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Abstract

Brinkman-Forchheimer Equations (BFE) are used to describe non-Darcy be-
havior of fluid flow in a saturated porous medium. Researchers in this area have
focused on the study of structural stability and long time behavior of solutions in
square integrable space L2. However, problems on existence of weak solutions in
the homogeneous Sobolev space H® and stability of the system in the critical homo-
geneous Sobolev space H 2 remain relatively unresolved. This study was therefore
designed to obtain existence of weak solutions in H*® and stability of the system
with respect to initial data, ¢, in H:.

Galerkin method was employed to obtain weak solutions in H® = {u € S'(R3) :
||uf| e (msy < +00} where " is dual space of tempered distribution and [|ul| is the
norm of u. BFE was approximated by finite-dimensional problem when the damp-
ing term is continuous, continuously differentiable and satisfies Lipschitz condi-
tion. Cauchy-Schwarz inequality and Parseval identity were used to obtain uni-
form bounds on the Fourier transforms of some terms in L? appearing in the weak
formulation. The concept of profile decomposition was employed to show that the
sequence of solutions of BFE associated with sequence of initial data was bounded
in By, = CO((RY, Hz (R¥))NL2(RT, H2(R3))NLA(R*, L*(R3)) where H?, is a space
of vector fields whose first derivative is in H %, CP, is a space of bounded continuous
functions and L* is a space of four times integrable functions. By using the orthog-
onality property of sequence of scales and cores, (h;,x,) in (R*\ {0} x R?), the
sequence of solutions was decomposed into a sum of orthogonal profiles in F, to
generate a priori estimate. Finite time singularities of solutions was also obtained
with respect to singularity generating initial data by profile decomposition.

The weak solution u(z, t) obtained belongs to L®((R*, H*(R*))NL*(R*, H*t1(R?))N
L Y(R*, L™ (R?)) for 7 > 1 when the damping term is continuous and satisfies

T T
HS(R3+2>\f0 HVU| ?{s(RS)dt+2ﬁf0 ||U|

Zﬁldt < ||U0|

the estimate Supo<i<r||ul ?{



where A and [ are positive constants. Also for continuously differentiable bi-
harmonic damping term, the solution is in L=((R*, L*(R*)) N L*(R*T, H'(R®)) N
L*(R*, H*(R?)) and satisfies Supoci<r|[ul[22 +2X [ || 7 ul|22dt +28 [} [Jul[%2 <
||uo|75. The damping term with Lipschitz condition satisfies the estimate
Suposrsrl Ul ) + 22 fo 117 0lly oyt + 28 g Ml i < ol gy for w €
L®((RT, H*(R®) N LA(Rt, H*'(R®)) N L't (R*, L' (R?)) and r > 1 where L*®
is a space of essentially bounded functions. The sequence of solutions, u,, obtained
was bounded in E,,. The boundedness of the sequence of solution was due to the
existence of a bound ||p,|| < p on the sequence of initial data where p is any real
number in [0, Carz]. Then a priori estimate || BEE(¢)|| 5., < B(||¢\|H%(R3), llulla)
was obtained where B, BFE(p,), A, C4pp are non-decreasing function from
Rt x [0,C4,5] to RY, solution of BFE associated with initial data o, admissi-
ble space, constant in R U{+oo} respectively. Existence of singularity generating
initial data gave rise to finite time singularities of solution that did not belong to
E.

The existence of weak solutions was obtained and the system was found to be
stable with respect to initial data in the homogeneous Sobolev space.
Keywords : Stability, Singularity generating initial data, Critical space, Porous

medium, Darcy behavior

Word count: 491
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Chapter 1
INTRODUCTION

1.1 Preliminary Considerations

Many occurrences and processes in natural sciences can be explained by means
of partial differential equations. The common questions arising from these equa-
tions are ones of solvability, stability, regularity, existence and approximation of
solutions. Many complex dynamical systems can be represented by a small num-
ber of short equations. In general, it is not simple to find solutions to them. In
fluid mechanics, Navier-Stokes equation (NSE) which describes the motion of a
Newtonian fluid, is a good example for this. The development of basic dynamic
laws like Newton’s laws of motion as well as Newton’s laws of viscosity, Pascal’s law
etc led to the formation of these equations. The NSE is a model used to describe
the motion of a fluid which is incompressible and viscous, for instance; water, oil,
glycerine, and also air. The equations are used in many branches of applied sci-
ences, which include Meteorology, Oil Industry, Geology, Ship and Car Industries,
Airplane, Biology and Medicine.

However, being a very useful equation does not imply that they can model
correctly any fluid under any situation. In fact, the areas where they can be applied
is limited to the Newtonian fluids. This area includes liquids like water, aqueous
solutions, salt solutions, motor oil, gasoline, mineral oil and kerosene. Description
of fluid is also of interest in fluid mechanics depending on factors like temperature,
pressure, external forces, or properties of the fluid itself. When external forces
are fixed, the nature of a fluid and the corresponding model is determined by the
behavior of its internal stress. If the linear relation is assumed between the strain
and the stress, i.e assuming a constant viscosity which reflects in results involving

Navier-Stokes equations and the description of so called Newtonian fluids like water



for example but there are many fluids that exhibit 'unusual’ behavior and cannot
be modeled with these equations. Those fluids are called non-Newtonian. They
appear in nature, e.g blood, lava, mud slurries or snow, in our everyday life, e.g
toothpaste, paints or tomato ketchup as well as in many industrial environments,
polymetric liquids or melts. In order to model non-Newtonian fluids, one has
to derive suitable constitutive laws for the internal stress which means relations
between the internal stress, strain, external forces, etc.

Non-Newtonian fluid mechanics is a vast subject, that has gained much atten-
tion in mathematics, biology, chemical engineering and geophysics. Many different
models incorporating the several phenomena exhibited by non-Newtonian fluids
have been introduced and investigated. Non-Newtonian fluid phenomena is one of

the deviation situations from Darcy’s law in nature.
1.1.1 Darcy law

In 1856, Henry Darcy proposed a simple model for an incompressible fluid flow in
rigid porous media and states that the (Darcy) velocity and pressure gradient are
linearly proportional to each other. He empirically obtained the model which is
based on the experiments performed on the flow of water in sand beds. The equa-
tion has been used in diverse fields (e.g petroleum engineering, civil engineering,
polymer engineering), and in various technological applications like enhanced oil

recovery, designing filters, and geological sequestration of carbon-dioxide .

Darcy flow model represents a linear relationship between the pressure gradi-

ent and flow rate in porous media.
up = —EVp, (1.1.1)
where uys, k, 1 and p are the velocity, perrl;leability of the medium, fluid viscosity,
and the pressure respectively. Otherwise, it is non-Darcy flow. The equation
is essentially founded on empirical evidence and cannot be derived analytically
by performing a momentum balance on a small element of the porous medium.
In recent years however, it has been shown that Darcy’s model can be achieved
numerically in two ways: The first method is application of volume averaging theory

on the NSE, and the other is using mixture theory ( also known as the theory of

interacting continua). The resulting constitutive model can then be discretised



and used to obtain numerical solutions for problems related to heterogeneous flow

through porous media.
1.1.2 Limitations of Darcy model and its generalizations

Darcy equation is simply an approximation of the linear momentum in the con-
text of theory of interacting continua. Also it merely predicts flux but cannot
predict stresses in solids. The Darcy model was formulated based on the following

assumptions:
(i) No mass production ( i.e no chemical reactions)

(ii) The porous solid is assumed to be rigid. Thus, the balance laws for the solid
are satisfied. In particular, the stresses in the solid are what they need to

ensure that the balance of linear momentum is met.

Y Y ‘
(iii) The fluid is viscous, steady, incompressible and homogeneous. There is also
an assumption on velocity and its gradient to be small in order to ignore

inertial effects.
(iv) Dissipation of energy does not occur between fluid layers.
(v) The only interaction force is at the fluid and pore boundaries.

According to Darcy’s model, the discharge flux is a function of drag coefficient
(which has value as viscosity over permeability) and pressure gradient. The problem
is that it is independent of pressure and viscosity, thus assuming drag coefficient to
be constant. Experimental studies have shown that it is not constant and differs
with pressure and/or velocity. Therefore, Darcy’s model as it is may not give us
accurate results of flow because it does not take into account pressure and velocity
dependence- huge setbacks such as overly estimated discharge fluxes or inaccurate
pressure contours may arise if used appropriately. Roughly speaking, this law does
not take into account the acceleration forces or inertia in the fluid in comparison
to the classical NSE.

There are many situations where nature does not agree with Darcy law, for
example a situation involving high velocity, ionic and molecular effects or when

there is a presence of some fluids phenomena that are non-Newtonian . In situations



like these, it is important to develop a more adequate model that will not be based
on the law. In practice, this can be possible by employing Forchhemer equation
which is a result of an observation of P. Forchheimer and states that the connection
between the flow rate as well as pressure gradient is nonlinear with high velocity

and that this nonlinearity increases with flow rate. Darcy-Forchheimer law states

Vp = _%“f —vpslusPuy (1.1.2)
Where v > 0 is the so called Forchheimer coefficient and u; stands for the Forch-

heimer velocity and p; the density.
Brinkman equation is an equation between Darcy’s equation and the NSE, where
the viscous term is added to Darcy’s equation or inertial term is dropped from NSE.
Recently, research works in porous media utilize Brinkman-Forchheimer equa-

tion (BFE).
ou—vAu+ (u-Viu+Vp+Blu~'u = 0 inR"xR?

(BFE) Veou = 0 (1.1.3)

Uli=o = ug
The BFE is based on Darcy-Forchheimer law and it was first derived classically

when (r =2, 8 > 0) in the framework of thermal dispersion using volume averaging
method of the temperature deviations and velocity in the pores. w(z,t), p(z,t)
and v are the velocity field, the scalar function pressure and a constant (Brinkman
coefficient i.e effective viscosity) respectively and 5 denotes Forchheimer coefficient.

The Brinkman-Forchheimer equation is suitable to describe the motion of
incompressible fluid flows . This model is used in tidal dynamics and in the theory
of non-Newtonian fluids. These can be found in the work of (Zao and You, 2012), (
Kalantarov and Zelk, 2012) and (Roccer and Zang, 2012). However, its application
is restricted to flows with high velocities and when the porosities are not too small.

That is when Darcy law fails to hold for a porous medium.
1.1.3 Historical setup for theory of profiles

Gerard P.(1998) introduced the theory of profiles in order to give a description of
the compactness defect of the Sobolev embeddings. It was used by H. Bahhouri and
Gerard P. (1999) (for the critical 3D wave equation) to investigate subtil properties
of the quintic wave equation on R3. The ideas of Bahhouri H. and Gerard P. (1999)
were revisited by Keraami S. (2001) and. Gallagher Iftimie I. and Planchon F.



(2013) for the Schrodinger and NSE to give a description of the structure of the
sequences for the solutions that are bounded to those equations. The techniques
have been used successfully so as to investigate blow-up of solutions of nonlinear
pdes. For instance, Kenig C.E. and Merle F.(2008) worked on scattering, blow-up
and well-posedness for the critical nonlinear wave equation, Rusin W. and Sverak
V. (2013) studied initial data in L3 for possible singularities of NSE. Gallaghher I.,
Koch G. and Planchon F. (2013) also considered the method in setting of L{°(L3)
NSE regularity criterion.

1.1.4 Solutions of Brinkman-Forchheimer equations

a Weak solutions:
The function u(t,z) is called a weak solution of BFE if T > 0, the three

conditions are satisfied as follows:
(i) w isin L*(0,T; LZ(R3)) N L2(0,T; Hl(R3)) N L’”H(O,T; LT“(]R3))

(ii) Given any ¢ € C>([0,T) x R?) and dive = 0,

/ / ugp,dxdt + V/ / Z 0;u;0;¢;dxdt
R3 R3 h

+/o /( Y+ Bluf M u)pdrdt

= / upp(0, z)dx  (1.1.4)
R3
(iii) divu =0 a. e (t,z) € (0,T) x R3

The weak solution u of BFE is global if for all 7" > 0, it is a weak solution

b A Leray-Hopf weak solution of the BFE with the initial data ug € H is

a weak one if the energy inequality is satisfied and for r = 3, we have:

t1 t1
lu(t)]|* + 2V/ [Vu(s)|[Pds + 26 [ [lu(s)l[zads < Ju(to)|]® (1.1.5)
to

to
¢ Mild solutions:
Consider a Banach space X C S'(R?) and let Y7 C L2 ((0,T) x R?) be >
if ¢ € X then S(t)p(z) € Ypr for 0 <t < T. Let ¢(x) € X be such that
divgp = 0. We call u(t,z) € Yy a mild solution on (0,7") when it satisfies the



integral identity .
u(t,z) = S(t)p(x) — /0 S(t — s)Pdiv(u ® u)(s)ds (1.1.6)

d Strong solutions
The function u(t,z) is a strong solution of BFE on (0,7) x R? if it is a weak

solution and satisfies

u € L0, T; HY(R*)) N L*(0,T; H*(R*)) N L>(0, T; L™t (R?))
1.1.5 Some Fundamental Definitions, Spaces and Results

The mathematical theory of Brinkman-Forchheimer equations is based on the usage
of some function spaces which are crucial in the modern theory of pdes. In this
section, we give definitions of some function spaces. Homogeneous Sobolev spaces
are given a particular interest. Related inequalities with these function spaces are

also stated. Basic definitions of some terms are itemized and few results are stated.

a Weak Convergence

Steps to solve pdes normally entail a sequence of solutions to approximate
problems. Uniform bounds can easily be gotten for the approximate solutions
in some Banach space, but to show convergence in the Banach space is an
herculean task. In a situation like this, weak convergence is adopted. It
means that when some linear functionals are applied to the sequence, they
will yield convergent sequences. The definition is as follows:

Let Y be a Banach space. A sequence y,, € Y converges weakly to y if ¢(y,)
converges to g(y) for every g € Y*. A sequence g, in Y* converges weakly-x
to g if g, (y) converges to g(y) for every y € Y.

we write y, — y for convergence in norm, ¥y, — y for weak convergence and

yn — y for weak-x convergence.

b Dual space X’
The set of all continuous, linear functionals on X is called the dual of X and

is denoted by X’

¢ Convergence in the norm space Y

{yn} in Y is convergent to yo if and only if lim,, o ||y — o||ly = 0 in R.

6



d Separable space:
K C Y is said to be dense in Y if each y € Y is the limit of a sequence of
members of K. The normed space Y is called separable if it has a countable

dense subset.

e Banach space:
A sequence {y,} in Y is Cauchy if and only if lim,, o0 ||Ym — Yn|ly = 0. If
very Cauchy sequence in Y converges to a limit in Y, then Y is complete and

a Banach space.

f Open ball:
If r > 0, the set B.(z) = {y € X : ||y — z||x < r} is called the open ball of

radius r with center x € X

g Compact sets
A subset B of a normed space Y is called compact if every sequence of points
in B has a subsequence converging in Y to an element of B. Compact sets
are closed and bounded, but closed and bounded sets need not be compact

unless Y is finite dimensional.

h Coercivity
A mapping F : R® — R™ is coercive if % — 00 as |u] = oo
i Continuity
A mapping F': Y — Y™ is bounded if it maps bounded sets in Y to bounded

sets in Y*. The mapping is continuous if for every u € Y we have

1F(u) = F(v)]

y+ — 0 whenever |[u —v||ly — 0

j Monotone mapping
A mapping F : Y — Y* is monotone if (F(u) — F(v),u —v) > 0 for all

u,v €Y

e Lebesgue spaces LP:

For p € [1,00), and L? = LP(Q2) the space of all functions u (real) defined in

Q2>
1
lully = ( [ 1) <o
Q



The functional defines a norm in LP, which makes LP becomes a Banach
space.
In summary

Let 2 C R™ be open and 1 < ¢ < oo. If u: €2 — R™ is measurable, we define

</|u|qu>; ifl<g<oo
Q

esssup|u| if g = o0
Q

ullze =

For ¢ = 2, L7 is Hilbert under (u,v) = [,uv,u, v € L?. To this scalar

product corresponding to the norm

il = ( / |u<x>|2da:)é.

For 1 < p < oo is set

then the Holder inequality follows

[ vl < el ol
Yu € LP(Q), v € LP(Q) (Miranda, 1978). p’ is the Holder conjugate of p.
The inequality shows that the bilinear form (u,v) whenever v € L(Q2) and
v e L7(Q). In case ¢ = 2, the inner product and the corresponding norm are

related by Cauchy-Schwarz inequality.

ol = /Qu(x)v(x)dx = (/Q |U(9C)\20l96)é (/Q‘U(:L’)de);

. For all u,v € L?. Generally,
/| ] < Ml szl - ety

where
uy € LPH(Q), uy € LP2(Q), - - -, uy, € L7 (Q)
and

m
Y gt=11<p<ooi=1.m

i=1
Both inequalities are the result of Young inequality:

4 bY

eal  —d
ab< — +¢e —(a,b,e > 0) (1.1.7)
q q

Vp € (1,00). When p = 2, the relation is the Cauchy inequality.

Holder inequality also results to the Minkowski inequality:

[lu+ollg < lully + [[vllg, u, v € L) (1.1.8)



lally < Nl ull ™ (1.1.9)
is an interpolation inequality valid for all

ue L*(Q)NL(Q)
with

1<s<qg<r<oo,
and

¢ l=0s"t+(1—-0)rtoc|o1]

Spaces W™P:
The notation W™P(Q) is the Sobolev space of differentiability m and in-
tegrability p. It contains functions which are k-weakly differentiable and
Du € LP(Q) for all |o <k
WmP ={u € LP; D% € L? for all o, |of < m}
The Sobolev space
H™ = Wm?
WmA(R") = {u € L*(R") : &0 € L*(R™)V a, |a] <m}
[ullpz = llullfyme = Y 1167017

la|<m

The Homogenous Sobolev space H*(R?)
H*(R?) is the homogeneous Sobolev space of order s, defined

H*(R?) = {u € S'(R®); [[ull ysusy < +00},

e = ([ lePacerrae)

and u denotes the Fourier transform of u. The inhomogeneous Sobolev space

where

[l

H*(R?) is defined the same way by replacing |£|** with (1 + [£]?)®
Schwartz class, S(R"), is the vector space of functions which are C* and
which, as well as all their derivatives, decay faster than any polynomial rate.
If f €8, then given any o, 8 € Ni , 3 C, g such that

Supsere |20 f(2)] < Ca

Besov space:
3

L1+
The space, Bpoo ”(R?) stands for homogeneous Besov space. Elements of



Bs . (R?) satisfy

lullgy gy = supsez2”||Al]jull o) < +o00

e Fourier transform Let u € L'(R), then the function @ defined as

1 .
a(e) = —— / =56y (7)da
(271‘)§ —0o0
is called the Fourier transform of u. Its inverse Fourier transform is defined

as

w) = — | " eu(e)de

Theorem 1.1.4 (Weak compactness, Alaoglu):

Let Y be a separable Banach space and let g, be a bounded sequence in Y*. Then
gn has a weakly-* convergent subsequence.

Theorem 1.1.5 (Robert A. Adams, Sobolev spaces)

LP(2) is separable if 1 < p < o0

Theorem 1.1.6 (Robert A. Adams, Sobolev spaces)

Cge is dense in LP(Q) if 1 < p < o0

Theorem 1.1.7 (Robert A. Adams, Sobolev spaces)

W™P is separable if 1 < p < co and is reflexive and uniformly convex if 1 < p < oo.

In particular, therefore, W™2(Q)) is a separable Hilbert space
1.2 Auxiliary result

The existence result by T. Kato and H. Fujita for Navier-Stokes equation (NSE)
is very useful in this study. The existence of solution of NSE in the homogeneous
Sobolev space was discussed in their work.
Theorem 1.2.1 (Fujita & Kato, 1962))
If uy € Hz(R?), then there exists a unique maximal time 7, > 0 and a solution
of (NSE) which is unique associated with uy such that

ue ([o,T], H%(R3)) nL? ([o, 1], H%(R3)> for all T <T.
Moreover, if T, < 400, then we have

lim ||ull = +00

7o O L2 (0,1, 13 (R3))

10



More so, a constant C'g exists such that

[|uoll ;1 ®) S <Cg = T.=+

and for ¢t > 0,

1, g [ IO 585 < ol (12.1)
One can think of C'rz as a bound on the initial data such that a solution is obtained
together with the energy estimate (1.2.1), this of course implies that T, (¢) = +oo.
Gallagher 1.(2001), in her paper, considered a decomposition of sequence of initial
data bounded in H %(R?’) and analyzed how this decomposition is propagated by

the Navier-Stokes equations.
1.3 Objectives of the study

The objectives of this work are as follows:

(i) To obtain existence results for weak solutions of Brinkman-Forchheimer equa-
tions in a homogeneous Sobolev space when the damping term f(u) is contin-

uous, continuously differentiable and satisfies Lipschitz continuity condition.

(ii) To analyze how Profile Decomposition is propagated by Brinkman-Forchheimer

equations.

(iii) To obtain stability results for the global solutions of Brinkman-Forchheimer

equations in a critical space.

(iv) To investigate the possibility of singular solutions for BFE in a critical Sobolev

space.
1.4 Statement of the problem

We consider homogeneous, three dimensional Brinkman-Forchheimer equation
Ou—vAu+ (u-V)u+Vp+ flu) = 0 inR"xR?
(BFE) Veu = 0 (1.4.1)

Ul—o = uo
where u(t;x) : RT x R® — R3? is the velocity, p(t;x) : RT x R® — R is the

associated pressure and ug : R® — R3 is given divergence-free initial data, the
constant v is the positive Brinkman coefficient (effective viscosity). The divergence

free condition is for the fluid incompressibility. The research so far in the literature
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have been looking at the behavior of solution of BFE in square integrable space
L? and other functional spaces without really exploring the homogeneous Sobolev
spaces. Considering the equation in homogeneous Sobolev spaces will make possible
to gain deeper understanding not only the behavior of solutions but also that of
its derivatives. Also there is a need to study qualitative property, like stabilty of
the system for r = 3 in the equation. At this critical value of the exponent, it
is possible to make use of scale-invariant property of the equation of BFE which
has not been addressed by previous researchers. We study the BF equation with
initial data in H® and f (u) satisfying different properties. Existence results of
global solution are obtained when f(u) satisfies Lipschitz continuity condition,
when f(u) = Slu|""'u for r > 1 where 8 > 0 is a Forchheimer constant. Global
existence of weak solution is also obtained in a critical space H 2 for critical value
of the exponent r = 3. Also for the case f(u) = SV%u, global existence result is
obtained for BFE for f(u) satisfying the biharmonic function for initial data in L.
Stability of global weak solution is investigated in a critical homogeneous Sobolev
space 2 using Profile Decomposition and we answer the question: If BE, is a ball
in L3 with center zero and if the members of H2 N B}, generate global solutions
of BFE, is it possible to obtain an a priori estimate for those solutions given the
sequences of solutions in R? associated with sequences of initial data bounded in
Hz ? in affirmative. Regardless of initial data, u(¢,z) and corresponding pressure
p(t,x) become instantly smooth until possibly a singularity occurs. However, if
one accepts smallness restriction of initial data, solutions remain smooth globally
in time. We define

Pmaz = sup {p >0 = for [lgll 3 o0 < P} (1.4.2)
and corresponding u(t, x) is a global strong solution of (BFE)
Global existence of solutions would imply p = 400, and we assume that singularity
in (BFE) is possible i.e p < 400. We show that the reason p,q, could be finite

is when finite-time singularities appear in the solution u(t, z) for some initial data

o(x).

12



1.5 Motivation of the study

The motivation of this work is to study the qualitative properties of solutions
of Brinkman-Forchheimer equations (BFE) in a homogeneous Sobolev space by

exploring the scale-invariant property of the equation.
Ou—vAu+ (u-V)u+Vp+ f(u) = 0 inR" x R?
(BFE) Vou = 0 (1.5.1)

Ul—o = uo
The scale-invariant property of the equation entails the following:

Given any real number A,
u = BF(up) if and only if uy = BF (ug )

and w) is the rescaling of the velocity field u:

ux(t, z) = Au(Az, \?t) for A > 0
and p, is the rescaling of the pressure function p:

pa(t, x) = N2p(Az, \*t) for A > 0
and

up () = Aug(Ax)

and H %(R‘g) norm is conserved under the transformation ug — g x
1.6 Knowledge gap

This work focuses on existence results and stability of Brinkman-Forchheimer equa-
tions with respect to initial data in a homogeneous Sobolev space H*(R?). The
main interest of researchers in this field so far has been restricted to study the
structural stability of the equation in some narrow sense. This concerns continu-
ous dependence of solution of Brinkman-Forchheimer equation on its coefficients
in L2. Other interests concern the study of the large time behavior of solutions as
well as existence of global attractor to BFE for very restrictive values and ranges
of the exponent r in the equation. Previous works in the literature only focused
on structural stability, existence of global attractors and some other properties of
solution in L? and other functional spaces. Analysis of solutions of BFE in some
generalized forms defined on critical Sobolev spaces has not been widely explored

in the literature and this is a major motivation for this work.
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1.7 Research questions

The research questions are as follows::

(1)

If the initial data wug is in homogeneous Sobolev space H®, can we obtain
existence results of solution of BFE associated with the initial conditions
when the damping term f(u) is continuous, continuously differentiable and

satisfies Lipschitz condition?

If for some open ball BE in L3 with center zero and the elements of HznBY
generate global solutions of BFE, can a priori estimates be obtained for those
solutions given the sequences of solutions in R?® associated with bounded

o .ol
sequences of initial data in H2 7

If ppaz < 00 can there be an initial datum ¢ € H%(RS) with

||90| ’H%(R:‘) = Pmaz
such that the solution u(¢, x) of BFE develops a singularity in finite time?
It is shown that the answers to these questions are positive and brought about

by some auxiliary results developed in the course of the work.
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Chapter 2
LITERATURE REVIEW

2.0 Introduction

Fluid flow and transport processes through porous media is an area of interest in
technical as well as various scientific fields. The study of porous media flow has ap-
plications in petroleum engineering, ground water hydrology as well as agriculture
irrigation chemical reactors and drainage. Research efforts have been directed by
many scientists towards the way to develop a deep understanding on the transport
process and the flow by experiment and numerical analysis. Brinkman-Forchheimer
equations play a very important role in the study of fluid flows in a porous medium.
The equations are also extremely useful in the study of non-Newtonian fluid me-
chanics. This is a vast subject that has gained much attention in biology, chemical
engineering and geophysics. Non-Newtonian fluid phenomena is one of the deviat-
ing situations from Darcy’s law in nature. A lot of work has been done towards a
better understanding of the equations. Although numerical study of the equations
is very scarce in the literature, much has been done on the analytical approach in
different functional settings. The major focus of researchers in this field has been
on the existence of solution as well as existence of global attractor. Some qualita-
tive properties of solution like structural stability are also given much attention.
Structural stability is a type of stability that reflects the effect of small changes in
coefficients of the equation on the solutions.

The study of BFE in the critical case is a very rich and interesting one which
takes into account and makes use of the special structure and scale-invariant prop-
erty of the equation for the critical value of the exponent. Researchers in this area
of study have not widely explored scale-invariant property of the equation to study

its qualitative properties of solution. This work focuses on the existence results
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considering different conditions imposed on the damping term f(u). The three
conditions are considered separately for the existence results. We consider con-
tinuity condition, Lipschitz condition and differentiability on the damping term.
Stability results and other qualitative properties of the solutions of the equations
are also obtained in homogeneous Sobolev spaces
Ou—vAu+ (u-V)u+Vp+ f(u) = 0 in [0,T] xR?
(BFFE) V.u = 0 inR3 (2.0.1)
Uli—o = up inR?

where u(t;x) : [0,7] x R® — R3 is the velocity, p(t;x) : [0,7] x R? — R is
the associated pressure and v : R? — R3 is given divergence-free initial data, the
constant v is the positive Brinkman coefficient (effective viscosity). The divergence

free condition is for the fluid incompressibility.
2.1 Existing work

Many researchers used the Forchheimer law to describe high velocity flow. They
supported their choice by stating that the Forchheimer law is responsible for the
inertial effects of high velocity.

The Darcy-Forchheimer law is what BF model is based on. It was originally
derived by (C. Hsu and P. Cheng, 1990) in its classical configuration ( r = 2,
a >0, 8 > 0) in thermal dispersion settings in porous media by using the volume
averaging method of the temperature and velocity deviations in pores. (Nield,
1991) discussed the formulation, validity as well as the limitation of the BFE.

Some researchers have worked on continuous dependence of solutions of BF
equation on coefficients in the equation and the convergence as Brinkman coeffi-
cient, v — 0. Continuous dependence on coefficients of equations of solutions can
be seen as a kind of structural stability that reflects the effect of small changes in
coefficients of the models on the solutions. (Payne and Straughan, 1999) considered
the initial-boundary value problem of Brinkman-Forchheimer equation with r = 2
that describes the flow of fluid in porous media. It was shown that the solutions of
the medel depends continuously on the coefficients 3 and v in L? norm. Celebi et

al. (2005) showed continuous dependence on these coefficients in a stronger norm,
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that is, in H' norm and they used the function spaces
Hy(Q,R?*) ={ue Hy(Q,R*) : V- -u=0}
and
L*(Q, R?)
and the latter space denotes the closure of H}(Q, R?) in L?(Q, R®). They proved
that the solution of the BF depends continuously on coefficient 8 in H'(€) norm.
Faedo-Galerkin method was used to obtain the existence and uniqueness theorem. (
Liu & Lin, 2007) also worked on structural stability for BFE and the main tools used
were Cauchy-Schwarz as well as Arithmetic Geometric Mean Inequalities. These
authors assumed that ) is a domain which is simply connected and is bounded
with boundary 02 in R®. The boundary condition was imposed
u; =0o0n 00 x {t >0}
as well as initial condition
ui(z,0) = fi(x).
They studied continuous dependence for Brinkman and Forchheimer coefficients for
different values of the coefficients and convergence as Forchheimer coefficient tends
to zero. Peter et al. (2015) introduced a continuous data assimilation algorithm for
a 3D BFeD model of porous media with boundary conditions which is periodic with
period L, and the only basic periodic domain is given by ©Q = [0, L]? or Dirichlet
boundary conditions with no-slip
uloq =0,
and 0 is the boundary of a domain §2 which is smooth. The extra term ~|u|*™u
was introduced for the pumping, when v < 0, while S|u|""!u is for modeling of the
damping when 8 > 0 and » > 1, m > 0. At the mathematical level, the method of
continuous data assimilation was introduced first by (Azouani,2014) for 2D NSE.
A follow-up work was done by Albanez et al. (2015) and Farhat et al. (2016).
Louaked et al. (2016) used a pseudocompressibility technique for the equation,
(Payne and Straughan, 1999) worked on continuous dependence and convergence
for the BFE. (Djoko and Razafimandimby, 2017) studied the BFE by regularization
with the Faedo-Galerking approach under slip boundary conditions and they also
discussed the continuity of the solutions with respect to coefficients in the BFE

and they showed stability of the weak solution of the stationary problem. .
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The behavior of solutions of BFE at large time as well as global attractor ex-
istence has been researched for very restrictive values and ranges of the parameter
r. The solutions large-time behavior and the corresponding infinite dimensional
dynamical systems are essential aspects in recent times in the field of nonlinear
evolutionary systems. For instance; the inertial manifold, existence of global at-
tractors, pullback attractors, uniform attractors and their fractal dimensions for
the BFE with the unique solution have been studied by many researchers since
1980s. Varga et al. (2011) proved existence of dissipative solutions which is reg-
ular and the global attractors for BFE with polynomial growth rate nonlinearity.
To obtain the result, they proved the maximal estimate which is regular for the
associated semi-linear stationary Stokes problem by employing modified nonlinear
localization method. The applications of their results to the BFE with the NSE
inertial term were also given considerations. (Xue-Li Song and Yan-Ren Hou, 2011)
showed that the strong solution of the BFE has global attractors in V and H?(2)
with ug € V and Q € R? is bounded for 8 > 0 and % <r<5and

H = clgz()T,

V = clugyaye T
where

T = {u € (C(Q))? : divu = 0}

and clx is the closure in the space X. (Xue and Yan, 2012) worked on the non-
autonomous BFE. By Galerkin approximation method, they gave the existence as
well as the uniqueness of weak solutions for the model and investigated the weak
solution asymptotic behavior, the existence as well as structures of the (H, H)-
uniform attractor and (H, V') -uniform attractor. Then they proved that L? and
H' -uniform attractors are the same. Lingrui et al. (2016) considered the large-
time behavior taking for instance existence of attractors for autonomous as well as
nonautonomous BFE. By decomposition method they circumvent the difficulties
for the existence of absorbing sets and semigroup asymptotical compactness to
prove the attractors generated by a global solution for the autonomous BFE.

Another area of interest to researchers is on existence and uniqueness of so-
lutions of BFE. ( Cai and Jiu, 2008), by utilizing Galerkin approximation, they

showed that BFE has global weak solutions in case r > 1. The authors, us-
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ing Fourier transform, worked on the compactness of approximated solutions. By
Gagliardo-Nirenberg inequality, they also obtained the global strong solutions when
r > % and uniqueness result in case % < r < 5. Zujin et al. (2010) improved on
these results and they showed that the Cauchy problem of the BFE has global
strong solution for any r > 3 and uniqueness when 3 < r < 5. Hakima et al.
(2016) proved global existence and uniqueness of solutions of anisotropic BF equa-
tion without any assumption that the initial data is small . This improves on the
result for anisotropic NSE. They showed that the a smoothing effect is as a re-
sult of the damping term B|u|"~lu in vertical velocity. (Markowich and Trabelsi,
2016) showed existence as well as uniqueness of solutions for different values of
r. Their work is based on the estimate of maximal regularity for the associated
stationary Stokes problem by employing nonlinear localization technique to prove.
(Poitr and Dongming, 2017) used BFeDE to model some porous medium flow in
chemical reactors of packed bed. The results concerning the existence as well as
the uniqueness of a weak solution are presented for nonlinear convective flows in
media with variable porosity and for small data. Furthermore, the Finite Element
Approximation to the flow profiles in a fixed bed reactor were presented for sev-
eral Renolds numbers at the non- Darcy range. Also, Poitr (2017) presented the
Local Projection Stabilization (LPS) for the linearized BFeDE with high Renolds
number. The equation was used to model porous medium flows in chemical reactor
of parked bed type. Finite element analysis was presented for the case of non-
constant porosity. The optimal error bounds for the velocity and pressure errors
were justified numerically. (Karol and Robinson, 2017) obtained global smooth so-
lutions in time for the convective BFE on a periodic domain, absorption exponent
r > 3. Also for r = 3, it was proved that global solutions exist which also regular
with the relation 4uf > 1 satisfied by the coefficients. Additionally, they showed
that for the exponent r = 3 every weak solution verifies the energy equality which
is continuous into space L2. The existence of a strong global attractor was also
obtained by invoking evolutionary systems theory.

(Escauriaza and Mitrea, 2004) gave an analysis on Lipschitz domains of the
transmission problems in R" of the Laplace operator using a layer potential tech-

nique. (Mitrea and Wright, 2012) employed in their analysis of bvps the integral
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layer potentials for the Stokes system in Lipschitz domains in R"™ (n > 2). Kohr et
al. (2013) described the concept of pseudodifferential Brinkman operator as a dif-
ferentiable matrix type operator on compact Riemannian manifolds with variable
coefficients. (Dindos and Mitrea, 2004) employed the integral layer potentials for
the NSE to prove well-posedness in Besov and Sobolev spaces of Poisson problems
with Dirichlet condition on C! and Lipschitz domains are considered in compact
Riemannian manifolds.

Kohr et al. (2013) obtained the existence result by combining both the fixed
point theorem and the integral layer potentials of the Stokes and Brinkman systems
for a nonlinear Neumann-transmission problem with data obtained in LP, Besov
and Sobolev spaces.

Mirela et al. (2016) obtained existence as well as uniqueness results in L%
weighted Sobolev spaces for transmission problems in the three dimensional Eu-
clidean space for the Stokes as well as Darcy-Forchheimer-Brinkman systems in
two complementary Lipschitz domains i.e both bounded Lipschitz domain with
connected boundary and complementary Lipschitz domain R?\ €. A layer poten-
tial method was explored for both the Brinkman and the Stokes systems combining
it with a fixed point theorem in order to prove the results for small initial data in
L?- based Sobolev spaces.

(Jha and Kaurangini, 2011) presented a approximate analytical solution in
parallel-plates for steady flow channels filled with porous materials modeled by non-
linear BFE with extended Darcy model. The comparison of the results were made
with the ones obtained from implicit finite-difference solutions of the corresponding
flow problem which is time-dependent. It was observed that the flow solution which
is time dependen yielded the same steady state values gotten by employing the
approximate analytical method.

Frittz et al. (2019) presented a mathematical analysis of both local and non-
local phase-field of tumor growth that incorporates time-dependent Darcy-BFE
of convective velocity fields and long-range cell interactions. They provided ex-
istence analysis which is complete. They used continuum mixture theory balance
laws and mesoscale versions of the Ginzburg-Landau energy. Additionally, analysis

of a parameter sensitivity was described and quantified. They employed statitical

20



variances of model output and notion of active subspaces. They found out that
the two approaches yielded a similar conclusions on the sensitivity of some quanti-
ties considered.Numerical experiment results were also obtained by finite element
discretization of the model

In this thesis, we use Galerkin approximation and Profile decomposition in
the context of Brinkman-Forchheimer equations. To our knowledge, the study of
BFE using profile decomposition method for a critical value of exponent 'r’ remains
an open problem. The theory of profiles was introduced by (Gerard, 1998) for the
description of the defect of compactness in the Sobolev embeddings and it is used
by (Bahouri & Gerard, 1999) to investigate subtil properties of the quintic wave
equation on R®. Then S. Keraani used it for studying some semilinear Scrodinger
equations and it turns out to be an important tool in the works of C. Kenig and
F. Merle about blow up in semilinear critical Schrodinger equations. The theory of
profiles has been used for the incompressible NSE by Galagher (2001) and (Rusin
and Sverak, 2011). Let us also mention that the profiles has been used by ( Kenig
and Koch, 2011) and by (Koch and Planchon, 2013) to revisit and extend the blow
up result of Iskauriaza et al. (2003).

The study of compactness in Sobolev embeddings was pioneered by Lions
(1985), Tarta (1990) and Gerard (1991). Our source of inspiration in this thesis is
the work of Gerard (1998) in which the defect of compactness of the critical Sobolev
embedding H® C LP is explained in terms of a sum of rescaled and translated
orthogonal profiles, up to a small term in LP

In the pioneering works of (Bahouri and Gerard, 1999) (for the critical 3D
wave equation) and (Merle and Vega, 1998) (for the critical 2D Schrodinger equa-
tion(SE)), this type of decomposition was introduced in the study of nonlinear
pdes. (Bahouri and Gerard, 1999) ideas were revisited by Keraani (2001) and
Gallagher et al. (2013) in the setting of the SE and NSE respectively, with the
aim to give a description to the concept of the structure of sequences (which is
bounded ) of solutions to those equations. These techniques have since then been
employed and used successfully when considering the study involving blow-up of
solutions to nonlinear pdes in various settings; for instance (Hmidi and Keraani,

2005) worked on blowup theory for the critical nonlinear Schrodinger equations,
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(Kenig and Merle, 2008) worked on global well-posedness, scattering and blow-up
for the energy critical focusing non-linear wave equation, W. Rusin and V. Sverak
worked on minimal initial data for potential singularities for NSE, (Jia and Sverak,
2013) worked on minimal L*-initial data for potential Navier-Stokes singularities,
(Gallagher, koch & Planchon, 2013) considered a profile decomposition method to
the L$°(L3) NSE regularity criterion.
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Chapter 3
METHODOLOGY

3.1 Introduction

This chapter discusses methods employed in this work. The various inequalities
used to obtain bounds in the proofs of our results as well as some basic results are
discussed in section two. Section three deals with Profile decomposition method
used to obtain stability results and other qualitative properties of solution of BFE.
Section four addresses Galerkin method used to obtain existence of solution when
the damping term is continuous, continuously differentiable and when it satisfies
Lipschitz condition. Some useful auxiliary results relating to decomposition of data
are discussed in section five. The decomposition of linear part (the heat equation)

is also discussed in this section.

3.2 Some useful inequalities

Some inequalities in LP spaces used in this work are considered in this section.

a Holder inequality:

For 1 < p < o0, setting

then Holder inequality is given by

/|uv| < lullyllolly
Q

Vu € LP(Q), v € L¥(Q) (Miranda 1978).
The p' is the conjugate of p. Specifically, the inequality shows that the bilinear
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form (u,v) makes sense whenever u € LP(Q) and v € L” (). When p = 2,

the inner product and the associated norm are connected by

b Cauchy-Schwarz inequality:

g(ljmwﬁmjé([jmwﬁmjé

[{u, v)| =

/Qu(x)v(x)dx

.YV u,ve L%

Generalized Holder inequality is given by

/ [ugus - - - U | < HuallHUﬂ\pz T HUmem’
Q

where u; € LPY(Q), uy € LP?(Q), - - -, uy, € LP"(Q), and

Zp_l =1,1<p; <00,2=1,...,m.

i=1
¢ Young inequality:
ea’ ' b

ab< —4¢€7» —(a,b,e >0 3.2.1
, p,( ) (3.2.1)

V p e (1,00). When p = 2, it is Cauchy inequality.

d Minkowski inequality:
a+ olly < Ilully + [ollyy w0 € L9(Q) (3.2.2)

and the

e Interpolation inequality:

[l < flel ISl ;= (3.2.3)
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valid for all uw € L¥(2) N L"(Q) with 1 < s < ¢ <r < oo and
-1 _p.—1 -1
¢ =0s+(1—-0)r ", 0ecl0,1]

are consequences of Holder inequality.

f Ladyzhenskzaya’s inequality:

Let Q2 C R™ be a domain for n =2 or n = 3, and let u : 2 — R be a weakly
differentiable function on 9 in the sense of trace (i.e, u is the limit in H'(Q)
of a sequence of smooth functions with compact support). Then 3 a constant

C depending only on €2 in the case n = 2, such that
1 1
lullps < Cllullf[[Vull72,

and for n = 3,

1 3
[lulls < Cllul [ Vull g

Both the 2D and 3D versions of Ladyzhenskzaya’s inequality are special cases

of the Gagliardo-Nirenberg interpolation inequality:

11—«

[lullr < Cllullzallel;",

which holds whenever p > ¢ > 1, s > n(% — ]lj)

Sobolev Embedding Theorems (Bruce K. Driver, 2001):
Suppose 2 C R™ is open with C''- boundary, p € [1,00), k, [ € N and k > [

1. If p< % then
WhP(Q) — Wrh1(Q)

provided ¢ = di_];l i.e g solves



and 3 C < o0 D

H7“‘”””“*“1(9) < CHUHW’W(Q)

Vu e WhP(Q)

2. If p> 2, then W*P(Q) < C* #(Q) and 3 C < 00 >

||u”ck’%(g) < ||UHW’%P(Q)

YV u e Wke

g Gronwall’s Inequality:
Let u(t) > 0 and ¢(t) > 0 be continuous non-negative real-valued functions
defined on the interval 0 < ¢ < T and ug > 0 is a constant with a nonnegative

value. If u satisfies

u(t) < ug + /Ot o(s)u(s)ds t € 10,1

then
u(t) < uoexp(/o o(s)ds) t € 0,1

In particular, if ug = 0 then u(t) =0

Remark 3.2.1

Because p < 7. We have the following bounded inclusion maps

WHP(Q) — WHEIPL(Q) s WF2P2(Q)... — WHEHP(Q).

o Gagliardo-Nirenberg-Sobolev inequality:

lullze < ClIVullo(ga) ¥ u € Cc(RY).
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For A > 0, let uy(z) = u(Az). Then

d
[uallZq =/ u(Az)|"dz = IU(y)Iq—;?i
Rd R4

and hence
_d

url[pe = A~ |[ul[a.
Moreover,

Vuy(z) = A(Vu)(Ax)
and hence

_d
[[Vuxlle = Al[(Vu)A|[e = ANT?[[Vul[ s

Remark 3.2.2

If the inequality is to hold V u € C}(R?) we must have

_d 1-d
A qHuHLq = HU)\HLq < CHVU)\HLp(Rd) = C\v» HVUHLP YA > 0

and its possibility depends on if

1—-d d
42 =0
p q

; 1_1_1,41
1.e p—d—d+q

For p € [1,d], let p* = d‘% with convection that p* = oo if p =d. i.e p* = q.

Lemma 3.2.3(Bruce K. Driver)
Suppose K, : X — Y are compact operators and ||K — K,,||rx,y) = 0 as

n — oo then K is compact.

Theorem 3.2.4 (Bruce K. Driver, 2001):
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Let 0 <p<1landsop = (;%1) < 0. Suppose f € LP(Q2) and

0< / lg(x)[Pdx < oo.
Q
Hence

/Q‘f@)g(x)’dx < {/Q !f(ﬂﬂ)\pdx}’l’{/g \g(2)|P da} >

Remark 3.2.5
Assume fg € LY(Q); if not, the lhs of the inequality above is infinite. Set
¢ =g/ and ¥ = |fg|? so ¢rp = |f|P. Then ¢ € L) for ¢ = ]lo > 1, and

because ¢ = —pq’ where ¢ = (qﬁl) and we obtain ¢ € L9 (). By Holder

inequality, we obtain

/Qlf(ﬂf)lpdx = /Qaﬁ(iv)w(ﬂf)dx < [[9lqll¢lly

— [ 1f@a@dzy{ [ lo(o) ey

Theorem 3.3.6 (The Hausdorff-Young inequality):
If 1 < p < 2 we have || f||1, < (2m)7||f]|Ls

(Triangle Inequality):
Let m,n € LP(Q2). Then m +n € LP(Q) and ||m + n|| < |[|m]|, + ||n]],

The next theorem (statement only) is also classical and addresses the density
in Sobolev spaces

Theorem 3.2.7 (Density)[Michael Renardy, 2001]:

The space C*(R%) N H*(R") is dense in H*(R") V k € N and C®(R?) is
the collection of all smooth functions that k& — th derivative is continuous up

to

ORY =R" ' x {z,, =0}

Lemma 3.2.8 (Bruce K. Driver, 2001) :
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SupposejENandj>% (j>L;ifp>dj>2p=n), then
WIP(Q) < Cllullwir )
and there exists C such that
||u||cj‘(%>(m < Cllullwiro
It is sufficient to show that estimate holds V u € C*(Q)
Forp > nand |a] < j —1,

10%ull cos-p gy < Cllullwrng) < Cllullwiz)

The following theorem (statement only) gives a brief summary of embedding
theorems involving Sobolev spaces

Theorem 3.2.9 (Bruce K. Driver, 2001):

Let p € [1,00] and u € WP(R™). Then

1. Morrey’s Inequality. If p > n, then W' — C%'~% and

e ll -3 gy < Cllllwrogany

2. If p = n there is a space like L> which is BMO >

WP — BMO

3. GNS Inequality: If 1 < p < n, then WP < [P"

1p(n—1)

lull e < m72 [|Val|
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where

* np
p:
n—p
or
1 11
P p n

3.3 Profile decomposition method

The theory of profiles was pioneered by P. Gerard in 1998 in order to give a
description of the compactness defect of the Sobolev embeddings. It was used
by H. Bahhouri and P. Gerard (1999) (for the critical 3D wave equation) to
investigate subtil properties of the quintic wave equation on R? and F. Merle
and L. Vega (1998) (for the critical 2D Schrodinger equation). The ideas
of Bahhouri H. and Gerard P. (1999) were revisited by Keraami S. (2001)
and Gallagher 1., Iftimie D. and Planchon F.(2013) in the settings of the
Schrodinger and NSE with the aim to give an explanation of sequences of

solutions to those equations.

The first basic concept to consider in the theory of profiles from the point of
view of Brinkman-Forchheimer equation is the concept of scales and cores.
Definition 3.3.1 A sequence (h?, 27)(nyenz of [0,00] x R? is a sequence of

n’r'n

scales as well as cores if j # k —

either lim,,_ o <Z—j’; + Z—f) = —+4ooor (33.1)
hi = h* and lim, e —'Izl};xm = 400

Moreover, we denote h2 = 1 and z° = 0 Definition 3.3.2: (Isabelle Gal-
lagher, 2001)
Suppose that A C S'(R?) is a Banach space > the embedding

H*(R®) C A

is continuous. Then the following properties hold if and only if A is admissible
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(i) The || - || is invariant for transformations:

© — Ap(A.) and ¢ — Ap(- — A), VA ER

(ii) There exists ¢, a constant which depends on A such that if ¢ is a

member of Hz(R?) and ||¢||4 is smaller than ¢, then ¢ is in Dy

Suppose that the embedding of H*(R?) into L” is continuous and compact.
If (¢,) is a bounded sequence of functions in H*(R?), converging weakly to
zero in H*(IR?), then it converges strongly to zero in LP(R?); as a result, for
large n , the function ¢, becomes small enough to have a global solution of

(BF) in Ex

based on point (i) of Definition 3.3.2 if the embedding of H*(R?) into L?(R?)
is compact, then it is possible to associate any bounded sequence of divergence
free vector fields in H*(R3), converging weakly to zero in H*(R?) with a
sequence of global solutions of (BF) in E.. This leads to the problem of
defects of compactness of the embedding of Hz(R?) into L3(R?) , which was
ve studied by Gerard in 1998. The Theorem holds for the embedding of
H*(R?) into LP(RY) with s = d(} — ;) generally

THEOREM 3.3.2 ( Gerard, 1998): Let (¢,) be a bounded sequence

of functions in H%(R:*). Then up to the subsequence extracted, it can be

decomposed as follows:

¢ j
VLN (0 nlo) =) + e (T ) Hukle) (332

where the functions ¢’ are in H2(R3) YV j € N, where () is a bounded
sequence in Hz(R%) uniformly in ¢ € N\ {0}, and satisfies

lim (Lm sup| |1 | s ge)) = 0, (3.3.3)
{—00 n—ro0

and where for any j € N\ {0} and (h/,27), a sequence in (RT\{0} x R3)N

n»'n

having orthogonality property (1.4.1) V integers (j,k) 2 j # k for { €
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N\ {0},
L
2 _ 7112 2112
ol ey = D211 gy + IRy + o) (33.4)
]:

as n goes to infinity.

Remark 3.3.3
e The Theorem holds more generally for the embedding of H*(R?) into LP(RY)
with s = d(% — 1).

2 D

o If o, is divergence free, then so it is for o, ¢/ and !, V integers j, £ and n.
e The hJ, are the scales of ¢,, the points x/ are the cores of concentration,

and the functions
. 1 . x—a
Ahle) = 2 (=

) (3.3.5)

are the associated profiles

e It is noted that up to the functions ¢’ rescaled, it can be assumed that for
every j € N\ {0}, either 7/ = 1 and lim, o |7?| = 400, or lim, . A/ is
obtained in {0, co}.

e The following are noted for notation simplification
R =1, 22 =0, and @ (2) = ©°(2) (3.3.6)

e The weak limit point of h/p,(z? + k) is the function ¢’ for j € N

Following Definition 3.3.2., for the space A we shall define the constant

Cap € RT U {400}

Chp=sup{p>0:B}N H*(R®) € D} (3.3.7)

where

B} = {p € 4 lglla < p}
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Bgp = B (3.3.8)

Putting differently, the set Bag is a ball in the space A and its intersection
with H*(R?) is a subset of D..

3.4 Galerkin method

Galerkin method was invented by a Russian mathematician, Boris Grigo-
ryevich Galerkin. The idea of approximating infinite-dimensional by finite-
dimensional problems is known as Galerkin method. It is well known as
device for doing numerical calculations by converting a continuous operator
problem (such as ode or pde) to a discrete problem. It is equally useful as
a theoretical tool (as we use here in this thesis). The following steps are
taken to show existence of weak solutions to a particular pde using Galerkin

approximations.

a Galerkin approximations

A weak solution is built of a pde say

u+Lu = f in I'p
u = 0 ondl x|[0,T] (3.4.1)
u = g onl x{t=0}

where solutions of finite-dimensional approximations to (3.4.1) is first
constructed which then pass to limits. It is assumed that the functions
wy = wg(x)(k = 1,...) are smooth. {wy}?2, is an orthogonal basis of
H}(U) and orthonormal basis of L*(U). A positive integer m is fixed.
We look for a function wu,, : [0,T] — H}(U) of the form

U (£) = df (H)wy (3.4.2)

k=1

m
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where

dEHO0<t<T k=1,..,m)

So that

dr,(0) = (g, wi)(k = 1,..,m) (3.4.3)

and

(ul,, wi) + Blum, wi; t] = (f,we)(0 <t < T, k=1,..,m) (3.4.4)

A function u,, of the form (3.4.2) is sought that satisfies (3.4.4) of the
problem projected onto the finite dimensional subspace which is spanned

by {wr i,

For each integer m there is a function u,, which is unique and is of the

form (3.4.2) satisfying (3.4.3) and (3.4.4).

b Energy estimates
As m tends to infinity, it is shown that a subsequence of the approximate
solution u,, converges to a weak solution of (3.4.1) which requires some
uniform estimates given as follows
Theorem (Energy estimates)
There exists a constant C, depending on U, T and the coefficient of L
such that

mazo<i<r||[Um ()| 2wy + tml| 200,053 ) + | 22025010

< C(|flle20,1:c20y) + ll9llz2)  (3.4.5)

form =1,2...

¢ A weak solution is then built by passing u,, to limits as m — oo.

Theorem (Browder-Minty)
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Let X be a real, reflexive Banach space and let
T: X — X*

be bounded continuous, coercive and monotone. Then for any g € X* |, there

exists a solution u of the equation

T(u)=g (3.4.6)

1.e

and X and X* are separable.

The main focus here is to approximate equation of the form (3.3.1) by a finite

dimensional problem of the form
T (tn) = gn (3.4.7)

It is shown that there exists u € X, g € X* and a subsequence u,, such that
u, = uin X and T'(u,) — g in X*. These convergences guarantee that u is

a solution to the problem.

3.5 Some auxillary results

For the case when the damping term f(u) = 8|u|""'u and in the critical value

of exponent r = 3, the homogeneous BFE and NSE have the same scaling.
Ou—vAu+ (u-V)ju+Vp = 0 in Rt xR?

(NSE) V-u = 0 inR3 (3.5.1)

u’t:O = Up in R3
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The damping term f(u) is a resistance to the fluid flow. The scale-invariance
property is lost given any other values of r different from 3. This can be seen
from the following:

Proposition 3.5.1: (Karol, Hajduk, & Robinson, 2017 )

Let €2 = R"™ and let uy be the parabolic rescaling of the velocity field w:
uy = Mu(Az, \’t) for A >0,
and let py be the rescaling of the pressure function p:
pa(z,t) = N2p(Az, A°t) for X > 0.
If u and p solve the BF equations, then uy, p) satisfy
Opuy — vAuy + (uy - Vuy + Vpy + X7 Blun|"tuy =0

The dilation invariance plays a paramount role in the analysis of (NSE) and
classify of functional spaces into sub-/super-/critical depending on how the
scaling affects the norm. It is noted that the H2(R3) and L*(R3) norms are
conserved under the transformation uy — g x. Also, result of H. Fujita and
T. Kato for Navier-Stokes equations can be stated as follows:
Theorem 3.5.2: (Fujita and T. Kato, 1964)
Let ¢(z) € H2(R3), then there exists a maximal time T},.(¢) > 0 and a
unique solution u(t,z) = NS(¢) associated with ¢ such that

ut,z) € C ([O,T], H%(R3)) nL? ([o,T], H%<R3>) for all T < Tynae ()
Moreover, if

Tnax(9) < +o0,

then we have

lim ||ul| = 400

23
T—Tmax LQ([OvTLH 2 (R3)
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Also, 4 Cg > 0 such that
H¢||H%(R3) < Cp = Tnaz(9) = +o0
and we have for any ¢ > 0,

t
lut, )1 gy + 20 / ()1 g oy s < ClIOI (3.5.2)

H2 (R3)

3.5.1 Decomposition of data

A sequence of divergence free vector fields (y,) is considered in H %(R3), and ¢
is a weak limit point of (¢,) in Hz(R3). Then Theorem 3.3.2 can be applied to
(on — "), with (3.3.6) we have, ,

VeN, ¢u(z)= Z igpj (x _I%) + (), (3.5.3)

where o7 is in H2(R3) for j € N, ¢(z) is a bounded sequence in Hz(R?) and

satisfies the limit (3.3.3). The sequences (h),z7) are orthogonal in accordance to

n’rn

(3.3.1), and for every ¢ € N, the orthogonality of the H%(R:g) norms is obtained
and is written in (3.3.4).

3.5.2 A profile decomposition for the heat equation

The heat equation which is the linear equation associated with BFE is considered.

Ou—vAu = 0 in Rt x R3
(H) (3.5.4)

U\tzo = Uo

Notation 3.5.3:
H(up) denotes the solution of the heat equation (H), that can be associated with

the data ug. It is noted that if ug € Hz(R?), then H(ug) € Fx, and the norm F.
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is conserved by applying H.

u = BF(ug) < uy = BF(ugp, \)

Proposition 3.5.4: (Isabelle Gallagher 2001)

Let (¢,) be a collection of bounded divergence free vector fields in H2(R3), and
let ©° € H%(Rz)’) be a weak limit point of (y,). Then up to subsequence extracted,

we have
h% =1, x?z =0, 902(‘%‘) = 900(‘%‘)?
We define
u, = H(pyn) € Ex
and

Ul = H(p') € Eny = CY (R+, H%(R?’)) nL? (Rﬂ H%(W))

and every integer j € N, t > 0 for every x € R3, we can write

¢ .

1 t x—x) ‘

un<t,x>=zﬁw((hj)g, — )+wn<t,x>
j=0 'tn n n

where w? = H(1!) is uniformly bounded in E, for £ € N, with

lim <lim Sup||wfl||Loo(R+,L3(R3))> = 0. (3.5.5)
£—00 \n—00

Also, the sequences (h/, z) are orthogonal in accordance to (3.1.10) and for every

feN
14

lunl = Y NIz, + llwnllE, +o(1), (3.5.6)

=0
when n — oo.
Remark 3.5.5
Considering the decomposition (3.5.3) and define
VjeN, U = H(p') and V (¢,n) € N2, w’ = H(¢). By scale-invariance

u= H(up) & uy = H(ug, \)

38



with
ux(t, z) = Au(\’t, A\r)

and

up () = Aug(Az)

of (H), we have

; 1 . t z—a :
At = vt (o )~ (e

associated with the scale-invariance
V(j,n) € N*, [|ul|lg. = |1U7]| Eny

In other to give a proof of the result involving the ¢,, generating a finite time
singularity of solution, we will use a stability result obtained by I. Gallagher, D.
Iftimie and F. Planchon (2013) in the setting of the 2 (R?) data for NSE. We have
the following
Theorem 3.5.6: ( Gallagher 1., Iftimie D. and Planchon F. [2013])

Let u € C(R*, Hz(R?)) be a mild solution of (NSE) with initial data uy € Hz(R?).
Then

lim ||u(t, =0,

t—4o00 )HH%(R?’)

u(t,z) € L*(RY, H2 (R?)).

Moreover, there exists € = €(u) such that if ||ug — vol| .1 < €(u) then the

iz (R3)
mild solution u(t,z) with initial data uy € H2(R?) is also global and belongs to

C(R*, H2(R?)) and

2 2
= 0+ [ 90— 005

t
< Clluo = vall 3 o0 (€ [ Nyt + [ Mol as) 57

If a solution of Brinkman-Forchheimer satisfies the energy estimate of BFE this
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implies that T, (¢) = 4+00. However, it is not clear that we cannot have T.(¢) =

+o00 without the energy, thus we set

p >0 for llgll <

u(t,z) = BF(p)is a global solution of (BFE)
(3.5.8)

Cp = sup

In this section, some results are presented that are used in the proofs of our
theorems. Those results are classic
Proposition 3.5.7 :
There is 7, a constant such that the following statement is true.
Let ug € Hz2 be a divergence-free vector field such that ||tol|L3(rs) is lesser than

wyv. Then uy € Dy, and if u = BF (uy), then given ¢ > 0, we obtain

a7,

H2 (R3

t t
s [ vy + 8 [ @Ik <l
) 0 H?2 0 2

Proof

There is a constant ¢ > 0 such that if
||’U/0‘ |L3(R3) S cv

then
BF (u) € C°(R*, L*(R?))

and we obtain

C being a constant. More so, L3(IR?) is an admissible space. Based on the definition
of an admissible space, we have v < ¢ such that if ||ug||zs@s) < v then uy € Dy

The estimate in the Proposition can now be proved in Hz(R?) for u(t, ) given as

52 @I

2 pu— .

H3(R3)
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Defining
AN =V-A,

we obtain

(- Tul®))ult) ) 0 = (u- Tult)] Ault)) sz,

3 (R3)

and by Holder inequality,

(- ul)| Au(®))ze < sy % Va0
Based on the
H2(R?) — L¥(R?)

the embedding which is continuous, we can infer that

——Hu(t)HZ%(RS) + V[V e < Cllu®)llzaes) x [[vu(t)]]

2
|’H§(R3) = 3 (R3)

Choosing ~ very small, we have

SR, o+ AT ) <

O
The next result is giving a description on the global solution of BFE. If the initial
data do not belong to ID., as defined in the next chapter, global solution of BFE
associated with the intial data will fail to exist. The result is given below
Proposition 3.5.8:
Let ug € Hz(R?) be a vector field, and Tee, BF (ug) life span. If ug ¢ Do, then

Tmax S

1 ||U0Hi2(R3)-
v(CEp)*

Proof

It is a classical proof. Let ug € H?z (R3) be a divergence and suppose that ug ¢ Dq,
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Let Thaq be the life span of u = BF(ug). Then VT < T4, and A(Y) stands for

Lesbegue measure of Y, we obtain

1 1 4
M e OTEOE < I} <~ [ Il
v(Cpp)* /o

by Bienayme-Tchebytchev inequality, we obtain

1
Tinaw < 1 HUH%OO(RtL?(R?’)) X |’U‘|22(R+,H1(R3)) < TJ‘UOHZEQ(R%

(C’gﬁ )t v(Cgr)

3.5.3 Admissible space

In the this section, we give a definition of an admissible space. In this space, the
norm of the solution of BFE is invariant at the critical value of the exponent r
in the equation. This property actually enables us to apply profile decomposition
to BFE. Definition 3.5.9: (Isabelle Gallagher, 2001) Let A C S'(R?) be
a Banach space such that the embedding HS(R3) C A is continuous. Then the

following properties are satisfied if and only if A is an admissible space:

(i) The || - ||4 is an invariant norm in the transformations

© — Xp(- = A), Vrg € R® and p — Ap(A\.) VA ER

(ii) There exists a constant ¢ which depends only on v and A 3 if p € Hz(R?)

and ||¢||4 is smaller than ¢, then ¢ is in Dy

We shall define the constant

Can € RT U {+o00}

Cap = sup{p>0: Bg‘ N H*(R®) C Dy}, (3.5.9)

where

B ={p € A;llolla < p}
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and

Bpp =B (3.5.10)

The largest ball in A is given by the set Bj, whose intersection with H(R?) is a
subset of ID,,. we have

Cpp >t

4 was defined in property (i) of Definition 3.3.2

where ¢
Suppose that the embedding of HS(]R?’) into L? is continuous and compact. If
(¢n) is a bounded sequence of functions in H*(R?), converging weakly to zero in
H*(R?), then there will be a strong convergence to zero in LP(R?); if n is very large,
the function ¢, would be very small to obtain a global solution of BFE which is
unique in F,, following the point () of Definition 3.5.9 if the embedding of H*(R?)
into L”(R?) is compact, then it is possible to assign with bounded sequence of
divergence free vector fields in H*(R?), converging weakly to zero in H*(R?), a
sequence of global solutions of (BF) in E.,. This leads to defects of compactness

of the embedding of H2(R?) into L3(R?) , which was studied in 1998 by P. Gerard.
Tt holds generally for the embedding of H*(R%) into LP(R%) with

Definition 3.5.10:
The Leray-Hopf weak solution of the BFE with uy, € H® is the one that satisfies

the inequality

2
Hs(R3)

(3.5.11)

[lu(?)]

t t
sy + 20 [ 1) oy + 28 | Tl s < Clla

for initial times ¢y € [0, Thuaz), and all t; € [0, Tynaz). For every uy € H, 3 at least
one global solution of BFE
Remark 3.5.11:

It is noted that nothing will prevent the estimate the life span T,,,, with respect
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to some data to satisfy T}, = 400 with ug ¢ D, in that case

A [ BE(uo)ll 2o, 1741y = +00

Lemma 3.5.12 (Xiaojing Cai and Quansen Jiu, 2004 )

Given that Y; and Y are Hilbert spaces that satisfy compact embedding Y < Y.
Let 0 < a < 1and {v;}32, C L*(R;Yp) that satisfies sup;( [ |Jv;|%,dt) < oo and
sup; (|7 |71?*]|0;]|5dt) < oo. Then a subsequence of (v;)52, exists that strongly

converges in L?(R; X) to some u in the same space.
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Chapter 4
RESULTS AND DISCUSSION

4.1 Introduction

This chapter discusses the results we have in this thesis. These results include:
the existence of weak solutions of the BFE in homogeneous Sobolev spaces when
the damping term is continuous, continuously differentiable and satisfies Lipschitz
condition. Stability of the system with respect to initial data is obtained and some
other qualitative properties of solution are investigated. Finite time singularities
due to singularity-generating initial data are also investigated. Existence of weak
solutions for the damping term satisfying Lipschitz condition is addressed in section
two. Section three deals with existence of weak solutions of BFE when the damping
term is biharmonic. Section four discusses the existence of weak solutions of BFE
when the damping term is continuous. Section four discusses the existence of
solution in the critical space when the value of the exponent in the equation r =
3 and r > 1. Section five centres on stability results while section six focuses
on bounded energy solution of BFE and finite time singularities of solution with

respect to singularity-generating initial data of BFE are discussed in section seven.

ou—vAu+ (u-V)Yu+Vp+ f(u) = 0, (t,x)€[0,T] xR?
(BFE) Veu = 0 (t,z) €[0,7] x R

u ’t:() = Uy <xE Rg
(4.1.1)

where u(t,z) : [0,T] x R® — R? is the velocity, p(t,z) : [0,7] x R® — R is the
associated pressure and ug : R® — R3 is the given divergence-free initial data The
constant v is the positive constant Brinkman coefficient while f(u) is the damping

term. The divergence free condition describes the incompressibility of the fluid.

p=np(tz), € R and Vp = (2,22 =1,2,3). BFE (4.1.1) describes the

3t dax;”
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non-Darcy behavior of fluid flows in porous media.

4.2 Brinkman-Forchheimer equation with Lipschitz
continuous damping term f(u)

A continuous function may not satisfy Lipschitz condition but every function that
satisfies Lipschitz condition is continuous. In this section, we consider the damping
term that satisfies Lipschitz condition. The BFE (4.1.1) is considered with the

damping term f(u) satisfying the following conditions:
(i) f e C(R3 R3) such that f(0) =0 and f(u)u € L™ and r > 1

(ii) f(u) satisfies Lipschitz condition:
|f(u) — f(v)| < L(M)|u —v| Yu,v € R”
such that |ul, |[v] < M with L(-) € C(]0,00)). .

Theorem 4.2.1:

Suppose the following conditions are satisfied:
(a) wg is an arbitrary function in H*
(b) f:R3 — R3 satisfies (i) and (ii) above

(¢) p:[0,7] x R® — R?® and

Vp = (%’ g_i? i =1,2,3) exists

Then for T > 0, a solution u : [0,T] x R* — R3 of BFE (4.1.1) exists and
we £ ([0, 7] 1 (R?) ) 0 L2 ([0, T); °H (RY) ) 0 L7+ (0,70, L™ (RY))
and

T
et 28 [ 1)o7t < o

2
Hs

T
2y + 2 / V()|

supo<i<r||ul
Proof:

This is established in sequence as follows:

Step 1

We build a weak solution by first constructing solutions of certain finite-dimensional
approximations to BFE (4.1.1) and then passing to limits. Since H® is separable

and C§° is dense in H°, there exists a sequence wy, wa, ws, ..., wy,, of members of CF°,
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in H*. Fix a positive integer m. We look for a function u,, : [0,7] — H*(R?) of
the form N
U (£) = Gim (t)wi () (4.2.1)

(4.2.1) is an approximate solution Wﬁ;Clll satisfies the equation. By multiplying
(4.1.1) by a test function w; € C§° and integrate, we obtain the following

(Wl (0),05) + V(T (), Vi) + ((E) - Vit (8),05) + (F(@hyt) =0 (4.2.2)

te[0,7),j=1,2,..,m. and ug, — ug € H*, as m — oo

Thus a function w,, is sought of the form (4.2.1) that satisfies (4.2.2) spanned by
{w;}7., unto the finite dimensional subspace.
Step 2
To show that a subsequence of u,, converges to a weak solution of BFE (4.1.1),
uniform estimates are needed on the approximate solutions and this follows from
the following Lemma.
Lemma 4.2.2:

Let uy € H*. Then given any T > 0, we obtain

supo<e<r|[tml| s + [[wmll 20,1550y + [ fm(Wtml| Lrer 0,100 < C,
Proof
Multiply both sides of (4.2.2) by g (t) and summing over j = 1,...,m,. By inte-

gration by parts, we obtain the following for each term

1 [d
002 gn) = [ g =3 [tyunde =305 [ Ll Pda
j=1 j=1
1d
< - 2
< 5 g llund]
Similarly
3
V(0. V) g = 3 [(Vun - Vgpwds £ VP
j=1
and
3
Fmws) « gm = 3 [falude = | an)ulih
j=1
After getting the bound on each term, we have
1d .
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using ((u - V)v,v) = 0. Integrate on time t over (0,7") , we obtain

T T
Iy / Vel dt + 28 / 1 Ctm Yt (7L < ]
J

supo<t<r||tm| Y
Step 3
A solution of BFE (4.1.1) is built by passing to limits as m — oo.
Tnvoking Lemma 4.2.2, u,, is obtained in the space L>(0, T'; H*(R™))NL*(0, T; H**(R™))N
L™0,T; Lt (R™)). By using Lemma 3.5.12, we prove next that wu,, (or its sub-
sequence ) convergences strongly in L2 N L"([0,T] x R?). 4, is a function from
R to H*t' and on [0,T], @mm = tm, @m = 0 on R\[0,7]. In the same vein, g, (t)
prolonged to R. By definition, g;,(t) = 0 for ¢ € R\[0,T]. The Fourier transform
on variable t of u,, and g;,, is given respectively by ﬁm and ézm

And 4, which are the approximate solutions satisfy

%(am,wj) = V(Viin(t), Vw;) + (Un(t) - Vi (t), w;) + (f (um),w;) =
(f, wi) + (flum),wj) 7 =1,2,...,m.
where

(fmawj) = V(Vam<t>7 ij) + (am@) ’ vam<t)7wj)'
Taking Fourier transform we have
2mi7 (T wy) = (7)) +V(f (), w5)) + (oms wy) = (un(T), wj)exp(—2miT7).
(4.2.3)
where f,, is Fourier transforms of f,,.

Multiplying (4.2.3) by gjm(7) for j = 1,...,m to have

A

20T || (G (T2 = (fon (7)) tan )42 (f (U ) s Ui ) )+ (U U ) — (1t (1), T ) €p(— 270317 ).
(4.2.4)
For v € L*((0,T); H') N L™'(0,T; L't"), we have
(fmn(),0) = (Vtm, V) + (U, * Vi, v) < C(|[[Vum| 3 + [V |l2][v]| 2
ForT >0
t T
/0 o ®)llsr-odlt < / OVl + || V() ll2)dt < C (4.2.5)

and hence

~ T
supresl | fn(7)|g-e < / )]s < C (4.2.6)
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Moreover, from the assumption on f(u), we have that

T
| st < ¢
0
which implies that

suprer||f(u(7))|| < C (4.2.7)
From Lemma 4.2.2, we have
um (0)]] < C; [um(T)[| < C (4.2.8)

We deduce from (4.2.5) - (4.2.8) that

i < O ()| roer + |t (7)]|0))

7]t (7))
For a fixed a, 0 < a < %, it is noted that

1
|7_‘2a é C + ‘T|

i ’T|1_2a, Vr e R

Thus
oo all 2 oo 1+ |7" 2
/ 2 i () 1= < © / AT e ) e

0 e

< c/ |t (7)]| T

G (7)o /°° i (7) 141
C — 2 q C — 4.2.9
* /_oo L T Tt (429)

By Parseval equality as well as Lemma 4.2.2, the first integral on rhs of (4.2.9) is
uniformly bounded on m.

By the Parseval equality, the Schwarz inequality and Lemma 4.2.2, we have
~ 1
400 = . 400 d 2 T
/ o (7)o - / T / ()
o T =L T U

Similarly, we have

A L 1
T 2 (7)) ] oo dr o oo s r s
/ Uil / / i ()[4 ()7
o L7 —oo (14 |7t 720) —c0

1

<[ anmih@an @2

1
2
%Is-&-ldt) S C
(4.2.10)

From (4.2.9), It follows that

+o00
/ |72t (7) | e < C (4.2.12)
Hence a subsequence of w,, exists given by wu, such that w, — u weakly in

L*(0,T; H*) and Vu, — Vu weakly in L*(0,T; H*1). fOT Jan flu)dzdt < C,
then w, — wu strongly in LP(0,T; LP) for p < oco. The convergences really show
that u(x,t) is indeed a weak solution of the BFE. (1.

The next result is a brief proof of a particular case when the damping term satisfies
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Lipschitz condition. In this case the damping term f(u) = SB|u*u. The equation

is given by:

Ou —vAu+ (u-V)u+Vp+ BlufPu = 0, (t,z)€[0,T] x R

V-u = 0, (t,z)el0,T] xR3
(BFE,)

Ulimo = uy, x€R?

|lu| — 0,  as|z| — o0
(4.2.13)

In this case, f(u) = Blu|*u satisfies the Lipschitz condition: |f(u) — f(v)| <
L(M)|u —v| V u,v € R? such that |u|,|[v] < M with L(-) € C([0,00)). For
this particular case, the BFE, (4.2.13) has the same scaling with NSE and this is
crucial for the scale-invariance property of the equation in the critical homogeneous
Sobolev space. The following result gives existence of weak solution to (4.2.13)
Theorem 4.2.3:

Suppose the following conditions are satisfied:
(i) ug is an arbitrary function in H*

(i) p:[0,7] x R — R3 and

Vu = (%v Ga_fiai = 1:273) exists

Then for T > 0, a weak solution u : [0,7] x R? — R3 of (4.2.13) exists and
we L™ ([o, 1], HS(R?’)) nL? ([o, 11, HS+1(R3)) N L ([0, 7], LA(R®))

and

supo<i<r||ul il

Proof

T T
ey + 20 [ V0Ot + 28 [ (Ot < oo

This proof is established in sequence as follows:

Step 1

We build a weak solution in the sense of (1.1.11) by first constructing solutions of
certain finite-dimensional approximation of (4.2.13) and the passing to limits. Since
H* is separable and C§° is dense in HS, there exists a sequence wy,ws, ws, ..., Wy,
of members of C§°, in H*. Fix a positive integer m. We look for a function

Up, : [0, T] = H*(R?) of the form
(1) = 3 gim ()i (2) (4.2.14)
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which is an approximate solution which satisfies the equation. By multiplying the

equation by a test function w; € Cg° and integrate, we obtain the following
(ul,(t),w;) + v (Vtm(t), Vi) + (um(t) - Vi (t), w;) + (|t P m, w;) =0 (4.2.15)

tel0,7),j =1,2,...,m. and ug, — ug € H®, as m — oo

Thus a function w,, of the form (4.2.14) is sought that satisfies (4.2.15) subspace

spanned by {w;}7., unto the finite dimensional subspace.

Step 2

To show that a subsequence of the solutions u,, of the approximate problems con-

verges to a weak solution of (4.2.13), uniform estimates are needed on the approx-

imate solutions and this follows from the following Lemma.

Lemma 4.2.4:

Let ug € H*. Then given T > 0, we have

supo<i<r||Um||gs + HumHLZ(O,T;mH) + |‘fm(u)umHL4(o,T;L4 <,
Proof
Multiply both sides of (4.2.15) by ¢;,,,(f) and summing over j = 1, ...,m,. By inte-

gration by parts, we obtain the following for each term

3 3 3
/ / / 1 d
UACRIIOESD Y K RIED Bl RTRUTIES St AR
j=1 j=1 j=1

1d
<22 2
< 5 lluml
Similarly
(Vi (t),Vw;) - Gim = VZ/(Vum C Vgimw)dr < V|| Vug|]?
j=1
and
3
(wnlimw) g = 3 [lwPulds <l
j=1
After getting the bound on each term, we have
1d
5 77 [t VIV [, 4 BILf () [14dt < 0

using ((u - V)v,v) = 0. Integrate on time t over (0,7") , we obtain

T T
2 4oy / [Vt |yt + 28 / uml[Ladt < [l 2,
]

Sup0§t§T| |Um|

Step 3

A solution of (4.2.13) is built by passing to limits as m — oo Invoking Lemma 4.2.4,
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Up, is obtained in the space L (0, T; H*(R™))NL2(0, T; H*t1(R™))NL (0, T; L*(R?)).
By using Lemma 3.5.12, we prove next that w,, (or its subsequence ) convergences
strongly in L2 N L7([0,T] x R?). i, is a function from R to H**! and on [0, 77,
Uy, = Uy, Uy = 0 on R\[0,7]. In the same vein, g, (t) prolonged to R. By defi-
nition, §;m(t) = 0 for ¢ € R\[0,7]. The Fourier transform on variable t of ,, and
Gim 18 given respectively by @, and Gin.

And 1, which are the approximate solutions satisfy

d
i 3) = UV (1), Vo) (8) T (1), 05+ ), 25) = (F )+ o P, )
j=12....m
where

(fmawj) = V(Vﬁm(t)a ij) + (am(t) ’ Vﬁm(t)awj)'
Taking Fourier transform we have
2miT (T wy) = (7)) +V(F (), w5)) + (om, w5) = (un(T), wj)exp(—2miTT).
(4.2.16)
where fm is Fourier transforms of f,,.

Multiplying (4.2.16) by f]jm(T) forj=1,...m

A~

~

27Ti7| | (ém(T)”g = (fm(T)v ﬁm)"*"/(f(um)? 7lrn))"’_(UOmv Zim)_(um(T)a ﬁm)exp(_QWiTT)'
(4.2.17)
For v € L*((0,T); HY) N L™(0,T; L"), we have
(fn(1),0) = (Vtt, VO) + (thn - Vi, ©) < OVt [5 4 [V ]2][0]] g1
For T >0

t T
/0 )l et < / OVl + [V (8)]|2)dt < C (1.2.18)
and hence
N T
supreg||fon( )l < / o (®)lle < C (4.2.19)
0

Moreover, for the fact that u € L* we have that
T
/|Mmﬁgo
0

which implies that

suprer|||ul?u(T)|| < C (4.2.20)
From Lemma 4.2.4, we have
lum (0)|] < O, [lun(T)|| < C (4.2.21)
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We deduce from (4.2.18) - (4.2.21) that
7l ()] 7 < C (it (7)]

For a fixed a, 0 < a < %, it is noted that
1+ |7]
L+ |r]=2

e+ |l (7)]]20))

IT]?** < C vreR

Thus
* j2a el R P
/ 2 i () 1= < C / SR G ETE A

. o T

s dT

<c / i (7)ol

> g (7) | o2 % g (7)1
C L HR g C ——d 4.2.22
w0 f Tipmero | e a2
By Parseval equality as well as Lemma 4.2.4, the first integral on rhs of (4.2.22) is

uniformly bounded on m.

By the Parseval equality, the Schwarz inequality and Lemma 4.2.4, we have
400 ~ . 400 d % T
/ MdT < / @ / |t ()]
o T T =L T U
Similarly, we have

A 3 1

+oo ||~ +00 4 +oo 1

[ < ([T ) ([ limlarier)
—00 1+|T| @ —00 (1+‘T’172O{)§ —00

gc/_ i (Ol (F)dr)E (4.2.24)

o0

1
?:Is+1dt) S C
(4.2.23)

From (4.2.22), It follows that
400
|l < € (1.2.25)

o0

Hence a subsequence of u,, exists given by u, and u, — u weakly in L*(0,T; HS)
and Vu, — Vu weakly in L2(0,T; H*). fOT Jgs [u[Pudzdt < C, then u,, — u
strongly in LP(0,7; L?) for p < oo. The convergences really show that u(z,t) is
indeed a weak solution of the BFE. L.

4.3 Weak solutions of Brinkman-Forchheimer equa-
tions with biharmonic damping term

Continuous functions need not be differentiable. In this section, existence of weak

solution is obtained when the damping term f(u) is a differentiable biharmonic
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function, f(u) = fV*u.
(
ou—vAu+ (u-V)u+Vp+ pViu = 0 (t,z) €[0,T] x R
V-u = 0 inR3

(BFE)
’U/‘t:O = Ug in R?’

lu] — 0, as |z| — o0
(4.3.1)

The biharmonic term in this case is used to describe slow flows of viscous incom-
pressible fluids.

The following operators can be written as

3
divu = Z ajuj,
j=1
3
u-V = Z Ujaj,
j=1
3
A=,
j=1
3
vi=Y o
j=1

We still consider the whole space R3.
u-Vu =div(u ® u)
and
3
div(u ® u)? = Z O (ufu®)
k=1
If the scalar product of (4.3.1) is taken in L? with the solution vector field u,

we obtain
1
§||u]|%2 + (u- Vu,u) — v(Au,u) 2 + (Vp,u)p2 + B(Viu,u)p =0

using integration by parts, we have

(uVu | u)2 = Z / W (O;u)uFdr = % Z / w0 (|ul?)dx
R3 R3

1<j<d 1<j<d
1
=-3 E /R3(div\u]2dac =0

1<j<d
and

—v(Au | u)p2 = v][Vull7,

—(Vp | u)z = — Z/ u 9;pdx = / pdivudz =0
R3 R3
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B(V*u | u)re = Bl|Au||*
and we have
5 NIz + vI[Vu®)|[7: + Bl Aullz. =0
and by integration, we obtain
t t
(@I + 20 [ IVa(@IE+25 [ laulRs <l @32)
0 0
Definition 4.3.1: The function u(x,t) is a weak solution of (4.3.1 ), given T" > 0,

the following are satisfied:
1 we L>(0,T; L*(R3)) N L?(0,T; HY(R3)) N L*(0, T; H*(R?))
2 for any ¢ € C5°([0,T] x R?)) with ®(-,T) = 0, we have
T T T
— / (u, ®y)dt + 1// Vu - Vodrdt — / / (u- V)udbdzdt
0 o Jrs o Jrs
T
+ B/ Viuddzrdt = (ug, Do)
0 Jmrs
3 div u(z,t) = 0 for a.e (z,t) € (R* x [0,T)

Theorem 4.3.2:

Supposed the following conditions are satisfied:
(i) o is an arbitrary function in L?(R3)

(ii) p:[0,7] x R® — R? and

Vu — (%7 g_ai’i = 1,2, 3) exists

Then for T > 0, a weak solution u : [0, 7] x R® — R? of (4.3.1) exists such that
ue L™ ([0,T]; L*(R*)) N L* ([0, T]; H'(R®)) N L* ([0, T], H*(R?))
and
T T
sumercrllulf +20 [ |IVa(Olfdt+25 [ [|8u(0)|adt < ol
Proof: ' '
This proof is established in sequence as follows:
Step 1
We build a weak solution in the sense of definition 4.3.1 by first constructing so-
lutions of certain finite-dimensional approximation of (4.3.1) and the passing to

limits. Since H! is separable and C§° is dense in H', there exists a sequence
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Wi, Wa, W3, ..., Wy, of members of C5°, in H'. Fix a positive integer m. We look for

a function w,, : [0,T] — H*(R?) of the form

U (£) = gim (t)wi(2) (4.3.3)
which is an approximate solution Whiclljlsatisﬁes the equation. By multiplying the
equation by a test function w; € C§° and integrate, we obtain the following

(ul, (1), w;) + V(Y (t), Vi) + (U (t) - Vi (t), w;) + ([t [*tm, w;) =0 (4.3.4)

te[0,7],j =1,2,....,m. and ug, — ug € H*, as m — oo
Thus a function u,, of the form (4.3.3) is sought that satisfies the projection (4.3.4)
of the problem unto the finite dimensional subspace spanned by {w;}7.,
Step 2
To show that a subsequence of the solutions u,, of the approximate problems con-
verges to a weak solution of (4.3.1), uniform estimates are needed on the approxi-
mate solutions and this follows from the following Lemma.
Lemma 4.3.3:
Let ug € L?. Then given any 7' > 0, we have
supo<e<r|[wml[r2 + [|tml| 207y + [Vl F2 oz < C

Proof
Multiply both sides of (4.3.4) by g;m(t) and summing over j = 1,...,m,. By inte-

gration by parts, we obtain the following for each term

1 d
(s 0:5) 930 = Y- [ty = 3 [ityimds =35 [ )
j=1 j=1
1d
<__ 2
<l
Similarly
3
YT (0,9) + g = v> [V Vguw)de < vl|Tuf
j=1
and

3 t
BV ) gin =83 [ (V2u¥u)de < g
j=170

After getting the bound on each term, we have

1d
5 77 [tmllZ2 + VI V| [£2 + Bl| A1t < 0
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using ((u - V)v,v) = 0. Integrate on time t over (0,7") , we obtain
T

supvzezrlunl 20 [ [unl e +25 [ 1Bt <0
0 0 -

Step 3

A weak solution of (4.3.1) is built by passing to limits as m — oo Involking Lemma
4.3.3, Uy, is obtained in L>=(0,T; L*(R*)) N L*(0,T; H'(R®))N L*(0, T; H*(R?)). By
using Lemma 3.5.12, we prove that wu,, convergences strongly in L?. ,, is denoted
as a function from R into H' and on [0,T], %, = u,, and 4, = 0 on R\[0, 7.
In the same vein, g;,(t) is extended to R by giving the definition §;,(¢) = 0 for
t € R\[0,T]. The Fourier transform on variable ¢ of @,, and g;,, is given by i, and
Gim TeSPEctively.

The solutions ,, satisfy

O i 03) = U(Vi(£), Vi) F (1) - Vi (1), ) + (3T )
= (f,w;) + (BV i, wy)
j=1,2,....m. (4.3.5)
where

(Famsw;) = v(Viign (1), Vew;) + (g (t) - Vit (t), w;).-
If Fourier transform is taken about the time variable (4.3.5) gives
27i(7 (i, w5) = (fin(7), ;) + BV lim, w;) + (o, w;)
— (um(T),w;)exp(—2miTT). (4.3.6)
where fm is Fourier transforms of f,,.
Using gjm(7) to multiply (4.3.6 ) and add for j = 1,...,m to get:
2707 (o (T3 = (fon(7), ) + BV in), n)) + (ttoms trm)
— (U (T), Uy )exp(—2miTT).  (4.3.7)
For any v € L? we have
(fm(1),0) = (Vtm, V) + (- Ve, v) < O(|[Vanlf3 + [[Vam|l2)[[0] |
Given any T > 0, it follows that
T
0

/0 (Ot < / OVt + [Vt (B)] )t < C (4.3.5)
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and hence

~ T
supresl| fon (7| grdt < / ()]st < C (4.3.9)
0
We have from Lemma 4.2.6 that

T T
/ 1V ot < / | A2t < C
0 0

which implies that

suprer||Viunm|ls < C (4.3.10)
From Lemma 4.3.3, we have
um (0)]] < C; [un(T)[| < C (4.3.11)

We deduce from (4.3.7) - (4.3.11) that
[7l[am (P < CUltim (T a1 + |l (7)] | 122)
For 0 < a < }L, it is noted that

1
|7_|2a S C + |T|

T2 mn ]7’|1—2a’ Vr e R

Thus

o a2 o 14 |7' 2
/ 722 i (7)) 2l < C / e (o)

. o T

< / i (7] 2adr + C / Nt ()l

. o T

[t (7) |12
C ———dr (4.3.12
By Lemma 4.3.3 and Perseval equality, the first integral on the rhs of (4.3.12)
is uniformly bounded on m.
By the Parseval equality, the Schwarz inequality and Lemma 4.3.4, we have
29 G ()| to o gr 2T :
2 dr < —_ mD|Fadt ] <C
[ i< ([ arpmep) ([ o) <
(4.3.13)
for0 < a< }L

Also, we have

+oo ~ ||Hu +oo dr B T . ) 2
[ vz = (] ) ([ 1)

<0 [ i@ pant < o[ e} (310)

=

From (4.3.12)
/ il () < C (4.3.15)

Hence there exists a subsequence of u,, given by w, > u, — u strongly in
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L*(0,T; L*) and Vu, — Vu converges weakly in L?(0,T; H"). fOT Jgs Aupdzdt <
C, we obtain Au, — wu weakly in L*(0,T; H?). These convergences show that

u(z,t) is a weak solution of BFE. .

4.4 Existence of weak solutions for continuous damp-
ing term in the critical space H %(R?’)

The BFE is considered with the damping term f(u) = B|u|""'u. An absolute value
function is continuous but not differentiable at the origin.

From the proposition 3.5.1, it is observed that if the damping term f(u) = Blu|"1u,
BFE has the same scaling as NSE at the critical value of the exponent r = 3. If u
and p solve the BFE, then the rescaled functions u, and p, also solve the equation.
H3 and L? are critical spaces for BFE for » = 3 and their norms are conserved
under the transformation ug — ug . In the following, we consider the existence
of solutions of BFE in the critical space H: for the value of the exponent r = 3
Theorem 4.4.1:

Suppose the following conditions are satisfied for BFE (4.1.1):
(i) wo is an arbitrary function in Hz(R?) and r = 3

(ii) p:[0,7] x R® — R? and

Vu = (%7 g_aiai =1,2,3) exists

Then for T > 0, a weak solution u : [0,7] x R* — R3 of (4.1.1) in the sense of
(1.1.11) exists such that

we L= ([0,7]; H(R)) 0 L2 ([0, T]; 13 (R)(R?) ) 1 L* ([0, 7], L4(R?))
and

T T
sumercrllllly + 2 [ IV yat + 28 ol <l

Proof

This proof is established in sequence as follows:

Step 1

We build a weak solution in the sense of (1.1.11) by first constructing solutions
U, of finite-dimensional approximation of (4.1.1) and pass to limits. Since H:z
is separable and C§° is dense in H%, there exists a sequence wy,ws,ws, ..., Wy, of

members of C§°, in H:. Fix a positive integer m. We look for a function u,, :

99



[0, 7] — H2(R3) of the form
Uy (1) = Z Gim (D)w; (2) (4.4.1)

which is an approximate solution which satisfies the equation. By multiplying the
equation by a test function w; € Cg° and integrate, we obtain the following

(ul, (), w;) + v (Vtm(t), Vi) + (U (t) - Vi (t), w;) + ([t P tm, w;) =0 (4.4.2)

te0,7],5=1,2,....,m. and ug, — uy € H%, as m — 00

Thus a function w,, of the form (4.4.1) is sought and satisfies (4.4.2) spanned by
{w;}72, unto the finite dimensional subspace
Step 2
To show that a subsequence of the solutions u,, converges to a weak solution of
(4.1.1), uniform estimates are needed on the approximate solutions and this follows
from the following Lemma.
Lemma 4.4.2:
Let ug € H3. Then for any T" > 0, we have

supo<i<r|[tml] 5y + [[uml] +tml [0 rs < C,

L2(0,T:H 3
Proof
Multiply both sides of (4.4.2) by ¢, (t) and summing over j = 1,...,m,. By inte-

gration byl parts, we obtain the following for each term

1 d
(U (), W) - gjm(t) = ;/u;ng]mwj = ;/u;numdx Z 2| at (tm)?dx
1d
<@ 2
< 5l
Similarly
v(Vun(t), Vw;) - Gim = VZ/(Vum - Vgimw)dr < v||[Vu,|]?
j=1
and
3
(unfimw) g =Y [lwPids <l
j=1
After getting the bound on each term, we have
1d
5%“um| ?{s + V||V, i{s +5Hf(um)um||i4dt <0
using ((u - V)v,v) = 0. Integrate on time t over (0,7") , we obtain
T T
sumercrllinlly, + 2 [ [Vunlyudt +28 [ lfunllade < ol
0 0
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Step 3

A solution of (4.1.1) is built by passing to limits as m — oo. Invoking Lemma
4.3.2, the solutions u,, is obtained in

L>(0,T; H=(R*) N L*(0, T; H2(R*) N L*(0, T; L*(R%))

and strong convergence of u,, is proved in L?> N L4([0,7] x R3). To this end, we
denote @, taking value from R into H2 and has the same value as u,, on [0, T] and
zero on it’s complement . I the same vein, g, (t) is extended to R and §;,,(t) = 0
is defined for ¢t € R\[0,7]. The Fourier transform of ,, and g;, is given by .
and §;n respectively on time variable.

Approximate solutions 1, satisfy

%(am,wj> (Vi (), Veoy) + (i (t) - Vi (£), ;) + (Bl i (£), w05) =

J=12 .. m.
where
(finswj) = V(Vitn (1), Vwy) + (G (1) - Vit (t), wy).
If the Fourier transform is taken about the time variable, we obtain
270 (7 (1, w5) = (i (7), 03) 42 (| |2 (), w5)) +- (10 w5) = (i (T w5 Jexp( =27 T'r).
(4.4.3)
where fm denote the Fourier transforms of f,,.
Multiplying (4.4.3) by §;m(7), we obtain:
27mTH(ﬁm(T)H§ = (fm(T),ﬁm)+u(|ﬂm\2'&m(7),ﬁm))+(u0m,ﬁm)—(um(T),ﬁm)ea:p(—QmTT).
(4.4.4)
For v € L2((0,T); H2) N L*(0, T; L*), we have
(fn(t),0) = (Vitm, V) + (U - Vi, 0) < C([Vum %y + [[Vumlla]v]] 1
Given any T > 0, It follows that
t T
2
LU0l e < [ OOVl 419l )at <€ (@)
and hence

~ T
supreal| Ly 3 < [ 1O (4.4.6)

Moreover, we have that

T T
| MenPunlla < [ henide < 0
0 0
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which implies that
suprer|||um|"ul| < C (4.4.7)
From Lemma 4.4.2, we have
lum (0)|] < O, [Jum(T)|| < C (4.4.8)
We deduce from (4.4.3) - (4.4.7) that
7l ()12 y < CUltm(T)] 53 + it (7)]]120)

For 0 < a < Lll, it is observed that

1+ |7
o 0——1—"— VreR
™ = 1+ [r[i2 T
Thus
o0 ~ < 14 |7'| 2
200
|l <€ [ e i

s ooﬁm(T)HH%
< [T Nanllyar+ o [

. T

+C/méﬂﬁmim (4.4.9)

1+ |72
[e.e]
By Parseval equality and Lemma 4.4.2, the first integral on the rhs of the (4.4.9)

is uniformly bounded on m.
By the Schwarz inequality, the Parseval equality and Lemma 4.4.2, we obtain
A~ 1
#9013 o ge N\ ;
— R gr < / —_— / (O] s dt 4.4.10
[ vt < (| apmp) () leoie) @
for0 < a< }1

Similarly, we have

3

400 ﬁ (7')||L4 400 dr 1 </+OO X )
m—d < - ~m 4 d

/—oo 1+ [r[t—2e T /_Oo (1+|7|1-20)3 . [V (7)[[ L (7)dT

PN

N

QA\WMﬁﬁMﬂ (4.4.11)

It follows from (4.4.9) that
+00
|l <0 (1.412)

1 <
Hence there exists a subsequence of w,, given by u, such that w, — u weakly
in L2(0,T; H2) and Vu, — Vu converges weakly in L2(0,7;H?2). Note that
fOT Jgs [u[Pudzdt < C, we obtain u, — u strongly in L*(0,T; L*). These conver-

gences guarantee that u(x,t) is a weak solution of the BFE. [J.
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4.5 Existence of Weak Solutions of BFE with Bi-
harmonic damping term in the Critical Space

H2(R3)

The previous result concerning the continuously differentiable biharmonic term is
proved in square integrable space L?. The following results show that the solution
can also exist in the critial homgeneous Sobolev space I %(R‘?)

Theorem 4.5.1:

Supposed the following conditions are satisfied:
(i) wo is an arbitrary function in Hz (R?)

(i) p:[0,7] x R — R3 and

Vu = (g’t’,aaf,z'— 1,2, 3) exists

Then for T > 0, a weak solution u : [0,7] x R? of (4.2.1) in the sense of (1.1.11)
exists such that

ue L ([o,T]; H%<R3>) N L2 <[O,T]; H

3
2

(R3)) N L2 <[O,T], H%(R3))
and

T T
2 2 2
2 [ VU g 18428 [ 1AUDIE < ol

SUPOStSTHuH;% 2 (R3)

Proof:

(R3)

This proof is established in sequence as follows:

Step 1

A weak solution is built in the sense of definition (4.2.5) by first constructing
solutions u,, of finite-dimensional approximation of (4.2.1) and the passing to lim-
its. H%(R?’) being separable and since C§° is dense in it, there is a sequence
W1, Wa, W3, ..., Wy, of members of C3°, in H%(R?’). Fix a positive integer m. We look

for a function u,, : [0, T] — H*(R?) of the form
= gim(Hw;() (4.5.1)
which is an approximate solution which satisfies the equation. By multiplying the
equation by a test function w; € C§° and integrate, we obtain the following
(ul, (1), w;) + v(Vtm (), Vi) + (U (t) - Vi (t), w;) + ([t [P tm, w;) =0 (4.5.2)
te[0,7),j=1,2,..,m. and ug, — ug € H*, as m — oo
Thus a function u,, of the form (4.5.1) is sought and satisfies (4.5.2) spanned by

{w;}7L, projected unto the finite dimensional subspace
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Step 2

To show that a subsequence of the solutions u,, converges to a weak solution of
(4.2.1), uniform estimates are needed on the approximate solutions and this follows
from the following Lemma.

Lemma 4.5.2:

Let ug € Hz(R?). Then given any T > 0, we have

+ V|2

i L2(0,T;H 3 (R3)) =

Sup0<t<T| |Um ’ |

Proof

I

H?]R3 LQOTH? (R3))

Multiply both sides of (4.5.2) by ¢, (t) and summing over j = 1,...,m,. By inte-

gration by parts, we obtain the following for each term

3 3 3
1 [d
j=1 j=1 j=1
1d
<@ 2
< 5 el
Similarly
3
(Vi (1), Vw;) - Gim = VZ/(vum  Vgmw)dr < v|[Vi||?
=1
and
3 t
BV U, W) - Gim = BZ/ (V2uV>2u)de < B||Aul|?
j=1"0
After getting the bound on each term, we have
1d
S lluml By o VTl o Bl At e < 0
using ((u - V)v,v) = 0. Integrate on time t over (0,7) , we obtain
T
sumererlunly o +2 [ 1Vt +23 ARy e <
O

Step 3

A solution of (4.2.1) is then built by passing to limits as m — oo Involking Lemma
4.5.2, the solutions 1, is obtained in the space L*(0, T'; Hz (R3))NL2(0, T; Hz2 (R?))N
L?(0,T; H*(R?)). By using Lemma 3.5.12, we prove that u,, convergences strongly
in L2 1, is denoted as a function from R into H' and ,, = u,, on [0,7T] and
Uy = 0 on it’s complement. In the same vein, g¢;,(¢) is extended to R by giving

the definition g;,,(t) = 0 for t € R\[0,7]. The Fourier transform on variable ¢ of
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U, and g, 1s given by ﬁm and ém respectively.

The solutions ,, satisfy

L i) = V(T (8), Vi) + (n(8) - Vi (8),5) + (BV i, ;)

dt
= (f,w;) + (BV i, wj)
j=1,2,...,m. (4.5.3)
where
(fmswj) = (Vi (t), Veoy) + (i (t) - Vi (1), w;).

If Fourier transform is taken about the time variable (4.5.3) gives

~

2 (fny05) = (Fn(7), 03) + BT i) + (tom ;)
— (U (1), w;)exp(—2miTT). (4.5.4)
where ]?m is Fourier transforms of f,,.
Using éjm(T) to multiply (4.5.4 ) and add for j = 1,...,m to get:
27| (G (D3 = (Fon (7). Gn) + BT i), )+ (t010s i)
— (U (T), Uy ) exp(—2miTT).  (4.5.5)
For any v € L? we have
(fm(t),0) = (Vtm, V) + (g - Ve, v) < OV |3 + [V [2)[[0] |
Given any T > 0, it follows that

t T
/Ollfm(t)HH—ldtS/O CIVumllz + [[Vum(®)]l2)dt < C (4.5.6)

and hence .
supreall n(Dlldt < [ 1A (Ollrdt < € (5.7
We have from Lemma 4.5.2 that ’
[ 19 bt < [ 1l < 0
which implies that ’ ’
suprer|| V|2 < C (4.5.8)
From Lemma 4.5.2, we have
[un(O)]] < C, [un(T)]| < C (15.9)
We deduce from (4.5.5) - (4.5.9) that

7t (P13 < C Ut () 1112+ [t (7))
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For 0 < a < }L, it is noted that

1
|7_|2a S C + |T|

T2 n ’T|1_2a, Vr e R

Thus

i * 1+l
|l < € [ () e

o0 [e.9]

< [ im0 [ WDl

1+ |r]i-2e

+ C/OO H“m| dr (45.10)
By Lemma 4.5.2 and Perseval equality, the first integral on the rhs of (4.5.10)
is uniformly bounded on m.
By the Parseval equality, the Schwarz inequality and Lemma 4.5.2; we have

+o0 ﬁ (T)HHl +oo dr 1 T 1
e AT < s wD|2adt )] <C
/oo 1+ |7|t—2 T= (/Oo <1+‘T|12a)2) (/0 | (O[5 ) <

(4.5.11)
for0<ac< 411

Also, we have

[ v ([ ey ([ tiwonioon)

/ ([ (7 HHQdT)%gC(/O |22 ()d)S (4.5.12)

D=

and

400
/ 2 il (2 < © (4.5.13)

oo
Hence there exists a subsequence of u,, given by w, > u, — wu strongly in

L?(0,T; L*) and Vu, — Vu converges weakly in L?(0,T; H"). fOT Jgs Aupdzdt <
C, we obtain Au, — wu weakly in L?(0,T; H?). These convergences show that
u(z,t) is a weak solution of BFE. .

4.6 The Main Theorem

In the previous sections, existence results of weak solutions were obtained. Some
of these results were obtained in the critical homogeneous Sobolev space H %(R?’)
where the value of the exponent 7 = 3 when the damping term f(u) = |u|""'u is
considered. This section deals with the stability of BFE (4.1.1) with respect to

initial data in the critical homogeneous spaces. Profile decomposition method is

66



employed to obtain our results in this section.

In accordance with the existence results obtained in the previous sections, we define

the function spaces for BFE when ug € H:.
By = (0,7}, H:®)) 022 ([,
Ee = CV ([R+,H%(R3)> N L? <R+ i

T], 3 (R®)) N L ([0, 7], L*(R?))
HRY)) N L (RY, LA(RY)

(4.6.1)
where C} is the set of bounded and continuous functions and set of initial data
yielding solutions of (BFE) in E7 and E, are

Dy = {uo € H*(R*)|BF(uy) € Er}
Do, = {ug € H*(R*)|BF(ug) € Ex}

and we define, for any vector field u,
1

2
HS(R3) + 2V||U( )||L2( 0,t] Hs+1(R3 + 25||UH%4([0,T],L4(R3))

1
2
_ 2 2 2
||u||Ew—(|| [ [/ . +2ﬁ||u||L4(R+,L4<R3))
(4.6.2)

lullz, = supoerer (|t

The theorem involves the sequences of solutions of the critical BFE in R? together
with bounded sequences of initial data in H 2. It is shown that the sequence can be
decomposed into a sum of bounded orthogonal profiles in H%, to a small remainder
term in L3. Also, since L? is an admissible space according to Definition 3.3.2, if
By is a ball in L? with center zero such that the members of H2N B%p» generate

global solutions, then an a priori estimate is obtained for those solutions.

Theorem 4.6.1:

Suppose the following conditions hold:
i () is a collection of bounded and divergence free vector fields in Hz (R?)
i " € H2(R3) is a weak limit point of (¢,,)
iii A is an admissible space and p € [0, C4] is a real number where C3 . is given
by equation (3.5.9)
Then the following results hold:

i There exists a collection (77);cy of members of R*U{+o00} and a finite J C N
such that

VieEpVjieNand T =+4c0VjeN\J (4.6.3)
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ii If ||pn||a < p, then T7 = +o0 for every j € N and there exists a nondecreasing

function B : R x [0,Car] — RT such that for ¢ € Bay, we have

IBE@) 5. < Bl 3 oy [611)

Remark 4.6.2:
Existence theorems are usually proved by establishing some a priori estimate. The
theorem reveals that whichever method employed to obtain global existence Bag ,
there is an a priori estimate for those solutions.
Before the proof of Theorem 4.6.1, some orthogonality results are proved concerning
the BFE having initial data as profiles.
The BFE with profiles as initial data
Given initial data of the form
B 1 T — T,

9071 - hngp hn )
with (hy,,x,) € (RT\ {0} x R?)N. The following proposition gives some orthogonal
results for BFE

Proposition 4.6.3:
Given any T € RY U {+oc}, and let »' and ¢? be vector fields members of
Dy which are divergence free . Let orthogonal sequences (hl, xl) and (h2,z2) of

(R \ {0} x R3)" be considered in accordance with (3.3.1). Suppose for instance
that h) < h2. Then with notation (3.3.5), we have the following orthogonality

results:
Hm supefo,ny)er) (BE(pn)(t: )| BF(7,)(t, '))H%(RS) =0 (4.6.4)
as well as
nh_>nolo SUPteo,(h))2T) (BF(QO’}?,)|BF(S0$L)()LQ([()’(h}L)QT]’H%(R:i)) =0 (465)
and
lim IBF (¢,) BF (02 a0, (12 17,22(R5)) = 0 (4.6.6)
Proof:

By scale-invariance property of BFE, the solution of BF with the data ¢’ is given
by

V j € {1,2},ul(t,x) = BF(¢l)(t, ) = Ly ( bz —_37%) |
’ " n \()2
where V7 = BF(¢?). Note that VI € Ep, so vl € E(h?,,)2T~ The result does not

mean V7 solves (BFE), we need V? € Er; so the functions V7 are assumed be
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smooth and compact support, then we obtain

(BF@)(t)BF(E)(E)) b
t r—x, x} t oz —a?
- K3 (h2) -3 (A3 V1 Ay [ 2ty
and A = v/—A. Assume that lim,,_,, Z—é = 0. Then the change of variables
v=ax. +hly, t=(hl)s (4.6.7)
yields

1

hn

[SI[9Y)

vt €0, (h})*T],

(BE(en)(t, I BE (@) () 114 s
') and (h2,x

n? 7‘L

which gives result. The sequences (hl, x

n’ 1’L

of (3.3.1), and we have supposed that hl < hZ. So if lim,, h—; # 0, then hl = h2.

2) are orthogonal in the sense

In that case, the change of variables (4.6.7) gives the estimate for ¢ > 0 as follows,
T —x

(BEGEABFE) 43 g = [ AV 0OV (54 22 ) o
(4.6.8)

The result (4.6.4) follows from the orthogonality property (3.3.1) since it is assumed
that V2 has a compact support. The arguments are the same for (4.6.5). To prove

(4.6.6). Assume that lim,, ., Z—iL = 0. Then for any ¢ € [0, (h})*T], we have

HBF(S%)BF(S%)HM [0,4],L2(R3) — (h1h2>

1 t  z—axl
X/o{ i <<ha>2’ L

Then the change of variables (4.6.7) yields

2

h,,
unul||Lago,22(rey) = O(h—Q%

then the result follows,

For the case when hl = h2, the change of variable implies that

— 22\
HununHM([o (h1)2T),L2(R3)) = / {/ ‘Vl S,y ‘ x|V? (5 y+ h2 )

and since V2 has a compact support, we obtain result. Then the proposition is

dy}?ds

proved O
Proof of Theorem 4.6.1

i Let us first prove property (4.6.3) by writing the decomposition (3.3.2) of

theorem 3.3.2 that reads
;

VieN, VneN, p,(zr)= ngﬁl(x) + ¥t (z) (4.6.9)

J=0
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i

with notation (3.3.5) and (3.3.6) and with properties (3.3.1), (3.3.3) and
(3.3.4). Then by the limit (3.3.3), we are enabled to define an integer/, such
that

Tim supl [0 2z < v (4.6.10)

Then in particular
(BF (%)) is bounded in E.,

Since ||¢£OHH% is bounded according to (3.3.4). Since L? is an admissi-
ble space according to definition (3.5.9). This implies that any function in
H2(R3) whose L® norm is smaller than cv is contained in D, so we have
that

cv < C’g}
with the notation (3.5.9). So the result of Theorem 4.6.1(ii) can be applied

which gives

BF(y%)(t,z) = Z Lyt zommy Lt x) + 7 (t2) (4.6.11)
D), x) = %) (hj)27 %) w,(t,x)+71,(t .6.
j=bo+1 ' n n

with the orthogonality property (3.3.1), the limit (3.5.5) for w’ and where

we have noted VI = BF(?) for j > £y + 1. In addition V7 is a member of
FE and
lim lim supi’, = 0in E (4.6.12)

{—00 n—+00

That proves the property (4.6.3), choosing J = {0, ..., (o}

Let A be an admissible space according to Definition 3.5.9, and let p €
[0, C45] be given such that

VneN, |lpnlla<p (4.6.13)
For every j € N, with Theorem (3.3.2) notation, the function ¢’ is a weak
limit point in H2(R3) of the sequence

), = hipa(@), + 1))
By property (i) of Definition 3.5.9, we have

v (j,n) € N* lgalla = [|@)]4 (4.6.14)

Moreover, since H%(Rg’) is embedded in A, we have ¢/ € A, and because the
space A is Banach, (4.6.13) and (4.6.14) imply that

VieN, |l¢'lla<p
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Following the definition of p, we have ¢/ € D, V integers j, and as a result,

a global solution of the BFE can be associated with (/.
VjeN, V/=BF(y) € EL, (4.6.15)
where recall that
B =P (R+, H%(R?’)) N L2 <R+, H%(RB)) N LY (RY, LA(R?))
By the scale invariance of the BFE in proposition (3.5.1), it is known that

ul (t, ) = LVj t a _.Ml
A ki, (h))2"  h,

is the global solution which is unique with associated data ¢?. For every

integer ¢ € N, we define

=) ) —wh, (4.6.16)

<L
where w! = H(¢!) is uniformly bounded in E,, and ¢ € N, with
lim (lim 8Up|’u)n||Loo(R+7L3))> =0 (4.6.17)
{—00 \n—o0

and u,, = BF(1,). To obtain the result,it is sufficient to prove that

lim (lim sup %) = 0 in E. (4.6.18)

{—00 n—00

The function r’ satisfies the following system:

ot + P(rt -Vrt) —vArt +Q(rt, fY) = ¢ in RT x R?

, (4.6.19)
rn\t:O =0
where
= ul +w (4.6.20)
i<l
and
1 A A
{0 _ k V4 V4 l
In="3 > Qul,up) —ZQ(U%»%) — P(w! - VW),  (4.6.21)
(5,k)€{0,...,£}2 <L
where
Q(m,n) = P(m-Vn+n-Vm), (4.6.22)

P is orthogonal projector. We need the following Propositions to conclude
the proof of the Theorem.

Proposition 4.6.4

With the notations (4.6.20) and (4.6.21), the following results are obtained :
the sequence (f*) is bounded in E,, and

Lim lim supl|g,|| ~yasy =0

L2(R+,H
and uniformly in /¢

Proposition 4.6.5

71



Let (v,) be a divergence free sequence of vector fields in H %(R?’), which is
bounded and let ¢° be a weak limit point of (¢,). We have an integer j, and
let VI = BF(¢?) and (¢7);en the profiles of the decomposition of ¢,,. Then

we obtain
YV j>jo, V? € E, as well as Z V7|7 < 400
J=jo
Proposition 4.6.6
Let T € RTU{+o00}. There exists a constant C independent of T. Let ( f,,) and
(gn) be two collections of bounded vector fields in Ep and in L2([0, T, H~2(R3))

respectively. If

Supn€N| |gn| |L2([0,T],H7% (RS)) S Cexp(_chupn€N| |fn| |4ET)
3! solution in E7 to the system:

Oirn + P(ry - V1) —vAr, + Q(ry, fn) = g5 in RT x R?
t ( ) Q( f) g (4.6.23)

Tnlt=0 = 0
we obtain
Hrn‘ ‘ET S C‘ ‘gn’ ’L2([O,T],datH7%(R3))(1 + exp(CHf’|4ET))
We postpone the proof of the Propositions and finish the proof of Theorem
4.6.1. By interpolation of the spaces L®(R™, H2(R%)) , L2(R*, H2(R?)) and
LY(R*, L*(R3)) we know from Proposition 4.6.4 about uniform boundedness

of (f') in £ in the space L*(R*, H'(R?)). In applying Proposition 4.6.6 to the
¢

n’

sequence 1., shows that for a large n , uniformly in ¢, we obtain in relation

to proposition 4.6.4
supnenl 1981 o e -3 sy S Conp (~2Csupemerc | fellLas s sy ) -
hence we get
178 s, < ClIGE aggs mteon (14 exp (CUFN S e irany ))

So (4.6.12) is proved. Next, the a priori estimate obtained is proved by
contradiction: Since A is admissible, assume 3 a sequence of global solutions
of BFE in E,,, with a bounded family of initial data ¢,,) in a closed ball B4
such that

lim [|BF ()|, = +o0 (4.6.24)
Theorem 3.3.2 applied to (¢, ). That implies (BF(p,)) is bounded in L= (R*, H2(R3))N
L2(RT, H2(R3)) N LA(R*, L(R3)), since it holds for each term of the decom-
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position. The contradiction is glaring, and the theorem is proved. U

Proof of Proposition 4.6.6
The sequence (u?) is bounded in E,, V j € N since
lud) e = 11Vl
For now, no a priori estimate for ||uf||g,. in more general Bg case. From Propo-
sition 4.6.5, we can deduce the bound on f{. And from Proposition 4.6.4, we

have

VeEN, (1Y dlh, =Y llullf, +o(1),as n — oo
Jj<t Jj<¢t
By the change of scale, we obtain

1) uhlli, = D Vi, +o(1),as n — o0
<t Jj<t
and hence for V7 € E,, V j implies the boundedness of 3., ), in E., uniformly

in ¢ which proved the result about f. Also g’ is bounded since the sequences (u)

and (w?) uniform bound in j and ¢ due to the interpolation of the spaces
L®(R*, H2(R?)), LA(R", H2(R?)) and L*(R?, L*(R?))

. To give the proof of the limit on g: It is sufficient to show the results as follows:

lim lim supQ(Z wwh) = 0inL*(RT, H~1(R?))

{—00 n—00
J<t

lim (lim supQ(w’, w’)) = OinL*(R*, H1(R?)).

{—00 n—o0

According to Proposition 4.5.5,
. . ¢
Zlglolo (nll_{Iolo SUprnHLoo(R-&-’LB(RS))) =0
lim (lim |Jw? || g e+ pasy = 0 (4.6.25)

—00 N—00

It is sufficient to show that

lim lim sup||(Y uf, + wh)wh|| a@s r2@s) =0

{—00 n—00 oy
j<
But Holder’s inequality yields
1D uh, + wh)wyllpage p2msy) < 11Y ) wl + whl | paee poscesy | [wn | o e+, 13m3))

J<t J<t

(4.6.26)
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Since H'(R?) is embedded into L6(R3), we have for all n € N,
| Z ul, + wy || aer o) < O Z wl, + wfz||L4(]R+,H1(R3)
Jj<t Jj<t

<O wllmn. + Cllwy ..
J<L

by interpolation of spaces L®(R*, Hz(R?)), L2(R*, H2(R?)) and L*(R*, L*(R?))
and the Proposition one can infer that (3., u},+wy,) is bounded in L*(R*, LS(R?)),
uniformly in ¢ and Proposition 4.6.6 is proved. 0
Proof of Proposition 4.6.5
For large 7, the norm of ¢/ in Hz(R?) is smaller than ¢, with

ool 18y < ¢ = Tilp) = +o0
Then we deduce that for large j ,

Vi € B and [VIII2, < 21012,

But (3.3.4) connotes that the series of general term ngJHiI% - is convergent, there-

fore Proposition 4.5.5 follows. ([l

Proof of Proposition 4.6.4

Any function in Er is in L*([0, T], H'(R?)), by interpolation of spaces L= (R™, H: (R3)),

L2(RT, H2(R?)) and L*(R3, L(R3)). Then the assumption
supnen|9nll 2o 71, -5 oy < Cerp(=2Csupl|folli,)

enables us to write that

H nHL4 [O T] HQ RB + || n||L2 [OT HQ(RS + ||TWHL4([07T]7L4(R4))

< O||9n||L2 ([0,T],H~ % (R3)) +C||TN||L4([O,T},H1(R3)) <H7”nHL4([o,T],H1(R3)) + ||fn||L4([O,T],H1(R3))>
So the result follows O

4.7 Finite time singularities of solutions

In this section, solutions to the BFE in the critical homogenous Sobolev space
H:(R3) is considered.

In the theorems proved in previous sections, existence of weak solutions was
obtained in

we L™ ([o,T]; H%(R3)) nL? ([O,T]; H

3
2

(R*)) N L* ([0, T, L'(R?))
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That is when f(u) = |u[*u which satisfies the estimate

T T
2 [ IV, g 28 [ O] uedt < ol
(4.7.1)

2
supose<r ||l g o
We show that if the existence of initial data that leads to a finite time singularity
is assumed, the set of such initial data is closed and sequentially compact modulo
translations and dilations. This is a reminiscence of the work done by Walter
Mieczyslaw Rusin in 2010 for Navier-Stokes equations. If one accepts smallness

restrictions of initial data, solutions remain smooth globally in time. Let us thus

define

Pmaz = up{p : Traa(p) = +00 for every ¢ € H? with lell 3 <Py (47.2)
corresponding u(t, z) is a global solution of (BFE).
Global existence for any initial data would imply p = +oo. It is assumed that
the blow up in (BFE) is possible i.e p < 400. One could show that with the
natural definition of the mild solution, the only reason p,,.. could be finite is the
appearance of finite time singularities in the solution (¢, x) for some initial data
o(z)
The aim of this section is to investigate the following question:
If prnas 18 finite does there exists an initial datum ¢ € H%(Ri”) with

1l gy = Povas

such that the solution u(¢, z) of the Cauchy problem BFE develops a singularity in
finite time?
We show that the answer to this questions is affirmative. The initial data ¢(x)
with ngHH% = pmaes leading to a singularity is called H2- minimal singularity-
generating data. It is shown that if singularities exist, the set of the H3- minimal
singularity-generating data is a nonempty subset of H > which is compact, invariant
the action of the scalings ¢(x) — Ap(Ax) and translations ¢(z) — p(z — x¢).
It is conceivable to have global solutions without an a-priori estimate
The only issue we want to address here is that for u(¢,z) not to be in E., is by
developing a singularity in finite time.
First, notice that it is well known that the embedding Hz(R?) into L? is not
compact. If we assume that the embedding is compact, one could consider a se-

quence of initial data ¢, () € Hz(R3), leading to singular solutions, and such that
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> Cp.

One could extract a subsequence weakly converging to ©°(z) in Hz(R?). Then,
compactness of the embedding would imply strong convergence of ¢, (z) to ¢° €
L3(R3)

Under some very special circumstances, it is possible to reduce the situation to a
sequence of initial data in H2(R3) for which the weak convergence actually turns
out to be strong.

The following theorem unifies the theory of weak and mild solutions under the
the assumption of the existence of initial data leading to finite time singularity.
We show that the set of such initial data close and sequentially compact modulo
translations and dilations.

Theorem 4.7.1

Suppose the following conditions hold:
(i) ¢ is an arbitrary function in H2(R3)
(i) u(t,z) is a weak solution of (4.2.13)

(iil) Tynaz(p) is @ maximal time of existence of a mild solution v(¢,z) in the sense

of (1.1.7) with the same initial data ¢

(iv) M = {¢ € H? : Tpau(d) < 00, |[¢[| ;3 = Pmas} is the set of initial data

leading to singular solutions
(v) Assume that Cp in the sense of (3.5.8) is finite. That is Cz < 400

Then M # ()

Proof

Let @, (2) € H2(R3) be sequence of initial data such that the corresponding mild

solutions v, (t, z) become singular in finite time at (7,,, x,,) and ||<’O”HH%(R3) N OB,
||¢"||H%(R3) > Cg

If for some n we have

then we are done, thus we may assume that
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Let A\, = +/T,,. For every n consider the re-scaled functions

(Vn(t, 7))r, = MUn (A2, Ay + 2,).
It is noted that (v,(f,2))s, are again mild solution of BF and their Hz-norm is
preserved by the scaling. We can assume that all u, (¢, z) become singular at (1,0).
We can further assume that ¢, (z) — ¢°(z) in Hz(R3). Since ¢, converges weakly
in H%(]RS), it is bounded and Theorem 3.3.2 yields that we can decompose the

sequence as
0 1 fr- ) ¢
YENMO0)nlo) =) + e (T ) H 0@ ar)

= AN

with the properties (3.3.2) - (3.3.4). By weak convergence lower semi-continuity of

the norm, we obtain
0

Furthermore, it is noted that the functions ¢/ are weak limit points in [2 (R3) of
the sequence

pnl(@) = Mpn(hx + 7))
As a result of H2- norm scaling invariance, we obtain

195113y = 19113 g
thus by the weak convergence lower semi-continuity of the norm, we obtain

16113 g < O
Note, that since ¢,(x) are divergence free and ¢’ (z) is a weak limit point of the
sequence

on(x) = hion(hx + 27)
this implies that ¢’ (z) are also divergence free .

If we pass to the limit n — oo, these two cases are considered.

Case 1 : There exists j € {0, ..., £} such that

First, notice that since H(‘OjHH%(R?’) N\ Cp then due to the fact that
¢
CENNOL Tl = 19y gy + Iy o) (070
]:

there can be at most one such j.

If 7 = 0 then assume that the corresponding solution u(t,x) does not become
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singular. Notice that

19°1 13 gy = Ci

implies that the sequence ¢,, — ¢ actually converges strongly in H2 (R3), ¢, — °.

This contradicts Theorem 3.5.6, since for n large we obtain

0

" = < €(u)

thus the solutions u, (¢, x) belong in particular to £ but then by the Lazyzhenskaya-
Prodi-Serrin condition, regular on (0, 2) which contradict the assumption that they
become singular at 7' = 1. This implies that ¢"(x) is the minimal data generat-

ing singularity. Thus we may assume j # 0. Property (3.3.4) implies that the

decomposition of the initial data has the form

o) = hl] o (‘” ;f%) (). (4.7.5)

Since we have only one profile, we may drop the index j. We rescale equation

(4.7.5) and obtain

hnpn(hn + 2,) = @(x) + hptbp(hpx + x,,) (4.7.6)
Notice that the rescaling preserves the H %)—norm. Without loss of generality, we
may denote the rescale sequences h,p,(h,z + x,) by ¢, and h,¥,(h,x + z,) by
n(x), respectively. We are in a situation where the mild solutions u,(t, z), corre-
sponding to initial data ¢,(z) become singular at (h2,,).

Possibly passing to a subsequence we have the following cases:

(i) : h, — +oc.
We have a sequence of solutions u,(t,z) regular on (0,h2) and developing
a singularity at T = h%. Since the Hz-norm is preserved by the scaling,
property (3.3.4) implies that 1, (z) Converges strongly to 0 in Hz(R3). Let

e >0, ||lwol| 1 € and ug € L*(R?)

A3 (RS
This decomposition is independent )of the index n since we scaled equation
(4.7.5) to fix the profile ¢ Let w,(¢,z) be the solution of (BF) with data
wo(z) + ¥, (x). For n large enough w, (¢, ) is a global solution and satisfies
the a-priori estimate

ot g 20 [ 190428 [ e I < Nl
(4.7.7)
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Since 1, — 0 in H:z (R3), we may choose n sufficiently large, so that
2
%

14 &) / [ Vw, (s, )| 1ds+/ w(t, )]]; < € (4.7.8)

which implies that for n large we have

[Jwn(t,

suprso [t 3 oy < € (4.7.9)
Notice that v, (t,x) = u,(t,x) — w,(t, z) satisfy the equation
( Opvy, — VAU, + vy, - Vo, + Boa)?vn + Up - Wy + wy, - Vo,
+B(|wnl? + 2[vnl[wnl)vn
+B(|val? + 2|vn|lwa)w, — Vg = 0in (0,h2) x R?,
dive, = 0in (0,h2) x R?
v,(0,2) = wvo(x) in R3

\

For every T' < h2, since

un(t,z) € C ([o, 1], H%(R3)) nrL? ([0, il H%(R3)) LY ([0, ), L (R?))
and w,(t, z) are global, we have

va(t,z) € C ([0, il H%(R3)> N L2 ([o, 1], H%(R3)) N L4 ([0, 7], LA(R))

Furthermore, for every ¢ < h? the energy estimate is obtained as follows
t
o (8, )32 (B2) + 20 / [oa(s >||H1(R3 ds+26 [ floals, e
0

< ||v0||%2(R3) +2 (Un - Vwy,) - vdads

]R3

t
+2ﬁ\ [+ 2lenllunl ) e
0 R3

¢
/ B(|vnl? + 2|vp| [wn | ) wnOpvpdrds
0 Jrs

To estimate the 2nd term on the rhs of the above energy estimate due to

+2

Holder’s inequality and Sobolev imbeddings we have the following

t t
/ / (v - Vwy,) - vydzds| = / / (v, @ wy) - Vopdrds
0 R3 R3

<c / 52 g 10 (52 M gy
From (4.7.9) we have

3 5 s < / a5 By ds - (47.10)
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To estimate the other terms, we have

t
/ﬁwm%MMMMMﬁnmw
0 R3

t
< O/ ||wn||2%|lvn|| + ||vn||L2||wn|| ! ||Unm||H1d3
0
t
< Ce [ elunll +llenllellv s
0

t
/ B(|vn]2+2]vn]|wn])wn(vn7x)d$ds
0o Jr3

t
<C [ty g
2ol el oy s

t
s&/wwam+mmmwmmm@
0

Thus we have

t
[vn (t, )72 g +2V/ [1oa (s, 7 s d8+25/ [[on (s, )| zads < [[voll72ms)
0
t
+206/0 an(s,.)Hip(Rg)ds—l—ZCe/O eanHiIl + ||UnHL2HUnH12L'11d5

t
+%a/mm;w+%WMHMWWMJS
% TG ) and as € — 0 We obtain for all ¢ < h?

[0 (8, ) B agasy + w/uw \MWMB+%/H%@NWW)
0

< ||UO||%2(R3)d5 (4.7.11)

Take € < min(

Interpolating of the spaces

L>®(RT, Hz(R%)), L*(R*, H2(R?)) and L*(R*, L*(R?))
we obtain that v, (¢, z) € L*([0,t], H2(R3)) for all T < h2. Assume that for
> ¢. This implies

every n and every ¢ € [0, 22] we have ||v, (¢, M3

_n
2 R3)

]
2
1l < : 4 ds < 1 4.7.12
67_')H%(HGN@8_WMBW) (47.12)
Finally we notice that for n sufficiently large, inequality (4.7.12 ) cannot hold,
thus for n large enough there exist 0 < ¢,, < h? such that ||v,, (¢, )| |H%(R3) < e
In this case however, because of

un(t, ) = v, (t, ) + wy(t, x)
, we have

[ty 14 sy < O (4.7.13)
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thus u,(t, ) is a global solution. Hence we have obtained a contradiction.

(i) : h, — 0
Since ,, converges to zero strongly in H %(R‘?) we have strong convergence
on — pin H %(RS) and solutions corresponding to data ¢, become singular
at times h2 — 0. Thus assuming that ¢(z) leads to a global solution u(t, z),
for n large enough we have [|¢, — | .1 < €(u). However inequality (3.5.7 )

does not hold. This implies that ¢(z) is the singularity-generating data

(iii) : h, — h with h # 0 and h < +o0
As in the case above, we have strong convergence of initial data in H %(R?’),
however the stability estimate is violated. This implies that ¢(z) is the

minimal singularity-generating data.

Case 2 : For all j € {0,...,0} we have ||¢’]| .1 . < Cg and

H? (R3)

onl2) +Zhj o () + ot
Let V7 be the mild solution of (BFE) corresponding to data ¢’ for j € {0, ..., (}.

It is noted that from the the assumption

HQOJHH%(R% < CG

the solutions are global and V7 € E... From Theorem 4.6.1, setting
t r—x)
VO(x) + W( ,—.)—l—w tx)+ri(t e 4.7.14
tn(a) = Zhj e (to)+ri(ta)  (L714)

where wt (¢, z) is a solutlon of homogeneous heat equation with initial data ¢ (x)

and 7% (¢, x) satisfy

ort + P(rf -vrt) —vArt +Q(rt, ) = g% in Rt x R?

¢
Tn\tZO
where

f=) ul +uw, (4.7.16)
J<L
and
1 . .
G==5 >, Quu,u) =) Qul,w)- Plw, Vu), (4.7.17)
(.k)€10,...,£}2 <t
and u!, are defined as
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, ) _d
Wita) = 2y (L T (4.7.18)
" hi, (Rh)? h,

the terms on the rhs of (4.7.14) but likely ¢ (¢, x) are in E,,. The issue now is that
ub (t,x) do not satisfy the energy estimate as a necessity and thus may possibly
create a problem for the application of Proposition 4.6.6. The norm of ¢/ must be
very small and it is possible that Cr < Cg. Absence of the energy estimate may
lead to lack of control over ||f:||z,, with increasing ¢ (which ensures possibility of
Proposition 4.6.6). However, due to 3.3.4 there exists jo which depends on Cg and
C¢ only such that
l7]| < Cp for j > jo
Thus only a finite number of V7 is obtained which fail to satisfy the energy estimate.
This, together with property 3.3.4 and the norms scaling invariance, permits us to
infer that .
> VI3, < +oo (4.7.19)

and it is going to play a crucialjr;)]e later and takes care of the issue.
If it can be shown that for £, n large enough, r’ (t,z) € Es, it shows that u,(t,r) €
E5 hence u,, € L?((0,2) x R?) and by Ladyzhenskaya-Prodi-Serrin condition are
regular up to 7' = 2. This is a contradiction to the assumption that solutions
corresponding to initial data ¢, become singular at 7" = 1. The terms in rhs of
(4.7.15) are all global except 7%(¢,x), attention will be drawn to this term. In
order to control rf(t,x), Proposition 4.6.6 will be used. It is sufficient to show
that || f||g, is bounded uniformly in ¢ and n and that for ¢ and n large enough,
we have HgnHL2 (0285 small enough that condition on g, in Proposition 4.6.6 is
satisfied. Avoidance of issues with length scaling of the time intervals on which R™
is considered. The sequence 1’ yielded is bounded in H %(R?’) uniformly in ¢ and
w’, bounded in E, uniformly in ¢ by szHHz(R3 Hence there is also a bound in
E5. As a result the a priori estimate in H: for a very small data and the scale
invariance of the norms, we obtain the estimate

[ ||z, < Cll?||H= (RP) for j > jo (4.7.20)

Proposition 4.6.6 gives

1D ublfb, = D llulPo(1), n— oo (4.7.21)

j<t <t
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thus property (4.7.10) with

lupllew = V7] pw
gives
Jo
(12 i 112 j 2
I ZU%HEQ <l ZU%HEOO < Z IV llzse + 2lenlly 4 gy
j<e i<t 7=0

Jo
<Y IV le. +2Ce (4.7.22)
j=0
for a very large n. jo is independent of ¢ and n. In a particular case, there is an

estimate on ||ff]|g.. uniform in ¢ which implies a uniform estimate of || f¢||z,. Tt
can be shown that g’ is small in L2([0, 2], /2 (R?)) for a large n. The terms u’, w’

are in F, due to assumption on initial data and it is noted that

||SO]||H%(R3) < OG for ] € {j07 sy g}
By interpolation of spaces L (RT, Hz (R?)), L2(R*, H2(R?)) and L*(R*, L*(R?)),
it is obtained that all v, and w’, belong to L3 (R, H1(R3)) and for j > jo, estimates

are obtained by norms of initial data ||g0j||H% ®) For w’, an a priori estimate is

3) n?
obtained by |[¢¢]| . 1 The product rule of Sobolev spaces is recalled as follows

ety < Ol Dol ol bllisy  (47.23)
The building blocks of g are of the form of P(a, - Vb,) where
an, b € L3 (RY, HH(R?)

H2 (R3)"

3
Vs,t<§, s+t>0, |labl

thus we have

HP(CLn ’ Vbn)HL%(RJr,LQ(RB)) S C"an"L%(R+7H%(R3))’lanL%(R“F7H%(R3)) (4724)
Hence we obtain
Q0w Wl 3 v poqgay < CllEA 1004 o (4.7.26)
0 0 E

Estimates (4.7.24)- (4.7.27) show that gt is bounded in L%(R+,L2(R3)) for
the bound that is uniform in ¢ because of the inequality 2ab < a® + b? the a priori
estimate for nearly all u¢ and property(3.3.4). Those estimates are also uniform
in n because of scaling invariance of norm involved. If g/ can be made small for

large n in L*(R*, H~'(R?)) uniformly in ¢ then by interpolation between spaces
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LYR*, H-1(R®)) and L3(RT, L*(R?)), small ¢ is obtained in L2(R*, H2(R3))
and also in L2([0,2], H~2 (R?)) For very large n the following quantities

1Q(u},, n)llm R+ H-1(R3)) (4.7.28)

|1Q( Z u, ||L4 R+, H—1(R3)) (4.7.29)
<l

HP(wa : vwfz)HL‘l(IRﬁ,H*l(]R%) (4.7.30)

become very small for ¢ fixed. Because of the divergence free condition, this reduces

to showing that

Vi # k, lim |[ulul]|pa@s r2@s) =0 (4.7.31)
n—oo
Jim T sup, oo |, > |l paee 2wy =0 (4.7.32)
<t
and
Zlim M supy, o0 [WhWE || Lar+ 12(R3)) = 0 (4.7.33)
—00

For (4.7.33), we have

lwpwyllpaes 2@ < lwnllpager i goy1wnl 2@+ s @s)) (4.7.34)
By the imbedding

H' C LY(R?)
we obtain
||wfz||L4(R+,L6(R3))||wfl||L°°(R+,L3(R3)) < O|‘wfz||L4(R+,H1(R3))||wfl||L°°(R+,L3(R3))
(4.7.35)

Interpolation of the spaces L°(R*, Hz(R3)) , L2(R*, H2(R3)) and L*(R*, L(R?))
gives the bound of w! in L*(R™, H'(RT)) and combined with the a priori estimate
for heat equation and an estimate uniform in n is obtained. An estimate of w, is
also obtained in L*(R*, H'(R?)) by |[4%|| which can be made as small as possible
for large n and ¢. This implies an appropriate estimate in L*([0,2], H~1(R?)) of
P(w? - Vwt). The same pattern is followed by estimate (4.7.32). We obtain

Hw ZunHL4 R+,L2(R3)) < H Zuj ||L4 R+,L6(R3)) H’LU HLOO(]R+ L3(R3)) (4.7.36)

j<e <L
and by the embedding

H' c LY(R?)
we obtain

| Z | | 4R+ Lo (R2)) | !wﬁ! | Lo v+, 22 w3y < C| Z ul| ’L4(R+,H1(R3))Hwi‘ | oo (r+, 22 (R%))
J<t j<e

(4.7.37)
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By interpolation, we obtain

| Z uzL||L4(R+,H1(R3))

<t

3 3
<10 e ey > A > b e oy, (1738)
VS
On the rhs, advantage of Cyg = C’G is taken and we obtam

(DA PRI AT S D> A [ —

i<t i<t

<>l (47.39)
i<t
Estimate (4.7.31) gives a uniform bound in ¢ and n. From (3.3.3) applied to the

second term on the rhs of (4.7.38) we obtain (4.7.33) and hence an estimate of
Q(ngz ), wy) in
L2((0,2), H™*(R%))
The estimate is summed over
g, ke{0,....0}, j#k
thus have no control as ¢ increases. However, once ¢ is fixed to make || ||, a large
n can be considered and the sum over j # k is still arbitrarily small. Hence we

obtain, for fixed /¢

im (| > QU g b ey, = O (4.7.40)

n—oo

]#k7]7k€{07vz}
Thus we obtain

. . ¢

glggo lim SUp”_”’O‘|g”||L2[0,2],H‘%(R3) =0 (4.7.41)

Combination of this with above shows uniform estimate of || f£||z, and Proposition
4.6.6 gives us a uniform bound on ||rf ||z, thus also a bound of ||u,||g, uniform in
n. Applying the Ladyzhenskaya-Prodi-Serrin condition, we have that the solution
up(t, ) is regular up to time 7' = 2 which contradicts the assumption that the
solution wu, becomes singular at the time T = 1. This rules out case 2. This

concludes the proof. O
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Chapter 5
SUMMARY AND CONCLUSIONS

5.1 Introduction

This chapter presents the summary of the study, conclusions and direction of the
future work. Some limitations are also identified. The research aimed to establish
the existence of solutions of BFE in homogeneous Sobolev spaces for different
conditions imposed on the damping term. Also, stability results of the system were
obtained in the critical homogeneous Sobolev spaces and some other qualitative

properties. The BFE is an .....

5.2 Summary
The focus of this research was to achieve the following objectives:

(i) To obtain existence results for weak solutions of BFE in a homogeneous
Sobolev space when the damping term f(u) is continuous, continuously dif-

ferentiable and satisfies Lipschitz condition.
(ii) To analyze how Profile Decomposition is propagated by BFE.

(iii) To obtain stability results of the system in a critical space and other quali-

tative properties of solution.

(iv) To investigate the possibility of finite time singularities of solutions for BFE

in a critical Sobolev space.

The above objectives were achieved by the answers given to the following research

questions:
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(1) Given initial data ¢ in homogeneous Sobolev space H*®, can the existence
results of solution of BFE associated with the initial conditions be obtained
when the damping term f(u) is continuous, continuously differentiable and

satisfies Lipschitz condition?

2) If B4, is a ball in L? with center zero and the elements of H2 N BL; generate
BF BF

global solutions of BFE, can a priori estimates be obtained for those solutions

given the sequences of solutions in R3 associated with bounded sequences of

initial data in Hz ?

(3) If pmas < 00 can there be an initial datum ¢ € Hz(R3) with WHH%(RS) =

Pmaz, sSuch that the solution wu(t,z) of BFE develops a singularity in finite

time?

These questions were answered in affirmative.

5.2.1 Limitations

Some limitations are identified:
e The areas of applications of BFE is limited to non-Newtonian fluids.

e Some qualitative properties of solution of BFE achieved was due to scale-
invariant property of the equation which is only possible at the critical value

of the exponent in the equation.

5.3 Future work

Based on the analysis of the qualitative properties of solutions of BFE, there are
several ways one can extend this research work presented in this thesis for global

solutions of the equation. Let us recall the chain of spaces
. 143
H3(R®) > L*(R®) < Bpoa ” (R?) |pesoe— VBMO(R?)

. 143
In that chain of spaces, By ”(R?) stands for a homogeneous Besov space.
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1. Asymptotics as well as stability of solutions to the BFE for critical Besov

space

2. Blow-up of critical Besov norm of solution to the BFE for potential blow up

time, T satisfying some necessary conditions.
3. Regularity of solution of BFE in critical spaces.

4. If a sequence of solutions of BFE is given in R3, with a sequence of initial
data bounded in H%, it can be shown that the decomposition of solution to
a sum of orthogonal profiles is possible and it will be bounded in H3 , up to
a remainder term small in homogeneous Besov space B, i: %(R3). Based on
the embedding theorem between the spaces. Also if B is the largest open ball
in B,, ij %(]RS) such that 72 N B generate global solutions, then an a priori

estimate can be obtained for those solutions.

5. If a sequence of solutions of BFE is given in R3, with a sequence of initial data
bounded in H%, it can be shown that the decomposition of solution to a sum
of orthogonal profiles is possible and it will be bounded in H: , a remainder
term small in VBMO(R?). Based on the embedding theorem between the
spaces. Also if B is the largest open ball in VBMO(R?) such that H2NB
generate global solutions, then an a priori estimate can be obtained for those

solutions.

6. Another important problem is to unify the theory of mild solutions and

143
Leray-Hopf weak solutions in the homogeneous Besov space By ”(R?) and

VBMO(R3)

7. Another interesting area to explore is the addition of 'noise’ (stochastic pro-

cess) to the equation with some underling probability space.

Elements of Besov space satisfy B;’OO(R?’) satisfy

lull g ey = supjez?”||Ajul|Lrs) < +o00,

where ¢ € C2°([3,2])

C

VBMO(R?) denotes the space of first derivative functions in BMO(R?). The norm
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||u|| Brpro(rsycan be defined as follows

1
||u||BMO(R3) = SUPxO,R|B(—

U — Up(z.r)|d,
x07R)| B(zo,R) (0.0

where

ol
UB(x T 1Bl R Hds
B(zo,R) ‘B(mO,R)‘ B(zo,R) ( )

Another area of future research that the study BFE can take is developing a
meshless method based on radial basis functions in a finite difference mode (RBF-
FD). RBF is a meshless method for solving fluid flow problems have become a
promising alternative to mesh-based methods like finite difference method, finite
element method etc. The RBFs that are likely to develop for BFE and expression

of ¢(r) are as follow:

Multi-quadratic (MQ): o(r) = Vr? + o2

Inverse Multi-quadratic (IMQ):  ¢(r) = =

Inverse Quadratic (IQ): o(r) = 2 j_ po)
Gaussian (GA): ¢(r) = exp(—(ro)?)
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