 million in
March 2008 while the minimum was about $4.4 million observed in Dec. 2011 and
Mar 2012. The maximum exchange rate was in Jan 2017 of about N310 per $1 while
the minimum exchange rate was about N118 per $1. The maximum crude oil export
was about 2.4 mbd while minimum observed crude oil export was about 1.1 mbd. The
crude oil maximum price was about $139 million per barrel while the minimum price

was about $30.67 million per barrel.
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4.4 Arimax with normal error model identification

Section 4.4 presented the results and discussion of time series model order
identification. The plotted correlogram, autocorrelation function (acf), partial
autocorrelation function (pacf) and Q-statistic (Q) at raw level 1(0) and at first
difference I(1) with respect to the economic time series variables of interest. The plots

were shown from fig. 4.9 to fig. 4.16 with their respective discussions.
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Autocorrelation  Partial Correlation AC  PAC Q-Stat Prob

1 0.860 0.860 90.893 0.000
2 0.793 0.209 169.00 0.000
3 0713 -0.024 232.64 0.000
4 0.666 0.165 292.36 0.000
5 0.666 0101 348.78 0.000
6 0.639 0.007 401.30 0.000
7 0616 0.040 45047 0.000
B8 0.575-0.041 433.64 0.000
9 0535 -0.040 531.36 0.000
0 0492-0.032 563.54 0.000
1 0442 -0.083 589.73 0.000
2 0.385 -0.100 609.77 0.000
3 0.316 -0.124 62347 0.000
4 0257 -0.079 632.58 0.000
5 0.194 -0.036 637.81 0.000
6 0.113-0.185 639.61 0.000
7 0.066 -0.002 640.22 0.000
8 0.038 0.074 64042 0.000
19 0.014 0.013 64045 0.000
20 -0.026 -0.015 640.55 0.000
21 -0.057 0.064 641.02 0.000
22 -0.102 -0.012 642.57 0.000
23 -0.140 0.006 64551 0.000
24 0174 0.017 650.14 0.000
25 0172 0135 654.72 0.000
26 -0.182 0.030 659.91 0.000
27 -0.203 -0.047 666.39 0.000
28 -0.233 -0.053 675.01 0.000
29 -0.241 0.017 684.36 0.000
30 -0.262 -0.036 695.51 0.000

Fig. 4.9: Acf, pacf plots and Q-statistic of external reserve at raw revel 1(0)

76



Fig. 4.9 showed the correlogram of external reserve series at raw level 1(0):
Autocorrelation Function (acf), Partial Autocorrelation Function (pacf). The plot
exhibited exponential decay from lag 1. The acf at lag 1 has value 0.860 to -0.262 at
lag 30 while pacf at lag 1 has value 0.860 to -0.096 at lag 30. This indicated non
stationary series. Hence, the series required transformation to achieve stationarity by

differencing (data stationary).
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Autocorrelation  Partial Correlation AC  PAC Q-5tat Prob

1-0.293 -0.293 10448 0.001
2 0.023 -0.069 10.513 0.005
30136 0.164 12.814 0.005
4 0.014 -0.085 12.840 0.012
5 0.043 0.011 13.069 0.023
6 -0.003 -0.008 13.070 0.042
70018 0.013
8 -0.013 0.008
9 0.046 0.055
10 0.010 0.051
11-0.026 -0.003
12 0.062 0.077
13 -0.026 0.028
14 0.061 0.069 14.654 0402
15 0.058 0131 15.116 0443

13.112 0.069
1
1
1
1
1
1
1
1
16 -0.108 -0.047 16.760 0.401
1
1
1
1
1
1
1
1
1

3138 0107
3410 0145
3423 0.201
3529 0.260
4051 0.297
4144 0.364

17 -0.073 -0.119 17.514 0420
18 0.055 0.007 17.946 0459
19 0.042 0.019 18.199 0.509
20 -0.055 -0.086 18.635 0.546
21 0.034 -0.005 16.804 0.5%6
22 0.041 0.032
23 0.010 -0.041
24 0.053 -0.098
25 0.045 -0.001 19
26 0.021 0.034 19.970 0.793
27 0.029 0.029 20105 0.826
28 -0.041 -0.004 20.366 0.851
29 0.051 0.087 20.780 0.867
30-0.185 -0.160 26.305 0.659

Fig. 4.10. Acf, pacf plots and Q-statistic of external reserve at first difference 1(1)
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Fig 4.10 showed that external reserve series achieved stationarity at first difference
I(1). The correlogram at first difference 1(1) level, the plot indicated significant spike

at lag 1 of acf and lag 1 of pacf which suggested arima(1, 1, 1) model order.
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Autocorrelation  Partial Comrelation AC PAC QStat Prob

F 10966 0.96 114.73 0.000
! 2 0923 -0.149 220.32 0.000
! 30878 -0.019 316.87 0.000
! 40834 -0.025 404,69 0.000
! 5 0.790 -0.024 454.10 0.000
! 6 0.745 -0.026 55545 0.000
! T 0.701-0.025 619.10 0.000
! § 0656 -0.029 67541 0.000
! § 0.611-0.033 724,69 0.000
! 10 0.566 -0.026 767.35 0.000
|
|
|
|
|
|
|

11 0522 -0.022 803.90 0.000
12 0478 -0.009 §34.93 0.000
13 0436 0.013 661.24 0.000
14 0.399 -0.036 663.20 0.000
15 0.359 -0.027 90147 0.000
16 0.316 -0.054 915.38 0.000
17021 0105 92584 0.000

! 18 0227 0.022 933.26 0.000
=i 19 0203 0.259 939.24 0.000
I 20 0189 0.071 94449 0.000
! 21 0475 -0.070 949.01 0.000
! 22 0160 -0.031 952.81 0.000
! 23 0145 -0.015 955.96 0.000
! 24 0130 -0.022 956.52 0.000
! 25 0114 -0.015 960.54 0.000
! 26 0.099 -0.018 962.07 0.000
! 27 0.084 -0.028 963.18 0.000
! 26 0.068 -0.033 963.93 0.000
! 29 0,053 -0.025 964.36 0.000
! 30 0.037-0.007 964.61 0.000

Fig. 4.11. Acf, pacf plots and Q-statistic of exchange rate at raw level 1(0)
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Fig. 4.11 showed the correlogram (acf and pacf) of exchange rate (1US$ per Naira),
the plot exhibited exponential decay from lag 1 with acf value of 0.966 to 0.037 at lag
30 while the pacf from lag 1 value 0.966 to -0.007, that indicated non-stationary time

series. The series required differencing to achieve stationary condition.

81



Autocorrelation  Partial Comelation ~ AC PAC Q-Stat Prob

10517 0.517 32552 0.000
2 0.009 -0.352 32.603 0.000
3-0.043 0206 32830 0.000
4-0.043 0181 33.089 0.000
5-0.043 0.066 33.361 0.000
6 -0.048 -0.101 33.659 0.000
T-0.037 0.047 33836 0.000
§-0.035 0.072 33.9% 0.000
9-0.059 -0.019 34.456 0.000
10°-0.060 -0.027 34.936 0.000
11-0.051-0.034 35.289 0.000
12-0.046 -0.015 35571 0.000
13-0.046 -0.043 35.855 0.001
14-0.047 -0.017 36156 0.001
15 0.048 0123 36.480 0.002
160169 0.113 41.500 0.000
170109 -0.124 43181 0.000
18 0.036 0.162 43.389 0.001
19 0.069 -0.017 44539 0.001
20 0.037 0.026 44737 0.001
21-0.019 0.027 44781 0.002
220.025 -0.037 44.887 0.003
230.021 0.023 44.955 0.004
24-0.015 -0.021 44950 0.006
25-0.019 0.024 45.042 0.008
26-0.021 -0.029 45112 0.011
270.007 0.049 45.119 0.016
28 0.016 -0.052 45159 0.021
250.024 0.042 45.252 (.02
! 30 -0.024 0.032 45.342 0.036

Fig. 4.12. Acf, pacf plots and Q-statistic of exchange rate at first difference 1(1)
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Fig. 4.12 showed the exchange rate first difference plot: correlogram of exchange rate
series achieved stationarity at first difference 1(1) level. There was indication of
statistical significance spike at lag 1 of acf and pacf as well as lag 2 of pacf suggesting

two model order of arima(1, 1, 1) and arima(2, 1, 1).
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Autocorelation  Partial Correlation AC  PAC Q-Stat Prob

0.831 0.831 84.8%9 0.000
0.777 0.280 159.79 0.000
0735 0131 227.35 0.000
0.678 0.001 28543 0.000
0.644 0.047 336.25 0.000
0.619 0.060 387.47 0.000
0.626 0.156 435.26 0.000
0.553 -0.172 478.22 0.000
0.526 -0.002 514.72 0.000
0.451-0.175 54184 0.000
0402 -0.018 563.58 0.000
0.401 0129 58541 0.000
0.341-0.108 601.31 0.000
0.313 -0.046 614.82 0.000
0.273 -0.026 625.23 0.000
0274 0120 635.82 0.000
0.225 -0.026 642.99 0.000
0177 -0.102 64746 0.000
0.172 0.016 651.75 0.000
0.141 0.035 654.65 0.000
0.124 0.000 656.93 0.000
0.099 0.007 658.39 0.000
0.099 0.004 659.86 0.000
0.068 -0.065 660.56 0.000
0.018 -0.113 660.61 0.000
0.006 0.029 660.62 0.000
0.002 0103 660.62 0.000
26 -0.019 -0.089 660.66 0.000
29 -0.011 0.074 660.70 0.000
30 -0.029 -0.054 660.83 0.000
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Fig. 4.13. Acf, pacf plots and Q-statistic of crude oil export at raw level 1(0)
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The Autocorrelation Function (acf) of crude oil export (in mbd) shown in Fig 4.13
exhibited exponential decay slowly in lag 1 a value 0.831 to lag 30 value -0.029
revealed non-stationarity series; the pacf had significant spikes at lag 1 and lag 2. The
acf and pacf exhibited exponential decay (rapid decline) which suggested an arima (p,
q) model. Differencing was suggested to achieve stationarity of the series.
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Autocorrelation  Partial Correlation AC  PAC Q-Stat Prob

1-0.348 -0.348 14.757 0.000
2-0.036 -0.178 14.916 0.001
3 0.041 -0.042 15127 0.002
4 -0.061 -0.077 15.535 0.004
5 -0.026 -0.086 15.679 0.008
6 -0.103 -0.168 17.037 0.009
70234 0136 24.050 0.001
§ -0.145 -0.045 26.899 0.001
9 0124 0110 26911 0.0M1
10 -0.055 0.016 29.310 0.001
11-0.142 0160 32.002 0.001
12 0.152 0.045 35.103 0.000
13 -0.063 0.024 35638 0.001
14 0.020 0.014 35692 0.001
15 -0.125 0147 37.853 0.001
16 0.126 -0.033 40.084 0.001
17 0.009 0.052 40.095 0.001
16 -0.119 -0.040 42110 0.001
19 0.072 0.061 42.853 0.001
20 -0.015 0.012 42.886 0.002
21 0.020 -0.018 42.944 0.003
22 -0.067 0.015 43420 0.004
23 0.0% 0.075 44.807 0.004
24 0.049 0110 45175 0.006
25 -0.103 0.035 46.807 0.005
26 -0.011 0113 46828 0.007
21 0.029 0.048 46.961 0.010
26 -0.068 -0.091 48.180 0.010
29 0.087 0.024 49.394 0.01
30 0.032 0.026 43.560 0.01

Fig. 4.14. Acf, pacf plots and Q-statistic of crude oil export at first difference 1(1)
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Fig. 4.14 showed the first difference 1(1) correlogram of crude oil export. The series
achieved stationarity at 1(1) level, the acf and pacf (cut-off) were outside standard
error bound (or outside 95% confidence interval) had significant spikes at lag 1 which

suggested model of order 1 arima(1, 1, 1).
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Autocorrelation  Partial Correlation AC  PAC Q-Stat Prob

0.969 0.96% 115.55 0.000
0.914 -0.421 21910 0.000
0.643 -0.133 308.12 0.000
0.767 -0.017 382.42 0.000
0.697 0.134 444.26 0.000
0.631-0.052 435.40 0.000
0.577 0417 538.50 0.000
0.537 0.100 576.21 0.000
9 0.509 0.020 610.36 0.000
10 0489 -0.033 642.14 0.000
11 0466 -0.098 671.56 0.000
12 0443 -0.064 698.15 0.000
13 0412 -0.035 721.38 0.000
14 0.377 0.015 740.99 0.000
15 0.344 0106 757.46 0.000
16 0.313 0.001 771.21 0.000
17 0279 -0.11% 782.31 0.000
18 0.244 -0.096 790.83 0.000
19 0.206 -0.027 797.01 0.000
20 0.166 -0.105 801.04 0.000
21 0124 0.031 803.30 0.000
22 0.078 -0.040 04.20 0.000
23 0.026 -0.077 804.30 0.000
24-0.023 0.056 804.38 0.000
25 -0.063 0.104 805.00 0.000
26 -0.038 -0.093 06.43 0.000
270122 0.007 808.83 0.000
28 -0.141 -0.047 §11.98 0.000
29 -0.155 0.001 §15.85 0.000
30 -0.163 0.055 62013 0.000

o T e T o R =S L T A Ty

Fig. 4.15. Acf, pacf plots and Q-statistic of crude oil price at raw level 1(0)
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Fig. 4.15 showed crude oil price series of acf and pacf at level 1(0) which exhibited
non-stationarity as indicated by the correlogram which decay exponentially from lag 1
with a value of 0.969 to -0.163 at lag 30 while the pacf value 0.969 at lag 1 to 0.055 at

lag 30; hence, the need for differencing.
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Autocorrelation  Partial Correlation AC  PAC Q-Stat Prob

10418 0.418 21.278 0.000
2 0227 0.064 275634 0.000
3 0074 -0.051 26.310 0.000
40142 -0.205 30.817 0.000
5-0.110 0.020 32.352 0.000
6-0.212 -0.146 36.057 0.000
7-0.207 -0.069 43.567 0.000
§-0.173 0.070 47437 0.000
§-0.092 0.037 48.533 0.000
10 0.026 0.044 48.624 0.000
11 0.124 0.087 50.669 0.000
12 0.096 -0.058 51.916 0.000
13 0.049 -0.054 52.243 0.000
14 -0.027 -0.088 52.341 0.000
15 -0.047 0.001 52.649 0.000
16 0.013 0.072 52.673 0.000
17 0.018 0.046 52.719 0.000
16 0.046 0.041 53.017 0.000
19 0.039 0.011 53.233 0.000
20 0.021-0.014 53.297 0.000
21 0.032 -0.011 53.450 0.000
22 0.075 0.065 54.276 0.000
23 -0.037 0110 54.485 0.000
240138 0111 57.369 0.000
25 -0.085 0.074 58.474 0.000
26 -0.170 -0.088 62.930 0.000
270110 0.034 64.820 0.000
26 -0.067 -0.031 65.523 0.000
29 -0.078 -0.085 66.487 0.000
30 0.009 -0.002 66.499 0.000

Fig. 4.16. Acf, pacf plots and Q-statistic of crude oil price at first difference 1(1)
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Fig. 4.16 showed the first difference of the crude oil price series: correlogram, the acf
and pacf indicated significant spike at lag 1. The acf and pacf at lag 1 has value of

0.418, the model of arima (1,1,1) was suggested for crude oil price series.
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4.5 Series Stationarity test

Test of stationary of the economic time series variables of interest were considered to
avoid spurious model results. The time series data were considered stationary when
the mean and variance remain constant overtime. Unit root diagnostic procedure was

applied; Dickey Fuller test results of the variables were presented in table 4.2.
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Table 4.2.

Dickey fuller (df) unit root test

Critical External Exchange Crude Oil Crude Qil

Levels Reserve (Yt) Rate (X1) Export (X2) Price (X3)

1% 2.5836 2.5836 2.5836 2.5836

5% 1.9428 1.9428 1.9428 1.9428

10% 1.6172 1.6172 1.6192 1.6172

Absolute

DF Statistic

Level 1(0) 0.6149 1.7430 0.2978 1.2492
(0.5399**) (0.0841**) (0.7664**) (0.2143**)

First Diff (1) 5.6363 4.0083 6.1591 5.1259
(0.0000%) (0.0000%) (0.0000%) (0.0000%)

P-values in parenthesis ()

* Statistically significant at 5% critical level

** Not statistically significant at 5% critical level
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The table 4.2 showed the unit root test results of dickey fuller (df) to collaborate
stationarity check of the series of acf and pacf plots. The four economic time series
indicated presence of unit root at raw level. The absolute values of dickey fuller t-
statistic value of the series were less than 5% (0.05) critical level. The stationarity of
the series were achieved at first difference 1(1). The results of df values of 1(1) the p-

value presented in parenthesis were statistically significant at 5%.

The dickey fuller statistic values of the economic time series variables: external
reserve, exchange rate, crude oil export and crude oil price at raw level were; 0.6149,
1.7430, 0.2978 and 1.2492 respectively were less than 1.9428 critical value at 5%.
That revealed non stationarity of the series at raw level 1(0). At first difference of the
series, dickey fuller values were; 5.6363, 4.0083, 6.1591 and 5.1259 respectively
greater than 1.9428 critical value at 5%. That implied the series had achieved

stationarity at first difference 1(1).
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Table 4.3. Parameters’ coefficients estimated

Model Parameters Coefficients
Multiple linear regression Constant 35.5787
X1 -0.0401
X2 -9.0747
X3 -0.0315
Arimax(1, 1, 1) assuming normal ar(1) -0.3127
error of three exogenous variables ma(1) -0.9941
X1 0.0238
X2 0.2725
X3 -0.0296
Arimax(1, 0, 1) assuming lognormal ar(1) 0.4252
error of three exogenous variables ma(1) 2.4068
X1 0.0362
X2 6.0537
X3 0.0189
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Table 4.3 showed the estimated parameter values which were the coefficient values of
the variables; X; — exchange rate (naira to 1 US$), X2 — crude oil export (mbd), X3 —
crude oil price (US$/barrel) under consideration. Fitted multiple linear regression
parameters coefficients: 35.5787 (intercept), -0.0401, -9.0747 and -0.0315
respectively; that of arimax(1, 1, 1) assuming normal error: -0.3127 (ar(1)), -0.9941
(ma(1)), 0.0238, 0.2725 and -0.0296 respectively. That of arimax(1, 0, 1) assuming
lognormal error: 0.4252 (ar(1)), 2.4068 (ma(l)), 0.0362, 0.0537 and 0.0189
respectively.
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4.6 Fitted Equations

The fitted equations models:

The Dependent Variable: External Reserve (US$ in Million) - Vi

Three Exogenous Variables: X1 — Exchange Rate (Naira to 1 US$), X> — Crude Oil
Export (mbd) and Xz — Crude Oil Price (US$/Barrel)

4.6.1: Fitted Multiple Regression Equation
Y, = 35.5787 - 0.0401X1 — 9.0747X, — 0.03127X3 (4.1)

4.6.2: Fitted arimax (1,1,1) with Normal Error Equation
Y, = -0.3127ye1 — 0.9941se1 + 0.0238X1 + 0.2725X, — 0.0296X3 (4.2)

4.6.3 Fitted arimax (1,0,1) with Lognormal Error Equation
Y, = 0.4252yr.1 + 2.4068¢r1 + 0.0362X1 + 6.0537X, + 0.0189X3 (4.3)
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4.7 Model selection
The three fitted models 4.1, 4.2 and 4.3 were compared to ascertain best (most suitable
for forecast) based on selection criteria: smallest aic, largest loglikelihood (logic) and

smallest mean square forecast error (msfe). Table 4.4 present the results.
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Table 4.4. Comparison fitted models (diagnostic check analyses results)

Model Log Likelihood

(Loglik) AlC MSFE
Multiple Linear Regression -317.41 5.36 12.409
Arimax (1, 1, 1) with Normal Error at first -240.23 490.45 12.484
difference
Arimax (1, 0, 1) with Lognormal Error at 1344.47** -0.41* 1.766***

raw series (non-stationary series)

* Lowest akiake information criteria (aic) ** Highest loglikelihood (Loglik)

*** Smallest mean square forecast error (msfe)
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Based on results table 4.4 and 4.5, the study considered arimax(1, 0, 1) assuming
lognormal error was considered more appropriate and best fitted model based on the
criteria of highest Loglikelihood (Loglik) value, the smallest Akaike Information

Criteria (aic) value and the smallest Mean Square Forecast Error (msfe).
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Table 4.5. Out-of-sample forecast summary (Jan — Dec, 2018) of the three fitted

models
A B C D E F G H I J K L
121 Jan 124 1001 11.00 1311 239 140 -0.71 5.73 1.97 0.50
122 Feb 114 1045 1306 9.92 095 -1.66 1.48  0.90 2.76 2.19
123 Mar 109 1221 1267 973 -1.33 -1.77 117  1.76 3.14 1.37
124  Apr 108 1049 1245 11.01 031 -1.65 -0.21 0.10 2.73 0.04
125 May 106 9.86 12.66 11.13 0.74 -2.06 -053 0.55 4.25 0.28
126 June 9.6 9.22 13.64 10.24 0.38 -4.04 -0.64 0.14 16.31 0.41
127  July 105 862 12.04 13.06 1.88 -1.54 -256  3.52 2.36 6.55
128 Aug 109 873 12.16 1244 217 -1.26 -154  4.70 1.60 2.36
129  Sep 12 9.11 11.18 1333 289 082 -1.33 837 0.67 1.77
130  Oct 142 888 969 1512 532 451 -0.92 2827 2033 0.86
131 Nov 133 862 11.94 1118 468 136 212 2189 184 451
132  Dec 171 856 752 17.71 854 958 -061 7299 9185 0.37
14891 149.819  21.19
MSFE 12.41  12.48 1.77*

* Smallest mean square forecast error (msfe)
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Notations in Table 4.5:

A-Timet

B — Year 2018 (months)

C — Actual data (Y1)

D — Multiple linear regression forecast

E — Arimax with normal error forecast

F — Arimax with lognormal forecast

G — Multiple linear regression (Residual)

H — Arimax with normal error (Residual)

| — Arimax with lognormal (Residual)

J — Multiple linear regression (Square residual)
K — Arimax with normal error (Square residual)

L — Arimax with lognormal error (Square residual)

Table 4.5 contained the mean square forecast error (msfe) value of the proposed
arimax with lognormal error was 1.766; the multiple linear regression msfe was
12.409 and that of arimax with normal error msfe was 12.484. The proposed model
had the smallest msfe compared to the other two models. Hence, the proposed model
was considered better and improved good fitting of non-normal error and non-

stationary time series of economic data.
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4.8 In-sample forecast analysis of three fitted models: Fig. 4.17 — Fig. 4.19
Fig. 4.17 showed the in-sample forecast trend of fitted multiple linear regression

model exhibited fluctuation over the period of time. The trend indicated non-stationary

series at raw level; which was common to economic time series data.
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Fig. 4.17. In-sample forecast plot of multiple linear regression model
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Fig. 4.18. In-sample forecast plot of arimax (1, 1, 1) model assuming normal error
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Fig. 4.18 showed in-sample forecast: the trend fluctuated from negative during the
early months of the out-of-sample year. There was indication of non-stationary of

series at raw level.
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Fig. 4.19. In-sample forecast plot of arimax(1, 0, 1) assuming lognormal error
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Fig. 4.19 showed the in-sample forecast plot of the proposed arimax (1, 0, 1) model
with lognormal error exhibited some level of stationary (consistency of mean and
variance) series compared to in-sample forecast plot of arimax (1, 1, 1) with normal
error and multiple linear regression. That showed the superiority of the proposed

model of arimax with lognormal error.
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4.9 Residual analyses of in-sample forecast
The residual analyses of the forecast from the three fitted models under consideration

were presented in Fig. 4.20 to Fig. 4.22.

Fig. 2.20 residual plot of multiple linear regression indicated fluctuation and non
stationrity of the series residual which deviated from white noise error. Fig. 4.21

shown non stationarity in level and in slope of the residual plot of fitted arimax (1, 1,
1) assumed normal error and fig. 4.22 revealed constant mean at three stages of time
as indicated on the plot. Tha implied stability in the residual of fitted arimax (1, 0,1)

model assumed lognormal error.
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Fig. 4.20. Residual plot of fitted multiple linear regression (mlr)
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Fig. 4.21. Residual plot of arimax (1,1,1) assuming normal error
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Fig. 4.22: Residual plot of arimax (1,0,1) assuming lognormal error
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Forecast: YTF
Actual: YT

Forecast sample: 2008:01 2017:

Included observations: 120

Root Mean Squared Error
Mean Absolute Error
Mean Abs. Percent Error
Theil Inequality Coefficient
Bias Proportion
Variance Proportion
Covariance Proportion

3.408037
2.778778
30.49147
0.159680
0.000000
0.340224
0.659776

Fig. 4.23. Forecast plot of external reserve
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0.346
0.206
0.037
0.065
0.116
0.079

-0.006

0.000
0.017
0.010
0.022
0.023
0.027
0.044

-0.079
-0.067
-0.027

0.112
0.106
0.001

-0.087
-0.095
-0.098
-0.073
-0.070
-0.040
-0.104

0.001

-0.048

0.102

0.346
0.098
-0.070
0.060
0.102
-0.004
-0.070
0.021
0.028
-0.025
0.013
0.035
0.008
0.022
-0.123
-0.020
0.037
0.131
0.029
-0.078
-0.069
-0.043
-0.081
-0.042
0.005
0.035
-0.092
0.080
-0.024
0.123

14.733
19.995
20169
20.695
22412
23.205
23.210
23.210
23.249
23.262
23.325
23433
23.530
23.801
24 682
25309
25411
27197
28.827
2g.827
29.939
31.276
32.726
33.662
34.407
34.655
36.347
36.348
36.714
38.403

0.000
0.000
0.000
0.000
0.000
0.001
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0.006
0.010
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0.024
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Fig. 4.24. Acf, pacf and Q-sta plots of external reserve residuals
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Fig. 4.25: Crude oil price forecast plot

Forecast: COILPF
Actual: COILP

Forecast sample: 2008:01 2017:
Adjusted sample: 2008:03 2017

Included observations: 118

Root Mean Squared Error
Mean Absolute Error
Mean Abs. Percent Error
Theil Inequality Coefficient
Bias Proportion
Variance Proportion
Covariance Proportion

26.28426
23.90064
34.18166
0151902
0.000832
0.499480
0.499688
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Fig. 4.26. Residual plot of crude oil price
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Forecast: COILEF
Actual: COILE

Forecast sample: 2008:01 2017
Adjusted sample: 2008:03 2017:

Included observations: 118

Root Mean Squared Error
Mean Absolute Error
Mean Abs. Percent Error
Theil Inequality Coefficient
Bias Proportion
Variance Proportion
Covariance Proportion

0.256985
0.207775
11.87836
0.078041
0.300348
0.601314
0.089338

Fig. 4.27. Crude oil export plot
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Fig. 4.28. Residual plot of crude oil export
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Fig. 4.29. Exchange rate forecast plot
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Forecast: EXCHF
Actual: EXCH

Forecast sample: 2008:01 2017:
Adjusted sample: 2008:03 2017:

Included observations: 118

Root Mean Squared Error
Mean Absolute Error
Mean Abs. Percent Error
Theil Inequality Cogfficient
Bias Proportion
Variance Proportion
Covariance Proportion

45.96900
36.60960
21,5719
0.112416
0.470976
0.002336
0.526688




80

L 60
L 40
L 20
40_% %J\ M_O
L -20
20
| |
ol Mo HLT—_L
AL [T
-20 . . . . . . . . .
09 10 11 12 13 14 15 16 17

—— Residual — Actual — Fitted

Fig. 4.30. Residual of exchange rate plot
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Forecast: EXTRF
Actual: EXTR

Forecast sample: 2008:01 2017:
Adjusted sample: 2008:03 2017

Included observations: 118

Root Mean Squared Error
Mean Absolute Error
Mean Abs. Percent Error
Theil Inequality Coefficient
Bias Proportion
Variance Proportion
Covariance Proportion

8.373447
1670113
98.94066
0.293734
0.819998
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0.062408
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Fig. 4.31. External reserve forecast plot
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Fig. 4.32. Residual plot of external reserve
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Table 4.6. Multiple linear regression fitted model results

Included observations: 120
EXTR= C{1)"EXCH + C{2)*COILE + C(3)*COILP + C{4)

Coefficient  5td. Error  t-Statistic  Prob.
C(1) -0.040067 0007906 -5.067829  0.0000
C(2) 9074738 1891591 4797409  0.0000
C(3) -0.031519 0013839 -2.277530  0.0246
C(4) 3557873 4227570 g.415883  0.0000
R-squared 0242348 Mean dependent var 10.21917
Adjusted R-squared 0222753 S.D. dependent var 3.931756
S.E. of regression 3.466299  Akaike info criterion 5.356817
sum squared resid 1393.766  Schwarz criterion 5449733
Log likelihood -317.4090  Durbin-Watson stat 0451369
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As shown in Table 4.6 the fitted equation of multiple linear regression model obtained
as:

Y, =35.58—-0.04X , —-9.07X,, —0.03X ,
(4.23) (0.01) (1.90) (0.01)

Where;
Y, - External reserve, X,- Exchange rate, X,, - Crude oil export, X, - Crude

oil price and t — time (in months).

The coefficient values of the variables estimated were so stated while the values in
brackets were the associated standard error of the estimated coefficients. The t-statistic
indicated significance of the coefficients at 0.05 critical levels while the model’s
coefficient of determination R-square value 0.24. That showed the fitted model could
account for about 24% of the total variation which implied about 76% unaccounted
(error). The model may not be adequate for forecast external reserve with respect to

time factor.
The Durbin-Watson statistic was about 0.45 less than value of 2.0 criteria. Hence there

was cleared indication of autocorrelation among the series. That considered true since

the data under study were time series data.
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Fig. 4.33. Multiple linear regression model forecast plot
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Fig. 4.34. Residual plot of fitted multiple linear regression model
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Series: Residuals
Sample 2008:01 2017:12
Observations 120

Mean -1.88E-15
Median -0.332207
Maximum 9.549265
Minimum -6.641986
Std. Dev. 3.422321
Skewness 0.391585
Kurtosis 2.686754

Jarque-Bera  3.557391
Probability ~ 0.168858

Fig. 4.35. Normality test of fitted multiple linear regression residual
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The plot of normality test of residual of the fitted multiple linear regression model
showed that the residual were not normally distributed. The histogram plot (Fig. 4.35)
of the residual series deviated from normal curve. The pattern did not conform with

bell shape property of normal curve.

The skew value (0.39) was positive and greater than zero property of normal curve.
The kurtosis value (2.69) deviated from normality peak value of 3.0 of normal curve.
The Jarque-Bera value (3.56) with p-value of 0.17 indicated the residual deviation
from normality assumption. Hence, the residual series were not white noise. The
multiple linear regression was not adequate in fitting series that were non-normally

distributed and non-stationary.
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Fig. 4.36. Arimax (1, 1, 1) with normal error in-sample forecast plot
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4.10 Fitted Models Forecast Plots
The three fitted models were subjected to In-sample forecast to enable comparison of

their forecast capability. Figures 4.36 — Fig. 4.38 showed the plots.

The pattern of the series in Fig. 4.36 showed non-stationarity in level and in slope but
exhibited homogeneity in some defined period of time.

The proposed model arimax assuming lognormal error in-sample forecast plot as

shown in Fig. 4.37 exhibited stationarity in level.

The pattern of the series in Fig. 4.38 showed non-stationarity in level and in slope but

exhibited homogeneity in some defined period of time.

130



45
40
35 1
30 -
25 1
20 -
15 -
10
5

0 I AR R RR R R mROomiuimnnimmimiumuminmamimmimmmmmmmmm

- 0 4 0 40 400400000 A0 -
ddNNmmvvmmmwmhmmmmaa‘j:

Fig. 4.37. Arimax (1, 0, 1) with lognormal error in-sample forecast plot

131



s LU T T (o T T U O O o T T U T U O O U T T U O O U T O o O I (o T I s
Hdmmmm:rwmmmmhhmmmmgajj

Fig. 4.38. Multiple linear regression in-sample forecast plot
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Fig. 4.39. Combined forecast plot of the three fitted models
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Fig. 4.40. Arimax (1, 1, 1) assuming normal error residual plot
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Fig. 4.41. Arimax (1, 0, 1) with lognormal error residual plot

135



e T N
| 1
21 ——

'I[ill "I'I I" TTRTITTTTITTIIT T IT T T TT T T IT IO T IR TR TT 71T
¥ l ;II ) ) '. LD F| m '.'| m '-" ) rL.D

nllold Ik 0 0 0. 0 @ - =
| ur P SR

Fig. 4.42. Multiple linear regression residual plot
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Autocorrelation

Partial Correlation

AC  PAC Q-Stat

Prob
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0.541 0.541
0.610 0443
0.518 0165
0.567 0.215
0.543 0175
0.514 0.053
0.493 0.0239
0.437 -0.057
0.412 -0.066
0.387 -0.042
0.345 -0.074
0.337 -0.018
0.277 -0.059
0.273 -0.003
0.267 0.055
0170 -0.124
0.165 -0.061
0192 0110
0174 0.045
0.136 -0.015
0.120 0.020
0.077 -0.050
0.068 -0.040
0.013 -0.112
0.056 0.022
0.024 0.026
0.034 0.030

-0.021 -0.021

0.010 0.050

-0.091 -0.151

36.061
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Fig. 4.43. Multiple linear regression model acf, pacf chart
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Autocorrelation Partial Correlation AC PAC Q-Stat Prob

0.335 0.335 13.821 0.000
0.459 0.391 39.967 0.000
0.314 0119 52.319 0.000
0.369 0150 69.512 0.000
0.357 0.157 85.769 0.000
0.347 0.098 10119 0.000
0.339 0.080 116.09 0.000
0.29% 0.027 127.76 0.000
0.298 0.028 13944 0.000
10 0.260 -0.005 145.40 0.000
11 0.232 -0.038 155.65 0.000
12 0245 0.021 164.03 0.000
13 0179 -0.058 168.41 0.000
14 0.184 -0.041 173.10 0.000
15 0.143 -0.038 175.83 0.000
16 0.026 -0.194 176.03 0.000
17 -0.004 -0.179 176.04 0.000
18 0.027 -0.026 176.14 0.000
19 0.025 0.000 176.23 0.000
20 -0.009 -0.038 176.24 0.000
21 0.004 0031 176.24 0.000
22 -0.081 -0.046 177.22 0.000
23 -0.042 0.025 177.49 0.000
24 -0.144 -0.078 180.67 0.000
25 -0.065 0.048 181.32 0.000
26 -0.085 0.083 18245 0.000
27 -0.084 0.033 183.57 0.000
28 -0.127 0.003 186.14 0.000
29 -0.088 0.081 187.38 0.000
30 -0.234 -0.161 196.29 0.000
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Fig. 4.44. Arimax (1, 1, 1) model assuming normal error acf, pacf of external
reserve (1998 — 2007).

138



Autocorrelation  Partial Correlation AC  PAC Q-Stat Prob

0.335 0335 13.6821 0.000
0453 0391 39.967 0.000
0.314 0119 52.319 0.000
0.369 0.150 69.512 0.000
0.357 0.157 85.769 0.000
0.347 0098 10119 0.000
0.339 0080 116.09 0.000
0.299 0027 127.76 0.000
0.296 0.026 139.44 0.000
10 0.260 -0.005 148.40 0.000
11 0.232 -0.038 155.65 0.000
12 0249 0021 164.03 0.000
13 0179 -0.058 168.41 0.000
14 0.184 -0.041 173.10 0.000
15 0.143 -0.038 175.93 0.000
16 0.026 -0.194 176.03 0.000
17 -0.004 -0.179 176.04 0.000
18 0.027 -0.026 176.14 0.000
19 0.025 0.000 176.23 0.000
20 -0.009 -0.038 176.24 0.000
21 0.004 0.031 176.24 0.000
22 -0.081 -0.046 177.22 0.000
23 -0.042 0.025 17749 0.000
24 0144 -0.076 180.67 0.000
25 -0.065 0.048 181.32 0.000
26 -0.085 0.083 1382.45 0.000
27 -0.084 0.033 183.57 0.000
28 -0.127 0.003 186.14 0.000
29 -0.088 0.081 187.38 0.000
30 -0.234 -0.161 196.29 0.000
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Fig. 4.45: Arimax (1, 0, 1) assuming lognormal error acf, pacf of external reserve
(1998 — 2007).
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Fig. 4.46. Multiple linear regression out of sample forecast plot
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Fig. 4.47. Arimax (1, 1, 1) model assuming normal error out of sample plot
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Fig. 4.48. Arimax (1, 0, 1) model assuming lognormal error out of sample plot
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Fig. 4.49. Combined out of sample plot of arimax (1, 0, 1) model assuming
lognormal error and multiple linear regression and arimax (1, 1, 1) with normal

error term
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CHAPTER FIVE
SUMMARY AND CONCLUSION

5.1 Summary of findings

The developed arimax assuming lognormal error term was capable of providing better
model and improved forecasting ability of non-normal error and non-stationary
economic time series without going through the task of traditional differencing of the

series to achieve stationarity of time series before used in traditional models.

The performance of the proposed model was compared with that of arimax (1, 1, 1)
assuming normal error term and multiple linear regression (mlr) model.

The error term of arimax (1, 0, 1) assuming normal error defined as:
. _(-4B)Y, ~ B~ Bx
‘ 1+86)
where the lag operator B=y, ,; the parameter ¢, represented the coefficient of the

autoregressive model (ar), 61 was the coefficient of moving average (ma), fo was the

intercept and 1 was the slope of the regression part of the model.

The proposed non-normal error term was obtained as:

1 1In[(1- #B)y, — S — Bx]-In@+6) [}
f = — -
(=) Y, N 27252 =P 2| <

while the loglikelihood function was derived as;
InL(g,) =

g In(Z”O_Z)_Z(Inyt) - = 2 Z“n[yt “Ya _¢1yt»l +¢1yt»2 ',80 _ﬂlxl]_ In(1+01)|2

20

The partial derivative of loglikelihood function equation with respect to each

parameter and equate to zero, we obtained the parameter estimator.

The four economic time series were found to be non-stationary and non-normally

distributed. The Loglik values of mlr, conventional arimax(1, 1, 1) with normal error

and proposed arimax(1, 0, 1) with lognormal error term were -317.41, -240.23 and

1344.47; AIC values were 5.36, 490.45 and -0.41; while MSFE values were 12.41,
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12.48 and 1.77.
The proposed model had the highest Loglik value, smallest AIC and smallest msfe
values when compared with conventional arimax(1, 1, 1) with normal error and mlr

model. Hence, the proposed model was considered best.

5.2 Conclusion

The proposed arimax with lognormal error term has ameliorated the task of
differencing to achieve stationarity, stabilization of economic time series variables to
attained normality before modeling. If considered, the proposed arimax (1, 0, 1) with
lognormal error term was superior compared to traditional arimax (1, 1, 1) model with
normal error and multiple linear regression in terms modeling process, validity and

accurate forecast ability of economic time series data.

The study recommended the proposed arimax with lognormal error to be conveniently
applied in modeling economic time series data that violated normality and stationarity
assumptions without undergoing independent stabilization of the series. That saves
time and cost implication. The model proved to be superior to the time series models

of arimax with normal error and multiple linear regression model.

The study had contributed to knowledge: Conventional arimax with normal error
indicated been not appropriate in modeling non-normal error and non-stationary
economic time series data due to stringent assumptions of normal error and stationary
series. The process of differencing at first, second or higher order to achieve stationary
series lead to loss of vital information of time series data originality.

The study had proposed lognormal error innovation of conventional arimax (p, d, Q)
model and it estimation properties. The proposed lognormal error was incorporated
into arimax (1, 0, 1) model. Whereby bridging the gap of differencing economic time

series data that violated normality of error term and stationarity of series. By that

proposed model, information loss by differencing the original time series data were

captured whereby improving forecast capability.
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APPENDIX |

# R Code and Data Analyses Results of ARIMAX with Lognormal Error Term by Bello A. O. M. Phil P
roject Work#

> External=read.csv("Exteroil2.csv")

> attach(External)

> View(External)

> Month

[11 1 23 456 7 8 91011 12 13 14 15

[16] 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
[31] 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45
[46] 46 47 48 49 50 51 52 53 54 55 56 57 58 59 60

[61] 61 62 63 64 65 66 67 68 69 70 71 72 73 74 75
[76] 76 77 78 79 80 81 82 83 84 85 86 87 88 89 90
[91] 91 92 93 94 95 96 97 98 99 100 101 102 103 104 105
[106] 106 107 108 109 110111 112113114 115116117 118 119 120
> Exch

[1] 117.9768 118.2100 117.9218 117.8737 117.8342 117.8086

[7]1117.7671 117.7420 117.7256 117.7243 117.7433 126.4756
[13] 145.7803 147.1444 147.7226 147.2272 147.8427 148.2018
[19] 148.5890 151.8580 152.3015 149.3550 150.8460 149.6928
[25] 149.7792 150.2224 149.8285 149.8927 150.3125 150.1915
[31] 150.0986 150.2667 151.0332 151.2500 150.2211 150.4799
[37] 151.5455 151.9391 152.5071 157.3314 157.2762 157.4388
[43] 157.4342 157.3796 157.3429 157.3156 157.3000 157.2742
[49] 158.3868 157.8681 157.5875 157.3314 157.2762 157.4388
[55] 157.4342 157.3796 157.3429 157.3156 157.3080 157.3240
[61] 157.3012 157.2994 157.3115 157.3051 157.3008 157.3065
[67] 157.3167 157.3136 157.3157 157.4166 157.2734 157.2742
[73] 157.2916 157.3075 157.3008 157.2918 157.2873 157.2873
[79] 157.2873 157.2873 157.3006 157.3141 159.9961 169.6800
[85] 169.6800 179.7400 197.0700 197.0000 197.0000 196.9200
[91] 196.9700 197.0000 197.0000 196.9900 196.9900 196.9900
[97] 197.0000 197.0000 197.0000 197.0000 197.0000 231.7614
[103] 294.5722 309.7304 305.2250 305.2125 305.1818 305.2237
[109] 305.2024 305.3125 306.4022 306.0528 305.5381 305.7150
[115] 305.8619 305.6674 305.8868 305.6238 305.9045 306.3139
> Coile

[1]11.721.631.611.511.601.571.681.66 1.721.811.69 1.59
[13] 1.581.611.621.411.771.721.69 1.67 1.731.83 1.70 1.60
[25] 1.88 1.94 1.99 1.96 1.96 1.76 2.03 2.05 2.03 2.43 2.05 2.13
[37] 2.04 2.06 1.84 1.97 2.051.891.891.96 1.87 1.91 1.87 1.82
[49] 1.78 1.951.89 1.851.951.92 1.97 2.03 2.00 1.74 1.58 1.76
[61] 1.781.78 1.751.791.61 1.58 1.751.84 1.84 1.78 1.64 1.66
[7311.841.831.761.771.881.711.611.751.651.76 1.73 1.78
[85]11.751.76 1.62 1.58 1.60 1.52 1.73 1.67 1.77 1.76 1.73 1.63
[97]11.701.66 1.47 1.54 1.231.321.201.05 1.30 1.33 1.47 1.13
[109]1.391.371.151.341.421.501.56 1.54 1.48 1.50 1.51 1.51
> Coilp

[1] 94.26 98.15103.73 116.73 126.57 138.74 137.74 115.84

[9] 103.82 75.31 55.51 45.87 44.95 46.52 49.70 51.16

[17] 60.02 72.24 66.52 74.00 70.22 78.25 78.11 75.11

[25] 77.62 75.06 80.27 85.29 77.54 75.79 77.18 78.67

[33] 79.45 84.42 86.71 92.79 97.96 106.57 116.56 124.49
[41] 118.43 117.03 117.86 111.99 115.73 113.12 113.92 111.46
[49] 113.81 121.87 128.00 122.62 113.08 98.06 104.62 113.76
[57] 114.36 108.92 111.05 114.49 115.24 118.81 112.79 105.55
[65] 106.00 106.06 109.78 107.84 113.59 112.29 111.14 112.75
[73] 110.19 110.83 109.47 110.41 111.90 114.60 109.63 102.33
[81] 98.27 83.50 80.42 63.28 48.81 58.09 56.69 57.45
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[89] 65.08 62.06 57.01 47.09 48.08 48.86 44.82 37.80
[97] 30.66 31.70 37.76 41.59 47.01 48.46 45.25 46.15
[105] 47.43 50.94 45.25 53.48 55.01 46.39 52.13 52.94
[113] 50.57 47.42 49.01 51.64 56.79 58.46 63.56 65.11

> Extr

[1] 15.7 19.0 20.8 16.0 15.2 13.7 14.1 17.4 17.8 15.0 16.0 19.3
[13]19.6 20.4 18.319.4 16.9 14.7 13.2 12.8 16.7 15.0 14.6 14.6
[25] 9.010.5 8.711.3 9.9 9.3 9.6 8.6 6.7 8.9 7.6 84

[37] 6.3 84 6.1 6.4 6.6 6.4 47 455069 44 73

[49] 85 6.6 45 59 6.7 7.6 9.1 94158 9.6 9.410.3
[61]11.211.411.710.0 7.711.0 9.5 9.9 9.210.0 8.510.4
[731 94 70 75 6.2 65737688 74755578

[85] 6.3 7.5 5.1 6.6 6.7 6.6 6.7 6.1 8.2 9.6 6.7 7.6

[97] 9.210.6 9.6 6.7 8.4 6.710.1 89 88 8.7 9.911.2
[109] 12.411.410.910.8 10.6 9.6 10.510.9 12.014.213.317.1
> y=ts(External$X.1, frequency = 12,start = 2008)

Error in ts(External$X.1, frequency = 12, start = 2008) :

'ts' object must have one or more observations

> summary(y)

Call:
Im(formula = yt ~ Exch + Coile + Coilp)

Residuals:
Min  1Q Median 3Q Max
-6.6420 -2.4743 -0.3322 2.1511 9.5493

Coefficients:

Estimate Std. Error t value Pr(>|t|)
(Intercept) 35.578734 4.227570 8.416 1.17e-13 ***
Exch -0.040067 0.007906 -5.068 1.54e-06 ***
Coile  -9.074738 1.891591 -4.797 4.82e-06 ***
Coilp  -0.031519 0.013839 -2.278 0.0246 *

Signif. codes: 0 “*** 0.001 ‘*** 0.01 ‘** 0.05°°0.1°"1

Residual standard error: 3.466 on 116 degrees of freedom

Multiple R-squared: 0.2423, Adjusted R-squared: 0.2228

F-statistic: 12.37 on 3 and 116 DF, p-value: 4.462e-07

> # plot series#

> plot(y, main="TIME PLOT OF MONTHLY EXTERNAL RESERVE (2008-2017)")
Hit <Return> to see next plot: adf.test(y)

Hit <Return> to see next plot:
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> plot(y, main="TIME PLOT OF MONTHLY EXTERNAL RESERVE (2008-2017)")
Hit <Return> to see next plot: adf.test(y)
Hit <Return> to see next plot: adf.test(y)
Hit <Return> to see next plot: pacf(y)
Hit <Return> to see next plot: d=diff(y)
> adf.test(d, main = "First difference of External Reserve")
Error in adf.test(d, main = "First difference of External Reserve") :
unused argument (main = "First difference of External Reserve")
> acf(d, main = "ACF Plot: First difference of External Reserve")

ACF Plot: First difference of External Reserve

g
1 1 | | |
. ' | ] |
O -
< S -
R
< T T T T
5 10 15 20
Lag
PACF Plot: First difference of External Reserve
o |
5 . || | | |
s T |
T 9 7
[ I I
@
< T T T T
5 10 15 20
Lag

> pacf(d, main = "PACF Plot: First difference of External Reserve")

> summary(d, main = "First difference of External Reserve™)
Min. 1st Qu. Median Mean 3rd Qu. Max.

-6.20000 -1.40000 0.20000 0.01176 1.20000 6.40000
> Exch..xt.
Error: object 'Exch..xt." not found
> x1=ts(External$X.2,frequency = 12,start = 2008)
Error in ts(External$X.2, frequency = 12, start = 2008) :

'ts' object must have one or more observations
> plot(x1, main="TIME PLOT OF MONTHLY Exchange Rate (2008-2017)")
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> adf.test(x1)
Augmented Dickey-Fuller Test

data: x1
Dickey-Fuller =-1.1698, Lag order = 4, p-value = 0.9081
alternative hypothesis: stationary

> acf(x1, main = "ACF Plot: First difference of Exchange Rate")
> summary(x1)
Min. 1st Qu. Median Mean 3rd Qu. Max.
117.7 1504 157.3 180.0 197.0 309.7
> xdifference=diff(x1)
> model2<-arimax(d,order=c(1,1,1),xreg=xdifference)
> model2

Call:
arimax(x = d, order = ¢(1, 1, 1), xreg = xdifference)

Coefficients:
arl mal xreg
-0.3081 -0.9936 0.0244
s.e. 0.0908 0.0675 0.0201

sigma”2 estimated as 3.359: log likelihood = -241.29, aic = 488.58
> model2<-arima(d,order=c(1,1,1))

> 1.=(238.81)

> log*(L)

Error in log * (L) : non-numeric argument to binary operator
> n=length(External.Reserve..Yt.)

Error: object 'External.Reserve..Yt.' not found

> k=log(n)

>p=4

> BIC=print(-2*log(L) + k*p)

[1] 8.19863

> #1109 normal model

> stock2 <- read.csv("arimax3 data.csv")

> attach(stock?2)

The following object is masked from External:

year

> yt=Extr
> x1=Exch
> x2=Coile
> x3=Coilp
> x1<-c(Exchange.Rate..xt.)
> x2<-¢()
> yt<-c(External.Reserve..Yt.)
> ytl<-c(yt.1)
> yt2<-c(yt.2)
> llik<-function(sigma,thetal,phil,beta0,betal){
+ n=120
[1=(n/2)*log (2*pi*sigma”2)-sum(log(yt))-
(1/(2*sigma”2))*sum((abs(log(abs(yt-ytl-phil*yt1+phil*yt2-beta0-betal*x1)
- log(1+thetal)))"2))

yl<-mle2(minuslogl=llik,start=list(sigma=2.5,thetal=1.5,

+
+
+
+ return(-11)
+
>
+ phil=0.5,beta0=1.4,betal=5.2))
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> print(yl1)

Call:
mle2(minuslogl = llik, start = list(sigma = 2.5, thetal = 1.5,
phil = 0.5, beta0 = 1.4, betal = 5.2))

Coefficients:
sigma  thetal phil beta0 betal
36162.590999 1.642915 0.498075 1.464711 16.063444

Log-likelihood: 1099.07

> it AIC

> .=1099.07

> log(L)

[1] 7.00222

> k=2

>p=4

> AIC=print(-2*log(L) + k*p)

[1] -6.004439

> HHHHBIC

> n=length(External.Reserve..Yt.)

> k=log(n)

>p=4

> BIC=print(-2*log(L) + k*p)

[1] 5.145528

> fit <- arimax(d,order=c(1,1,1),xreg=xdifference)
> ####H arimax with lognomal error termit#
> External=read.csv("Exteroil2.csv")

> Extern=read.csv("arimax3 data.csv")

> attach(External)

>yt.l

[1] 13.0 15.7 19.0 20.8 16.0 15.2 13.7 14.1 17.4 17.8 15.0 16.0
[13]19.319.6 20.4 18.319.416.9 14.7 13.2 12.8 16.7 15.0 14.6
[25] 14.6 9.010.5 8.711.3 9.9 9.3 9.6 8.6 6.7 89 7.6

[37] 8.4 6.3 84 6.1 6.4 6.6 6.4 4.7 4550 69 4.4

[49] 7.3 85 6.6 45 59 6.7 7.6 9.1 9.415.8 9.6 94

[61] 10.311.211.411.710.0 7.711.0 9.5 9.9 9.210.0 85
[73]110.4 94 70 75 6.2 65 7.3 76 88 74 75 55

[85] 7.8 6.3 75 5.1 6.6 6.7 6.6 6.7 6.1 8.2 9.6 6.7

[97] 7.6 9.210.6 9.6 6.7 8.4 6.710.1 8.9 8.8 8.7 9.9
[109]11.212.411.410.9 10.8 10.6 9.6 10.510.912.0 14.213.3
> yt=Extr

> length(yt)

[1] 120

> x1=Exch

> x2=Coile

> x3=Coilp

> ytl<-c(yt.1)

> yt2<-c(yt.2)

> llik<-function(sigma,thetal,phil,beta0,betal,beta2,beta3){

+ n=120

+ 1I=(n/2)*log (2*pi*sigma”2)-sum(log(yt))-

+  (L/(2*sigma”2))*sum((abs(log(abs(yt-ytl-phil*yt1+phil*yt2-beta0-betal*x1-beta2
*x2-beta3*x3)

+ - log(1+thetal)))"2))

+ return(-11)

+}

> y1<-mle2(minuslogl=llik,start=list(sigma=2.5,thetal=1.5,

+ phil=0.5,beta0=2.4,betal=5.2,beta2=2.4,beta3=6.4))
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> print(yl1)

Call:
mle2(minuslogl = llik, start = list(sigma = 2.5, thetal = 1.5,
phil = 0.5, beta0 = 2.4, betal = 5.2, beta2 = 2.4, beta3 = 6.4))

Coefficients:
sigma  thetal phil beta0 betal

2.794984e+05 2.406881e+00 4.251954e-01 4.507027e+00 3.618276e+02
beta2 beta3

6.053757e+00 1.888530e+02

Log-likelihood: 1344.47

> ## Multiple Regression##

> y=Im(yt~Exch+Coile+Coilp)
>y

Call:
Im(formula = yt ~ Exch + Coile + Coilp)

Coefficients:
(Intercept) Exch Coile Coilp
35.57873 -0.04007 -9.07474 -0.03152

> summary(y)

Call:
Im(formula = yt ~ Exch + Coile + Coilp)

Residuals:
Min  1Q Median 3Q Max
-6.6420 -2.4743 -0.3322 2.1511 9.5493

Coefficients:

Estimate Std. Error t value Pr(>|t|)
(Intercept) 35.578734 4.227570 8.416 1.17e-13 ***
Exch -0.040067 0.007906 -5.068 1.54e-06 ***
Coile  -9.074738 1.891591 -4.797 4.82e-06 ***
Coilp  -0.031519 0.013839 -2.278 0.0246 *

Signif. codes: 0 “***’0.001 “** 0.01 ‘**0.05°°0.1°"1

Residual standard error: 3.466 on 116 degrees of freedom
Multiple R-squared: 0.2423, Adjusted R-squared: 0.2228
F-statistic: 12.37 on 3 and 116 DF, p-value: 4.462e-07

> #it#H AIC

> L=1344.47
> log(L)

[1] 7.203755
> k=2

> p:7

> AIC=print(-2*log(L) + k*p)
[1] -0.4075103
> #HHHHBIC

> n=length(yt)
> k=log(n)

> p=7
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> BIC=print(-2*log(L) + k*p)

[1] 19.10493

> fit<- arima(yt,xreg=External[,(x1,x2,x3)],order=c(1,1,1),)
Error: unexpected '," in "fit<- arima(yt,xreg=External[,(x1,"
> length(yt)

[1] 120

> View(yt)
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APPENDIX I

R code

R Code and Data Analyses Results of ARIMAX with Lognormal Error Term by Bello A. O.
M. Phil Project Work#

External=read.csv("Exteroil2.csv")

attach(External)

View(External)

Month

Exch

Coile

Coilp

Extr

y=ts(External$X.1, frequency = 12,start = 2008)

summary(y)

# plot series#

plot(y, main="TIME PLOT OF MONTHLY EXTERNAL RESERVE (2008-2017)")
adf.test(y)

acf(y)

pacf(y)

d=diff(y)

adf.test(d, main = "First difference of External Reserve")

acf(d, main = "ACF Plot: First difference of External Reserve")
pacf(d, main = "PACF Plot: First difference of External Reserve")
summary(d, main = "First difference of External Reserve")
Exch..xt.

x1=ts(External$X.2,frequency = 12,start = 2008)

plot(x1, main="TIME PLOT OF MONTHLY Exchange Rate (2008-2017)")
adf.test(x1)

acf(x1, main = "ACF Plot: First difference of Exchange Rate")
pacf(x1, main = "PACF Plot: First difference of Exchange Rate")
summary(x1)

xdifference=diff(x1)

model2<-arimax(d,order=c(1,1,1),xreg=xdifference)
model?2
model2<-arima(d,order=c(1,1,1))

L=(238.81)

log*(L)

n=length(External .Reserve..Yt.)
k=log(n)

p=4

BIC=print(-2*log(L) + k*p)
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##log normal model

stock2 <- read.csv("arimax3 data.csv")

attach(stock?2)

yt=Extr

x1=Exch

x2=Coile

x3=Coilp

x1<-c(Exchange.Rate..xt.)

x2<-¢()

yt<-c(External.Reserve..Yt.)

ytl<-c(yt.1)

yt2<-c(yt.2)

llik<-function(sigma,thetal,phil,beta0,betal){
n=120
I1I=(n/2)*log (2*pi*sigma”2)-sum(log(yt))-

(1/(2*sigma”2))*sum((abs(log(abs(yt-ytl-phil*yt1+phil*yt2-betaO-betal*x1)
- log(1+thetal)))"2))

return(-11)

}

yl<-mle2(minuslogl=llik,start=list(sigma=2.5,thetal=1.5,

phi1l=0.5,beta0=1.4,betal=5.2))

print(y1)

#i#H AIC

L=1099.07

log(L)

k=2

p=4

AIC=print(-2*log(L) + k*p)

HHHHBIC

n=length(External.Reserve..Yt.)

k=log(n)

p=4

BIC=print(-2*log(L) + k*p)

fit <- arimax(d,order=c(1,1,1),xreg=xdifference)

#iHHH  arimax with lognomal error term of 3x variables##
External=read.csv("Exteroil2.csv")
Extern=read.csv("arimax3 data.csv")

attach(External)

attach(Extern)

yt.1

yt=Extr
length(yt)
Xx1=Exch
x2=Coile
x3=Coilp
ytl<-c(yt.1)
yt2<-c(yt.2)
llik<-function(sigma,thetal,phil,beta0,betal,beta2,beta3){
n=120
lI=(n/2)*log (2*pi*sigma”2)-sum(log(yt))-
(2/(2*sigma”2))*sum((abs(log(abs(yt-yt1-phil*yt1+phil*yt2-betaO-betal*x1-beta2*x2-
beta3*x3)
- log(1+thetal)))*2))
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return(-11)
}
yl<-mle2(minuslogl=llik,start=list(sigma=2.5,thetal=1.5,
phil=0.5,beta0=2.4,betal=5.2,beta2=2.4,beta3=6.4))
print(yl)

## Multiple Regression##
y=Im(yt~Exch+Coile+Coilp)

y
summary(y)

#i#H AIC

L=1344.47

log(L)

k=2

p=7

AIC=print(-2*log(L) + k*p)
#HHHBIC

n=length(yt)

k=log(n)

p=7

BIC=print(-2*log(L) + k*p)

fit<- arima(yt,xreg=External[,(x1,x2,x3)],order=c(1,1,1),)

length(yt)
View(yt)

# R Code of Data Analyses on#

# Topic: Development of ARIMAX with Lognormal Error Term#
#byBelloA. O. #

# Mat. No. 113238#

# Program: M. Phil (Time Series) Dissertation #

# Initialize variables#

External=read.csv("Exteroil2.csv")

attach(External)

View(External)

Month

Exch

Coile

Coilp

Extr

y=ts(External$X.1, frequency = 12, start = 2008)

summary(y)

# plot series#

plot(y, main="TIME PLOT OF MONTHLY EXTERNAL RESERVE (2008-2017)")
adf.test(y)

acf(y)

pacf(y)
d=diff(y)
adf.test(d, main = "First difference of External Reserve")
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acf(d, main = "ACF Plot: First difference of External Reserve™)
pacf(d, main = "PACF Plot: First difference of External Reserve")
summary(d, main = "First difference of External Reserve")
Exch..xt.

x1=ts(External$X.2,frequency = 12,start = 2008)

plot(x1, main="TIME PLOT OF MONTHLY Exchange Rate (2008-2017)")
adf.test(x1)

acf(x1, main = "ACF Plot: First difference of Exchange Rate")
pacf(x1, main = "PACF Plot: First difference of Exchange Rate")
summary(x1)

xdifference=diff(x1)

model2<-arimax(d,order=c(1,1,1),xreg=xdifference)
model?2

length(d)
model2<-arima(d,order=c(1,1,1))
a=forecast(model2,30)a

plot(a)

L=(238.81)

log*(L)
n=length(External.Reserve..Yt.)
k=log(n)

p=4

BIC=print(-2*log(L) + k*p)

#Development of ARIMAX model with lognormal error#
stock2 <- read.csv("arimax3 data.csv")
attach(stock?2)
yt=Extr
x1=Exch
x2=Coile
x3=Coilp
x1<-c(Exchange.Rate..xt.)
x2<-¢()
yt<-c(External.Reserve..Yt.)
ytl<-c(yt.1)
yt2<-c(yt.2)
llik<-function(sigma,thetal,phil,beta0,betal){
n=120
lI=(n/2)*log (2*pi*sigma”2)-sum(log(yt))-
(2/(2*sigma”2))*sum((abs(log(abs(yt-yt1-phil*yt1+phil*yt2-beta0-betal*x1)
- log(1+thetal)))*2))
return(-11)
}
yl<-mle2(minuslogl=Ilik,start=list(sigma=2.5,thetal=1.5,
phi1=0.5,beta0=1.4,betal=5.2))
print(y1)

H#AICH
L=1099.07
log(L)

k=2

p=4

163



AIC=print(-2*log(L) + k*p)

#BIC#
n=length(External.Reserve..Yt.)
k=log(n)

p=4

BIC=print(-2*log(L) + k*p)

# arimax with normal error term of 3x variables#
fit <- arimax(d,order=c(1,1,1),xreg=xdifference)

# arimax with lognomal error term of 3x variables#
External=read.csv("Exteroil2.csv")
Extern=read.csv("arimax3 data.csv")
attach(External)

attach(Extern)

yt.1

yt=Extr
length(yt)
x1=Exch
x2=Coile
x3=Coilp
ytl<-c(yt.1)
yt2<-c(yt.2)

# Likelihood Function of arimax with lognomal error term of 3x variables#
llik<-function(sigma,thetal,phil,beta0,betal,beta2,beta3){

n=120

lI=(n/2)*log (2*pi*sigma”2)-sum(log(yt))-

(2/(2*sigma”2))*sum((abs(log(abs(yt-yt1-phil*yt1+phil*yt2-beta0-betal*x1-beta2*x2-
beta3*x3)
- log(1+thetal)))*2))

return(-11)
}
yl<-mle2(minuslogl=llik,start=list(sigma=2.5,thetal=1.5,

phil=0.5,beta0=2.4,betal=5.2,beta2=2.4,beta3=6.4))

print(y1)

#Fitted ARIMAX(1,1,1) MODEL WITH X1, X2, X3#
yt=-0.3127*yt1-0.9941*yt2+0.0238*x1+0.2725%x2-0.0296*X3

#Fitted of Developed ARIMAX(1,0,1) model with lognormal error term of X1, X2 and X3#
yt2=0.4252*yt1+2.4068*yt2+0.0362*x1+6.0537*x2+0.0189*x3

#Forecast of ARIMAX(1,1,1) MODEL WITH X1, X2, X3#
forecast<-forecast(yt, h = 30)## predict 30 months
plot(forecast)

#Forecast of Developed ARIMAX(1,0,1) model with lognormal error term of X1, X2 and X3#

forecast<-forecast(yt2, h = 30)## predict 30 months
plot(forecast)

# Multiple Linear Regression with 3 independent variables X1, X2 and X3#
y=Im(yt~Exch+Coile+Coilp)
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y
summary(y)

# forecast #
forecast<-forecast(yt, h = 30)## predict 30 yrs
plot(forecast)

#AIC #

L=1344.47

log(L)

k=2

p=7

AlC=print(-2*log(L) + k*p)

d=cbind(x1,x2,x3)

fit<- arima(yt,xreg=d,order=c(1,1,1),)

fit

## forecast

forecast<-forecast(fit, h = 30)## predict 30 yrs
plot(forecast)
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